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POLYNOMIAL INTERPOLATION FUNCTIONS IN ADVANCED DYNAMICS
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Abstract: The present paper is devoted to the research of the main author, in what concerns the use of polynomial
interpolation functions in generating the motion trajectory of an industrial robot. In this purpose are presented some classical
formulations on polynomial interpolation functions of third order with restrictions. Unlike the third order polynomials, the

higher order polynomials (25) have the advantage of ensuring the continuity in accelerations of higher order. Are also

presented, in explicit form, the expressions for the acceleration energy of first, second and third order, corresponding to the
current and sudden motions multi body systems and which are further use to define the motion equations. In the final part of
the paper, the formulations are applied to describe the dynamic behavior of a 2TR robot structure. So, are determined the
expressions for the acceleration energies of first, second and third order, compulsory in defining the dynamic equations. The
time variation laws for generalized coordinates, velocities, accelerations, energy of accelerations and generalized forces of

first, second and third order will be also defined.

Key words: polynomial interpolation functions, advanced dynamics, acceleration energy, robotics.

1. INTRODUCTION

A consequence of the fact that the machines
and robots used in different technological
processes have become very complex and
precise, is seen in the improvement of the
performed tasks regarding the motions that have
to be designed in order to follow accurately a
given path. So, it is introduced the concept of
motion trajectory which allows engineers to
build more powerful tools in order to control the
motion of different machines simply by
considering the position a function of time.

In most cases, the main approach, consist in
defining a certain path and expect the system to
be able to follow. But many of the designed
paths can’t be precisely and effectively
followed. Some of the systems already use
trajectories, but not in an integrated way. The
use of a trajectory to define the motion of a
mechanical system gives all the necessary
elements to verify that the motion is really
feasible. For example, in case of an industrial
robot which is interacting with human operators,
the safety constraints can be expressed more
easily in terms of kinematic constraints.

From mathematical point of view, the
trajectory is usually studied between two points

belonging to the working space, corresponding
to the initial and final moment of the motion. In
order to avoid possible collisions with different
objects from the working area, a finite set of
intermediate points is added to the two points
that were initially considered. The motion
trajectory of a robot represents the meeting of
all polynomial time functions, these being
expressed either in the configuration space or in
the Cartesian space, depending on the initial
conditions of the movement. The degree of
interpolation of the polynomial depends on
restrictive conditions of the movement, which
are generally the points in the work space that
the robot is forced to pass at a certain moment
and the generalized and operational velocities
and accelerations that characterize the motion of
these points at the time t,, according to [ 5], [6].

According to the research of the main author,
example [12] — [15], polynomial interpolation
functions can be expressed in a general form as:
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In the expression presented above, m is a
parameter defining the deriving order of
polynomial (m>2 m=2345,...),p=0—>m,
j=1—n are the degrees of freedom of the
analyzed mechanical system. In the same
equation, o, represents the space travelled

during t, period of time, being defined by the
following identity: &, ={(0,p=0);(1;p=1)}.

If in case of the real interpolation function, o,
represents the space travelled during time
interval t, for the normalized function, it
travels a space of unity length in a given time
interval. Also, i =1 — s defines the intervals of
motion trajectories, 7 is the actual time variable
relr, 7], and t, =7, —7_, is the actual time
corresponding to each trajectory interval (i).
For every trajectory interval(i =1—> s) , (m +1)

represents the number of unknowns, defined as:
(m) , —

(ay )for k=1—>m; [q;, |for i=2—>s(5 (2
where (a i )are the integration constants, as well

i—1

(q(Jm) j the generalized accelerations of (m) order.

To determine the unknowns defined by the
expression (2), is required to apply geometrical
and kinematical constraints [11], [15] — [18]:
(m-p) (m)
(%)= 0y, p=0—>m; (rs):{q,»s, q,»s}

(2) : .
g; —generalized accelerations

(m-p) (m-p)
{qji (f) qum(f) , p=0— m}
continuity conditions
all conditions are applied to each (7; )

where i=1—>s-1

)

(z)=

The continuity conditions from (3) are applied
to each(z‘i), where i=1-—>s-1. Finally, the

results from (1) will be substituted in the
kinematic and dynamic equations.

2. CLASSICAL POLYNOMIAL FUNCTIONS

The studies regarding trajectory generation at
the joint level are various and win over the
interest of many researchers. For example, the
authors of the paper [1] were among the first

that advanced the idea of using the polynomial
functions for robot trajectory generation. Also,
according to [2]-[6], a commonly used joint-
space trajectory generation method is based on
linearly-changing joint velocity using starting
and ending parabolic blends.

Although this method is frequently used, its
application raises up some problems such as the
fact that the first derivative of acceleration (jerk)
is characterized by infinite spikes thus requiring
three separate functions instead of one. The use
of third order polynomial joint-space trajectory
generation is also preferred by many authors
[4]-[7]. Another approach is that of using the
fifth-order polynomial for determining the
motion trajectory of a mechanical system.

Some other authors [5]- [7] suggest the use
of initial, intermediate and final polynomials of
4-3-4 or 3-5-3 order polynomials, for a single
joint motion. The objective of the present paper
is to make a review on different methods of
applying the polynomials in defining the motion
trajectory, by highlighting the advantages and
the drawbacks for each of them. Also, it will be
presented a generalized algorithm that uses
polynomial functions of higher degree for
determining the trajectory of motion, based on
an original approach.

If the motion of the end effector of a robot

characterized by (n) degrees of freedom is well
defined, the problem is to determine the
interpolation polynomial functions which define
the robot trajectory in the configurations space.
The meeting of all time dependent
interpolation  functions, defined for each
segment of motion and for each component of
the generalized variable vector represents the
motion trajectory. Forwards are presented the
most commonly methods based on polynomials
functions, used for motion trajectory generation.

2.1 Polynomial functions of third order

For the mathematical modeling of motion
trajectories in the configurations space are also
used the geometric, kinematic and dynamic
constraints of the command and control system,
along with the initial conditions imposed by the
work process [5], [8], [16]. Depending on the
working process, the motion trajectory must go



through all (n+1) points corresponding to the

moments 7, (i=0-—>n). According to the initial

conditions, the trajectory must provide a
restrictive control over the position, velocity and
acceleration that characterize the motion at the

moments 7, and 7, to ensure the continuity in
velocity and accelerations at the moments

[ri (i=1—>n —1)] . The restrictive conditions for

this type of motion trajectory are presented below:

(To)j{ho =0jo Vo :qjo 1 8 :qjo}
hl—qi i=2—->n-2

121 e =wal ol 0
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The parameters included in (4) result from the
geometric and kinematic control modeling. The

initial conditions (4) are supplemented by the
following kinematic and dynamic constraints:

{ oy (2) < 0™ fa (o) = 4 } )
‘q.ji(f)‘ S n]w'(T)‘ S max(Qj)

The interpolation of each segment of the
motion trajectory (i=1->n) is done by using

the cubic spline functions. In order to determine
the cubic spline functions is generated a time
linear function for generalized accelerations from

each robot joint (j =1—N), see [8] and [16]:
G; (7) = %'qji(fi—l)J” G;(z): (6

i i
— 7., 1s the time needed to travel

T—74

where t, =7,
the i=1—>n segment of trajectory.

According to [16], the unknowns are
represented by the generalized acceleration that
characterize the motion at moments 7, ; and ;:

G () =i Gi(n) =4 (7
Integrating the differential equation (6), results:
: (r-7) . (r-7.)
6 () = ‘Ti'qii—l +T Gy + 3, (8)
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By applying the following initial conditions are
obtained the integration constants a;, and a;;,:

qu( ) Qjis s qp( )_ Q; > (10)

q'i ti .. q| t .
Ay = [f - E'qjij - (i_ll - g q]l—lj’ (11)

qi— ti . q'i t‘ . .
aji2:(é_.l _g'qji—lj'ri _(t_J_g'qjiJ.T—l’ (12)

The integration constants (11) and (12) are
substituted in (8) and (9), resulting the polynomial
functions of second order, with respect time
variable (r) characterizing the generalized
variables and generalized velocities, [8] and [16]:
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The unknowns are represented by the
generalized accelerations and are determined by
solving the following matrix equation [8], [16]:

[d,k k=ln-1]=
[ 2 [ b k=3—n-3]b, b

m-2 ~jm-L

5(15)
)

where A™ represents the inverse of matrix A,
the matrix of the coefficients of the unknowns,
which is defined by the following expression:

[A[A k=3->m-3| AMT;(16)
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In the same equation, {bjl, bjz,...,bjm_z, bjm_l} are

defining the components of the column vector
of free terms, denoted with B, , see [8] and [16]:
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By solving the system of equations from (15)
are obtained the generalized accelerations as
well as the generalized coordinates. Finally, the
polynomial functions defined with (6), (13) and
(14) can be written in a final form. Considering
the initial input data, for the interpolation of the
motion trajectory must be applied the kinematic
and dynamic constraints (5) and are defined the
maximum values for polynomial functions:

{ q;(7); d;(7); qji(T);Qrﬂ (7)}
The cubic polynomial functions, because of
their interpolation order, exhibits some

restrictions in the study of the accelerations of
higher order, characteristic to the sudden

movements of the multibody systems (MBS).

2. HIGHER ORDER POLYNOMIALS

Polynomial cubic functions usually provide
continuity in position and velocity, but accelerations
are presenting in some cases discontinuity intervals,
which require the use of higher order polynomials.

Depending on the constraints that are imposed by
the work process, can be defined different types of
trajectories in the configurations space. For example

can be mentioned the (4-3-4) respectively

[5—(4-3-4)-5] type motion trajectories. In the
first case, the end segments of the trajectory are
interpolated with polynomials of fourth degree for the
position, while on each intermediary segment,
i=2-—->n-1 of the trajectory are applied cubic
polynomial interpolation functions.

For [5—(4-3-4)-5] type motion trajectories
developed in [4] and [8], the end segments are
interpolated with polynomials of fifth order, first
and last intermediary segment with polynomials
of fourth order and for the other intermediary
segments are used the cubic spline functions.

According to [12], [13] the kinematical
constraints, which apply in case of polynomial
interpolation functions of fifth order, are:

(ro):{ho =00 Yo =Jjo; }; 24)

& :qjo; 8, = qu

(r,)={h, =0, & =75} (25)
8 =(;;i=1->n-1

(z)= hi(t+ :hi+l(t_);Vi(t+):Vi+l(t_); (26)
8 (t+ =ai+1(t_)

The time functions for generalized variables of
fifth order are defined with the expressions:
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In case of polynomial interpolation functions of
fifth order the unknowns are represented by the



generalized accelerations of third order [8]. The
unknowns are determined as follows:

A-X=B = X=A"B; (32)
In the equation (32) A represents a matrix
whose components are represented by the
coefficients of the unknowns, B is the column
vector of the free terms and X the column
vector of the unknowns. Also, A™ is the inverse
matrix of the unknown coefficients matrix.
The components of the column vector of the
unknowns are presented in the following:

K= x [Xi=2on-1] X,]563)
[aim=1-4 ]

{['d,{l 8 m=1-54 | } ;

i=2—>n-1

(34)

[5n-1x1]

(G a,m=1->4]
The column vector of free terms is defined as:
. T
Bo=[B[Bii=2on-1]8 ] 69
where

B, :[Bll B,y Bay B41]Ts B = 0];

(4x1) (4x1) (4x1)
t4 A A
By =0 — 120 :qj'o +ﬂ'qj0 ;37)

{B g _i.'q"- i b } (38)
31 jo 6 jor jo 2

(36)

QJO 1

N A T
B4 |:[O] q]4 120 q4 q]4 6 q4 q]4 2 q4 9(39)

(7><1) 44)

The matrix of unknown coefficients is written as:

e a1 al )
Bn-1x6n-1] |: Al [A' 1=2—>n 1] An_ :(40)
The components of the A matrix are defined:
Ay
[0] |5 (41)
[461191 [Alz [4x15]
where
T03 T02 1
. o Al{roloo}
W e T 11000
[2x4] TL - 10
§A4ll A412
A = [0] :A421 A (42)
[7x19] [7x10] ;
’A431 A432

The components of matrix defined by (42) are:
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[4x19] [4><5(I72)]’ ’[4><20 5|]
where
T,_l3 r,_lz ; ti—l4 t|4
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2 3 3
o q g (t_t_]
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6 6
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2
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The matrix A™ from (32) represents the inverse
of the matrix of the unknowns coefficients and it
exists only if the following condition is met:
{tk >0,k=2—>n —1} .Substituting the expressions

(34) - (50)into expression (32), and by performing
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the necessary transformations, it results a
system of linear and nonhomogeneous equations
whose solutions are the coefficients that
couldn’t have been determined by (24)-(26).

3. DYNAMICS EQUATIONS OF HIGHER
ORDER FOR 2TR ROBOT STRUCTURE

According to the scientific literature [6], in
1879, Gibbs defines differential equations of
nonholonomic motion. These research are
developed by Appell who, in 1899, performs a
detailed study based on these equations. Today
these equations are known as Gibbs-Appell
equations and are applied for holonomic and
nonholonomic systems, where the kinetic energy
was substituted through the acceleration energy,
also known as Appell’s function. Unlike the
studies, above mentioned, in the papers [7] —[11]
the author established the higher order
acceleration energies in a generalized form, for a
multi body system involved in a general motion.
According to [12], [15], the generalized driving
forces for any mechanical system, including the
robots, is determined in a general form [13]:

Qn(t)=4; '[49 Qi (1)+Qq (t)}+

- . ; (8D
(1) L0 ()
k>1 k={1,2,345;..}; m>(k+1); m={2;3;45;..}

={[-L(sU; M) ]; (0:8U); (1: M) |

A:={[1; (#:6)+0] {0:{:5) o] |

where 4, highlight the gravitational load by (M, )

and the manipulating load by the symbol (SU);

A, characterizes the mechanical behavior of the
system (0 — statics; 1 — dynamics).

The k order time derivative of the generalized
driving force, from every robot joint is defined as:

(k) (k) (k)

Qu(t) =A% Ay-Qi (t)+Qy (1) |+
; (52)

A 1 A, ()

+H=)T 1+3-A, Qs (1)

The generalized inertia forces are defined by
considering the acceleration energy of first order
[12] — [16]. The general expression for higher
order time derivatives is determined:

(m 2) m)
0 { [H(t)e(t)ﬁ(t) 5()}}
aqj (2) (53)
- il}[é(t);ﬁ;(t);?(t)]
(0)
where E{)=EY) j=1-n, k=1

2

m> [(k +1)= 2], and (k) are time deriving orders

The higher order time derivative of generalized
inertia forces, from every robot joint is defined:

; (54)

S [ko—(g—p]
- Ji[e(t)]- Zx

In (52), Q (t) defines the k order time derivative

of the generalized gravitational force, which
according to [16] has the following expression:

k-1 Y (m) )
+m1m!((kk—;)_1)| 0] A = 1:(59)

k 1)1 (m;l) [k‘(ﬂ‘l)]
:Z‘Z(m—(f)u(lk) ) o] A

m=1 M
k (k—l)' . (m-1) [ko‘(j‘:‘l)]
2w L0
(56)

In the above equations, (54)-(56), °J [5 (t)] is the

Jacobian matrix and %7 o characterizes the force

— moment Cartesian vector, along with their
higher order time derivatives [8], [12], [15].

The expressions (52)-(56) are compulsory in
establishing of the motion differential equations of
various orders. In the following, is presented an
application of the theoretical model presented in



this paper. For this purpose, is considered a 2TR
robot structure which is in fact an (MBS), whose
kinematical structure is presented in the Figl.

Fig.1 The kinematical structure of 2TR robot

According to [9] — [15], the sudden motion of a
MBS (also the robot structure), the transient
motion phases, as well as the mechanical systems
subjected to the action of a system of external
forces, with a time variation law, are
characterized by linear and angular accelerations
of higher order. The expressions for the
acceleration energy of first, second and third
order have been determined for the 2TR robot
structure. These are further used to write the
expressions for the differential equations of
motion of first, second and third order.

In this case, the acceleration energy of first order
for the 2TR robot structure is expressed as:

El ()=

Ma2

%~[(M1+MZ+M )2, (7)+

1) G5 () + e (7 ﬂ

—[M3 ‘8, -qw(z)-c(qu(r))] Gy (1)
-M; -, -8 (7)- Gy (7) -Gy (7) +

+(M, +M,)-G3, (7)

Based on aspects regarding the polynomial
interpolation functions presented in the previous
sections, are determined the differential
equations of second order, written in the form:

Qhi(7) = (M, +M, +M, )Gy (7) -
-M, -a, .quik(r)'q‘sik(r)_ ;
~M; -8, - Gz (T)'Cqu (7)

(57)

(58)

545

{Q;ik(r):(Mz+M3)'[q2ik(r)+g]}; (59)
Qni (T) - (M3 At 3|Z)'q3ik (T)_} ; (60)
~M, -8, Sty (7) - Gy (7)

The equations (58)-(60) define the differential
equations of second order, for every robot joint.

The acceleration energy of second order is:

) =2 (MM, )65 )
+%-(M3-a§+3|z)'q§2ik(f)_
_:2l.<|\/|3.az2 +3|Z)-(2'q;k(f)"qaik(r))-i_

1
o (M2 ,)- (96 (1) - (1) +54(2)) ] -
_S'Ma'az'qak( ) Cq3|k( ) Gmk(z') q3|k( )
_Ms'az‘sqsik( ) (T) G (7 ( )
+M3‘32'quik(T)'an(T)'qsik(T)
The differential equations of third order are:
Qr1r1ik (7) = (Ml +M, + Ms)'qiik (r)—
—M, -, - S0 (T)qsm (T)_

1
+§’(Mz +M3) 'qzzik(f)

;(61)

; (62)
—3-M; -8, -0y (7) gy (7) - Gaie (7) +
+M; -, - SOy (7)- G5 (7)
Qu (1) =(M 4+ M) G (2)f s (63)
Qo ()= (M3 a + 3'2)'q.3ik (r)-
~M; -8, -0y, (7) Gy (7) - ; (64)

—M; -8, -cqy (T)‘qaik (T)'qlik (T)

Considering the kinematical constraints, in
general form, (24)-(26), applied for the 2TR robot
structure, as well as the time functions for
generalized variables of fifth order defined with the
expressions (27)-(31) and by applying expressions
(33)-(50) are obtained the polynomial time
functions for generalized coordinates.
In Table 1 is presented a selection from a sequence
of the working process containing the polynomial
time functions for the generalized coordinates from
the first and second robot joint. By deriving the
polynomials for the generalized coordinates are
obtained the polynomial functions for velocities,
accelerations and accelerations of higher order.
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Table 1
Int | Polynomials for generalized coordinates
ql\k <m> quk <m>
1 0.7681-7° 1.0973-7°

—3.2921-7° +3.2921-7* —
-0.9876-7° +0.1481- 7* —
—0.0111- 7+ 0.0003

—2.3045-7° +2.3045-7* —

5 | —0.6913-7°+0.1037 -7 —
—~0.0077-7+0.0002

3.2921-7° —6.5843- 7' +
+4.9382-7° ~1.6296-7* +
+0.2555-7—-0.0156

2.3045-7° —4.609-7* +
3 +3.4567-7° —1.1407-7° +
+0.1788- 7 —0.0109

-1.0973-7° +3.2921- 7* —
~3.9506-7° +2.3703-7° —
—0.6444 -7 +0.0653

—0.7681-7° +2.3045- 7 —
4 —2.7654-7° +1.6592- 7% —
—0.4511- 7 +0.0457

In order to determine the time variation laws for
the generalized variables, driving forces and
acceleration energies of higher order, the time
polynomial functions of fifth order are applied.
The study is extended to the energies of
higher order. Using the research of the author,
have been determined the variation laws for the
acceleration energy of first, second and third
order in case of the 2TR robot structure.
40, (z)(m)
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Fig.2 The time variation laws for coordinates,
velocities and accelerations for 2TR robot

The polynomial functions are further used to
draw the time variation law of the generalized
coordinates, velocities and accelerations.

Based on this, in Fig.2 are represented the
variation laws for generalized coordinates,
velocities, accelerations, accelerations of first,
second and third order as well as of acceleration
energy of first, second and third order in case of the
second joint of the 2TR robot. In order to determine
the time variation laws for the generalized variables
(Fig.2), higher order accelerations (Fig. 3) and
acceleration energies of first, second and third order
(Fig. 4), the time polynomial functions of fifth
order were applied (Table 1).

i m
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Fig.3 The time variation laws for accelerations of
first, second and third order for 2TR robot

Considering the aspects presented in the previous
sections, the corresponding time variation laws
that characterize the dynamic behavior of a 2TR
robot structure have been drawn (Fig. 4).
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Fig.4 The time variation laws for the generalized
forces of first, second and third order

The graphical representation of the variation law
for the first order acceleration energy is presented:
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Fig.5 The time variation laws for the energies of
accelerations of first and second order
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Fig.6 The time variation laws for the energies of
accelerations of third order

The graphical representations from Fig.5 and
Fig.6 are based on the main author original
approaches regarding the acceleration energies of
first, second and third order [10], [15].

These were applied for a multibody system
(MBS), represented in this case by a robot
structure characterized by 3 d.o.f’s.

4. CONCLUSIONS

The present paper is devoted to the research of
the main author, in what concerns the importance
of polynomial interpolation functions in generating
the motion trajectory of an industrial robot. Unlike
the classical polynomial functions, already
mentioned in the scientific works, the first and
second sections of the paper is using the previous
research of the main author are developed the
expressions for the polynomial interpolation
functions of higher order, with applications in
higher order acceleration energies and dynamic
equations of higher order, as it results from the
fourth section of the present paper. Unlike the third
order polynomials the higher order polynomials
have the advantage of ensuring the continuity in
accelerations of higher order. In the next section
are presented, in explicit form, the expressions of
definition for the acceleration energy of first,
second and third order. They are corresponding to
the current and sudden motions of rigid body and
multi body systems. The formulations contain the
absolute time derivatives of higher order of the
advanced notions, according to differential
equations of higher order, characteristic to
analytical dynamics. In the final part of the
paper, the presented notions are applied to
describe the dynamic behavior of a 2TR robot.
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Functii polinomiale de interpolare in dinamica avansata

Lucrarea de fata este dedicata cercetarii Intreprinse de autorul principal, in domeniul utilizarii functiilor polinomiale de
interpolare in generarea traiectoriei de miscare a robotilor industriali. In acest scop sunt prezentate cateva formuldri clasice
privind functiile polinomiale de interpolare de ordinul trei cu restrictii. Spre deosebire de varianta clasica, varianta care
utilizeazd polinoame de ordin superior asigurd continuitatea in acceleratii de ordin superior. Sunt prezentate, in forma
explicitd, expresiile pentru energia de acceleratie de ordinul intai, al doilea si al treilea, corespunzatoare miscarilor curente si
bruste ale sistemelor multicorp, acestea fiind utilizate in continuare pentru a defini ecuatiile de miscare. In ultima parte a
lucrarii, modelele matematice prezentate anterior sunt aplicate pentru a descrie comportamentul dinamic al unei structuri de
robot de tipul 2TR. in acest scop, se determina expresiile pentru energiile de acceleratii de ordinul intai, al doilea si al treilea,
obligatorii in definirea ecuatiilor dinamice. Au fost de asemenea definite legile de variatie in raport cu timpul pentru
coordonatele generalizate, viteze, acceleratii, energii de acceleratii si forte generalizate de ordinul intai, al doilea si al treilea.
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