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GEOMETRICAL AND KINEMATICAL CONTROL FUNCTIONS FOR  

A CARTESIAN ROBOT STRUCTURE 
  

Claudiu SCHONSTEIN, Mihai STEOPAN, Razvan CURTA, Florin URSA 
 

Abstract: Based on the idea of bringing more flexibility to a working process, the paper is dedicated to 

the presentation of geometry and kinematics equations for a Cartesian robot structure. The algorithms 

used in the mathematical modeling of mechanical robot structures, are used for establishing, on one hand 

of the homogeneous transformations in the direct geometry modeling, and on the other hand to determine 

the kinematics equations. The kinematic modeling of a mechanical system with n degrees of freedom, 

involves an impressive volume of computational or differential calculus. There are algorithms dedicated 

to this task developed in the literature. Will be established in analytical form, the direct equations for 

geometric and kinematic model using dedicated algorithms, for realize the kinematic control, namely the 

establishment of linear and angular speed/acceleration of every kinetic joint of robot and the tool central 

point. 
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1. INTRODUCTION  

 

The robots are parts of the manufacturing 

systems, which are performing complex 

operations in order to achieve the imposed task. 

In keeping with the fact that the systems during 

operations are performing moving trajectories 

situated in the configuration space, or in the 

Cartesian space, it’s imposed a continuous 

control of every driving joint, in order to 

achieve a proper control of the kinematic 

parameters of the mechanical system, hence the 

purpose of the paper is to determine the 

kinematic equations for a Cartesian robot 

structure, presented in Fig. 1. 

 

2. GEOMETRICAL MODELING OF THE 

3TR ROBOT 

 

In order to determine the kinematic control 

functions for the proposed 3TR robot structure, 

there must be determined first the geometry 

equations. Hence, using consecrated algorithms 

there can be determined the direct geometry 

equations, for the 3TR mechanical structure 

proposed for implementation in an industrial 

process. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 1. The 3TR Cartesian robot structure 

 

The specific transfer matrix equation for a 

mechanical structure having rotational ( )R  or 

translational ( )T  motions, according to [1]-[2], 

can be expressed using algorithms. These 

algorithms allowing detailed analysis, under 
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numerical and/or graphical form, on geometry, 

kinematics and dynamics of any mechanical 

structure of any type and complexity.  

 

2.1 Direct Geometry Equations in Robotics 

The Direct Geometry Equations (DGM 

equations) can be determined by applying the 

Matrix of Locating Algorithm, taking into 

account the minimum number of, geometric or 

mechanical restrictions. In concordance with 

[1], the situation matrix are defined as:  

( ) ( )1 0 0
1 1 0 0

1 0;
0 0 0 1 0 0 0 1

i
i i i i i i

i i i

R p R p
T T

−
− −

−

   
   = =
      

. (1) 

Similarly, for 1i n= + , the locating matrices 

between the frames { } { }1n n→ +  and 

{ } { }0 1n→ +  are defined according to the 

following expressions: 
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0 0 0 0
1

1

0 0 0 0

10 0 1

0 0 0 1

0 0 0 1

n
n n

n n

n n n n

n s a p
T

n s a p
T T T

+
+

+ +

 
 =
  

 
= ⋅ =  

  

 (2) 

In the expressions (2), 
( )0p  is a vector which 

defines the position of the last joint with 

reference system attached to base of the robot, 

and ( )0
1

n
n np +  characterizes the relative position of 

the system attached to end effector besides the 

geometrical center of the last joint. 

For i = 1 n→ , the situating matrices between 

two close related system { } { }1i i− → are: 

( )
( ) ( ); 1

;
0 0 0 1

i
i i i i i i

i i

R k q q k
T k q∆

 ⋅ ∆ − ∆ ⋅ ⋅
 =
 
 

;   (3) 

[ ] ( )1
1 ;

i
i i i i iT T T k q

−
− ∆= ⋅ .              (4) 

According to [1]-[4], the rotation matrix 

between two neighboring reference frames is: 

[ ] ( ) ( ) ( ){ }1
; ; ; ; ;

i

i i i i i i i i ii
R R x q R y q R z q

−
= ⋅ ∆ ⋅ ∆ ⋅ ∆  (5) 

( ) ( )01 1
1 1i i i

i i i ii ir p q k− −
−= + − ∆ ⋅ ⋅ .       (6) 

For i = 1 n→ , the position vector between { }i

and { }1i − with respect to { }0  fixed frame, 

respectively the position of joint { }i  related to 

the same fixed frame is determined as:  

[ ]0 1
11 1

i
ii i i ip R r−
−− −= ⋅ ; 1

1

i

i j j

j

p p −
=

=∑ .      (7) 

The situation matrix, between { } { }0 i→ is: 

[ ] [ ]
[ ]0

0 1

1 0 0 0 1

i
j i i

i j
j

R p
T T

−

=

 
 = =
  

∏ .        (8) 

and for the end-effector: 

[ ] [ ]0 0
1 1 0 0 0 1

n n n n

n s a p
T T T+ +

 
= ⋅ =  

  
.      (9) 

The orienting vector is defined [1]-[4] 

with the following identity: 

( ) [ ]{ } ( )
0

1
;

T

A B C A B Cn
R Rα β γ ψ α β γ

+
− − = =  (10) 

The DGM equations are included in the 

following generalized matrix: 

0

T

x y z

T

x y z

p p pp
X

ψ α β γ

       = =          

.        (11) 

The Direct Geometrical Modeling (DGM), 

regardless of the algorithm used, aims to 

establish the geometry equations that will serve 

in determining the Direct Kinematic Model. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 2. The kinematic scheme of 3TR Robot  

 

2.2 Direct Geometry Equations for 3TR 

structure 

For determining the DGM equations, it will 

be applied the Locating Matrix Algorithm. 

According to the first step, related to algorithm, 

it is represented in Fig. 2, the kinematic scheme 

of the robot in the initial configuration, when 
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all the generalized coordinates are initialized to 

zero: ( ) [ ]0
0; 1 4

T

iq iθ = = = → . 

According to the input data 

corresponding to DGM, the matrix of nominal 

geometry ( )0
vnM  for 3TR robot type is given in 

Table 1. 
Table 1  

The matrix of nominal geometry for 3TR structure 

E
le

m
en

t 
 

Jo
in

t{
R

,T
}
 

[ ]1 1@
T

ii i ip p p− −= −  
T
ik  

1
@ x

ii
p

−
 

1
@ y

ii
p

−
 

1
@ z

ii
p

−
 

ix
k  iy

k  iz
k  

1 T 0 0 
1l  1 0 0 

2 T 0 
2l  0 0 1 0 

3 T 
3l  0 0 0 0 1 

4 R 0 0 
4l−  0 0 1 

5 - 0 0 
5l−  1 0 0 

 

As can be seen in the Fig. 2, the robot is included 

in to the class of mechanical olonomous 

systems, has four degrees of freedom, 

represented by the generalized coordinates as: 

1 1

2 1

3 3

4 4

;

;

;

.

q Translation along x axis

q Translation along y axis

q Translation along z axis

q Rotation around z axis

− ±

− ±

− ±

− ±

   (12) 

In keeping with Table 1, and Figure 2, there 

are highlighted the geometrical particularities 

for the 3TR serial robot, as following: 

( ) ( )

( ) ( )

1 1 1 2 2 2

3 3 3 4 1 1

1; ; 0 ; 2; ; 0 ;

3; ; 0 ; 4; ; 1 .

i k x i k y

i k z i k z

= ≡ ∆ = = ≡ ∆ =

= ≡ ∆ = = ≡ ∆ =

(13) 

According to (1), taking into account the fact 

that the first joint is translational joint, there is 

established: 

[ ]
[ ]0

0 1 3 1

1
1

11 0 0

0 1 0 0

0 0 10 0 0 1

0 0 0 1

q

R I p
T

l

 
  ≡   = =
     
  

 (14) 

For the second joint, on the basis of (3), (4) and 

(1), there is obtained: 

[ ]
[ ]1

1 2 3 21
2

2 2

1 0 0 0

0 1 0

0 0 1 000

0 1

1

0 0

0

R I p
T

l q

 
  ≡   = =
     
  

+
(15) 

To establish the homogenous transformation 

matrix, there is used expression (8), which 

leads to: 

[ ]
[ ]

1

2
0

0 2 3 2
2

2

1

1 0 0

0 1 0

0 0 10 0 0 1

0 0 0 1

R I

q

l q

l

p
T

 
  ≡   = ==
     
 

+



(16) 

According to (4) there is obtained: 

[ ]
[ ]2

2 3

3

3 32
3

30

1 0 0

0 1 0 0

00 00 1 1

0 0 0 1

l

R I p
T

q

 
  ≡   = =
     
  

;(17) 

On the basis of the same expression (8) in 

keeping with (16) and (17), there is obtained: 

[ ]
[ ] 2

3 1
0

0 3 3 3
3

3

2

1

1 0 0

0 1 0

0 0 1

0 0 0 1

000 1

l q

lR I p
T

q

l q

 
  ≡   = ==
     
 

+

+



+



(18) 

For 4i = , the situation matrices { } { }4 3→  are: 

[ ]
[ ]

4 4
3

3 4 44 43
4

4

cos sin 0

sin cos 0 0

0 0 1000 1

0 1

0

0 0

q q

qR p q

l
T

− 
  
  = =
   

−
 
  

; (19) 

which, in keeping with (18), according to (8) 

are leading to: 

[ ] 2

4 4 3 1

0 4 4

4

2

1 4 3

cos sin 0

sin cos 0

0 0 1

0 0 0 1

q q l q

q q l q

l l q
T

− 
 
 =
 
 
  

+

+

− +
(20) 

For the coordinate system attached to the end 

effector, there is established : 

[ ]
4

4 5

5
5

0 1 0 0

1 0 0 0

1 0 10 0 0 1

0 0 0 1

n s a p
T

l

 
  
 = = 
 − −    
  

 (21) 

and the homogenous transformation matrix, 

between {5}-{0} is : 

[ ]

4 4 3 1

0 4 4

5

2 2

1 4 5 3

sin cos 0

cos sin 0

0 0 1

0 0 0 1

q q l q

q q l q

l l q
T

l

− 
 
 =
 −
 
  

+

+

− − +
 (22) 

In the expression, which characterizes the 

location matrix (20), are included the rotation 

matrix [ ]
0

5
R  and the vector position 5p . The 

components of the two matrices are: 
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[ ]
1

0
1

1 15

s c 0

c s 0

0 0 1

q q

q qR

 
 

= 

−

 −



              (23) 

3 1

5

1 4 5 3

2 2

l q

l q

l l l q

p

 
 

=  
 

+

− 

+

− +

              (24) 

representing the resulting orientation matrix 

(23) and the position vector (24), between 

{ } { }5 0→  frames, both being included in the 

column vector of operational variables (11). 

According to [1], in order to establish the 

orientation angles, , ,x y zα β γ  for determination 

of the values, there is used the trigonometric 

function tan2A , defined by: 

( )

[ ]{ }

[ ]{ }

[ ]{ }

[ ]{ }

; 0; 0 ;

/ 2 ; 0; 0
tan2 ;

; 0; 0 ;

/ 2 ; 0; 0

s c

s c
x A s c

s c

s c

α α α

π α α α
α α

π α α α

π α α α

 ≥ >
 
 + > <
 

= =  
+ < < 

 
 − + < ≥ 

 (25) 

Hence, in keeping with (25), results: 

( ) ( )tan2 ; tan2 0; 1x x xA s c Aα α α π= = − =    (26) 

12z qπγ = + ,  and 0yβ =            (27) 

representing the orientation angles. 

In keeping with (23)-(27), the column vector 

of operational coordinates, defined by (11), is: 

( )

3 1

4 30

1

2 2

1 5

0

2

l q

l q

l l

q

l
X

q

π

π

 
 
 
 

− =
 
 
 
 +

+



+

−



+

 

                  (28) 

The expression (28) characterizes the Direct 

Geometric Modeling of the robot type 3TR 

studied. The parameters included in (28) are 

expressing the position and orientation of the 

end effector with respect to the fixed reference 

system, attached to the base of the robot. 

 

3. KINEMATICAL MODELLING OF 

THE 3TR ROBOT STRUCTURE 

 

In this paragraph will be established the 

operational kinematic parameters that express 

the movement of the end effector in Cartesian 

space. To define these parameters it is used the 

Iterative Algorithm. With this algorithm will be 

defined the kinematic parameters with respect 

to the fixed reference frame, attached to the 

base. [5], [6]. 

 

3.1 The Iterative Algorithm for Direct 

Kinematical model  

In applying the iterative algorithm according 

to [1],[3], for the first joint, 1i =  it has to be 

assumed that absolute kinematic parameter 

values corresponding to the fixed base of the 

mechanical structure of the robot are: 

{ }0 0 0 0
0 0 0 00, 0, 0, 0v vω ω= = = =&&    (29) 

For 1i n= → , there are determined the angular 

and linear velocities which are defining the 

absolute motion of each kinetic link using the 

expressions : 

[ ]00 0
1

i
ii i i i iR q kω ω −= + ∆ ⋅ ⋅ ⋅&       (30) 

( ) ( )0 0 0 0
1 1 1 1i i i ii i i iv v p q kω− − −= + × + − ∆ ⋅ ⋅& ; (31) 

Similarly, for each 1i n= → , kinetic link of the 

robot, the corresponding angular and linear 

accelerations projected on the fixed reference 

system are defined as follows: 

[ ] [ ]{ }0 00 0 0
1 1

i i
i ii i i i i i i iq R k q R kω ω ω− −= + ∆ ⋅ × ⋅ ⋅ + ⋅ ⋅& & & && (32) 

( )

( ){ }

0 0 0 0 0
1 1 1 1 1 1

0 0 01 2

i i i ii i i ii

i i i i i i

v v p p

q k q k

ω ω ω

ω

− − − − − −= + × + × × +

+ − ∆ ⋅ × ⋅ + ⋅

& & &

& &&

; (33) 

In the second part of the iterative algorithm, are 

determined the kinematic parameters, which 

characterizing the movement in each 1i n= →  

kinetic link relative to the { }i  mobile frame as: 

[ ] [ ]
0 0 1

11

T ii i i
i i i i i ii i

R R q kω ω ω−
−−

= ⋅ = ⋅ + ∆ ⋅ ⋅& ;  (34) 

[ ] [ ] { }

( )

0 0 1 1 1
1 1 11

1

T ii i i i
i i i i iii i

i
i i i

v R v R v p

q k

ω− − −
− − −−

= ⋅ = ⋅ +⋅ × +

+ −∆ ⋅ ⋅&

.(35) 

The expressions of angular and linear 

accelerations projected on the mobile reference 

system { }i , that characterizing the relative 

movement of each 1i n= →  link are defined by 

the following expressions: 

[ ] [ ]

[ ]{ }

0 0 1
1 1

1
1 1

ii i
i ii i i

i i i i
ii i i i i i

R R

R q k q k

ω ω ω

ω

−
− −

−
− −

= ⋅ = ⋅ +

+∆ ⋅ ⋅ × ⋅ + ⋅

& & &

& &&

;  (36) 

[ ] [ ] {

} ( ) ( )

0 1 1 1
1 1 11 1

1 1 1
1 1 1 1 2

i ii i i i
i i i i iii i

i i i i i i
i i ii i i i i i i

v R v R v p

p q k q k

ω

ω ω ω

− − −
− − −− −

− − −
− − −

= ⋅ = ⋅ + × +

+ × × + −∆ ⋅ ⋅ × ⋅ + ⋅

& & & &

& &&

(37) 
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In the last step, the absolute motion of the final 

effector i n=  is defined, taking into account the 

situation equations, respectively the absolute 

linear and angular velocities and accelerations 

(operating velocities and accelerations). 

( ) ( ) ( )0 0 0
T

n n nT T
n nX v ω =

 
& ;             (38) 

( ) ( ) ( )0 0 0
T

n n nT T
n nX v ω =

 
&& & & .            (39) 

 

3.2 Direct kinematics equations for 3TR 

structure  

In keeping with (13), according to (30)-(33), for 

the first joint of the robot, are determined: 

[ ] ( )
00 0 1
11 0 1 1 1 0 0 0

T
R q kω ω= + ∆ ⋅ ⋅ ⋅ =& ; (40) 

( ) ( ) ( )0 0 0 0
1 0 0 10 1 1 1 11 0 0

T
v v p q k qω= + × + −∆ ⋅ ⋅ =& & (41) 

{ } [ ]0 0 0 0 0
1 0 1 0 1 1 1 1

(3 1)

0q k q kω ω ω
×

= + ∆ ⋅ × ⋅ + ⋅ =& & & && ; (42) 

( )

( ){ } ( )

0 0 0 0 0
1 0 0 10 0 0 10

0 0 0
1 1 1 1 1 1 11 2 0 0

T

v v p p

q k q k q

ω ω ω

ω

= + × + × × +

+ − ∆ ⋅ × ⋅ + ⋅ =

& & &

& && &&

 (43) 

On the basis of the same (30)-(33) and (13), for 

the second joint, there is obtained: 

[ ] ( )
00 0 2
22 1 2 2 2 0 0 0

T
R k qω ω= + ∆ ⋅ ⋅ ⋅ =& ;(44) 

( ) ( ) ( )0 0 0 0
2 1 1 21 12 22 21 0

T
v k q qv p qω= + × + −∆ ⋅ ⋅ =& & & (45) 

[ ]{ [ ] } [ ]0 00 0 0 2 2
2 22 1 2 1 2 2 2 2

(3 1)

0q R k q R kω ω ω
×

= +∆ ⋅ × ⋅ ⋅ + ⋅ =⋅& & & && ;(46) 

( )

( ){ } ( )

0 0 0 0 0
2 1 1 21 1 1 21

0 0 0
2 2 2 2 2 2 1 21 02

T

v v p p

q k q k q q

ω ω ω

ω

= + × + × × +

+ −∆ ⋅ × ⋅ + ⋅ =

& & &

& && && &&

 (47) 

The third driving joint of 3TR robot, is 

characterized by:  

( )0 0 0
3 2 3 3 3 0 0 0

T
q kω ω= + ∆ ⋅ ⋅ =& ;   (48) 

( ) ( )0 0 0 0
1

3 2 2 32 3 3 3 2

3

1 qv

q

q

v p q kω= + × + − ∆ ⋅ ⋅

 
 
 
 


=



&

& &

&

;(49) 

[ ]{ } [ ]00 0 0 3 0
33 2 3 2 3 3 3 3

(3 1)

0q R k q kω ω ω
×

= + ∆ ⋅ × ⋅ ⋅ ⋅+ =& & & && ;(50) 

( )

( ) { } ( )

0 0 0 0 0
3 2 2 32 2 2 32

0 0 0
3 3 3 3 3 3 1 2 31 2

T

v v p p

q k k q q q q

ω ω ω

ω

= + × + × × +

+ − ∆ ⋅ ⋅ × ⋅ + ⋅ =

& & &

& && && && &&

 (51) 

The forth joint is characterized by the following 

kinematical parameters: 

[ ] ( )
00 0 3
34 3 3 3 3 40 0

T
qR k qω ω= + ∆ ⋅ ⋅ ⋅ & & ;(52) 

( ) ( )0 0 0
4 3 3 43 2 31

T
q q qv v pω= + × = & & & ;   (53) 

( )0 0
4 3 40 0

T
qω ω= =& & && ;         (54) 

( ) ( )0 0 0 0 0
4 3 3 43 3 3 43 1 2 3

T
v v p p q q qω ω ω= + × + × × =& & & && && && (55) 

The expressions (40)-(55), are defining the 

absolute motion of the end effector, taking into 

account the situating equations and absolute 

linear and angular accelerations. 

Thus, based on the 3TR structure configuration, 

for 1 4i = →  the following kinematic 

parameters characterizing the movement in 

driving joint, relative to the mobile reference 

system { }i , according to (34)-(37) are 

determined as follows: 

[ ] ( )
01 0

1 11
0 00

T T
Rω ω= ⋅ = ;        (56) 

[ ] ( )
01 0

1 1 11
0 0

T T
v R v q= ⋅ = & .      (57) 

[ ] ( )
01 0
11 1 0 0 0

T
Rω ω= ⋅ =& & ;       (58) 

[ ] ( )
11 0

1 110
0 0

T
v R v q= ⋅ =& & &&          (59) 

[ ] ( )
02 0

2 22
0 00

T T
Rω ω= ⋅ = ;      (60) 

[ ] ( )1 2
02 0

2 22
0

T T
v R v q q= ⋅ = & & .   (61) 

[ ] ( )
02 0
22 2 0 0 0

T
Rω ω= ⋅ =& & ;    (62) 

[ ] ( )
22 0

2 2 1 20
0

T
v R v q q= ⋅ =& & && &&    (63) 

[ ] ( )
03 0

3 33
0 00

T T
Rω ω= ⋅ = ;       (64) 
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Taking into account the relations (38) and (39), 

there are obtained: 
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The expressions previously determined are 

representing the Direct Kinematics Equations 

(DKM) that characterizing the absolute motion 

of the final effector and which will be used as 

input data in the dynamic modeling.  

Taking into account the same expressions 

(38) and (39), there can be expressed the 

operational speeds and accelerations, compared 

to the own system as: 
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4. CONCLUSIONS  

 

In the paper, has been considered a serial 

structure of 3TR type, which can be 

implemented in a industrial process of handling 

process of parts. For the robot, by the Locating 

Matrix Algorithm, used in geometrical 

Modeling, where determined the equations 

which are expressing the position and 

orientation of the end effector with respect to 

the fixed reference system. An important 

remark is that the rigidity hypothesis between 

the components elements is maintained, but the 

static hypothesis is removed, the column 

vectors of the generalized and operational 

coordinates becoming time functions in 

kinematical modeling of mechanical structure. 

As can be seen from the considerations, for 

determining the kinematic command functions 

for the proposed mechanical structure, they 

assume the application of some mathematical 

methods  
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Functiile de control geometric si cinematic pentru un robot cu structură carteziană 

 
Rezumat: Având la bază ideea de a aduce mai multă flexibilitate și productivitate unui proces tehnologic, lucrarea este 

dedicată prezentării ecuațiilor geometriei și cinematicii pentru o structură de robot cartezian. Algoritmii utilizați în 

modelarea matematică a structurilor de roboti sunt utilizați pentru stabilirea, pe de o parte, a transformărilor omogene în 

modelarea geometriei directe și pe de altă parte, pentru determinarea ecuațiilor cinematice. Modelarea cinematică a 

unui sistem mecanic cu „n” grade de libertate implică un volum impresionant de calcule. Există algoritmi dedicați 

acestui deziderat care pot fi regăsiti in literatura de specialitate. Vor fi stabilite în formă analitică, ecuațiile pentru 

modelul geometric și cinematic folosind algoritmi specifici pentru realizarea controlului cinematic și anume, stabilirea 

vitezei / accelerației lineare și unghiulare a fiecărei cuple a robotului și a punctului caracteristic. 
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