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Abstract: The main purpose of this paper is to present a mathematical model which can be applied to
determine one of the most important differential matrix from robot kinematics also known as the Jacobian
matrix or the velocities transfer matrix. The velocity of a robot link with respect to the previous link
usually depends on the type of joint that connects them. The velocity of the end effector is a result of the
contribution made by local velocities from each joint of the robot. The translation joint is characterized
only by a linear velocity which is transferred to the end effector. In case of a rotation driving joint, both,
angular velocity and linear velocity will be transferred at the end effector. In this paper is defined a

(mxn) matrix called Jacobian matrix which establishes the mathematical relation between the

velocities from each robot joint and the corresponding linear and angular velocities at a given point on
the end-effector. Also, are presented the linear and angular transfer matrices based on which the
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Jacobian matrix is defined.
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1. INTRODUCTION

Kinematics deals with the study of rigid bodies’
motion without taking into account the effect of
the force system that caused this motion. From
kinematics point of view, any industrial robot can
be defined as a mechanical system consisting of a
series of rigid links connected by means of
driving joints which can perform automatically
various tasks involving motion [9]-[13]. The
main feature of a robot is its capability to move
in the tridimensional space characterized by six
independent parameters which define the
position and orientation of each driving joint. In
case of an industrial robot, which is considered a
system of rigid bodies, determining the
appropriate kinematic models for the mechanical
structure is essential in the analysis of its
behavior. In robotics, the kinematical modeling
of robot structures can be achieved by using
either Cartesian coordinates or quaternions. The
transformation between two Cartesian coordinate
systems can be reduced to a rotation and a
translation (around and along one of the axis of
the coordinate system). The resultant rotation can
be mathematically defined by means of Euler
angles, Gibbs vector, orthonormal matrices, Pauli

spin matrices or Hamilton’s quaternions. Of all
these possible representations, the orthonormal
matrices or homogenous transformations based
on (4x4) matrices are mostly used. The forward
kinematical modeling consists in defining the
position of the end-effector as a function of the
generalized coordinates from each joint, while
the inverse kinematical model refers to finding
the generalized coordinates from the robot joint
that define a certain configuration of the robot.
An industrial robot is considered a complex
system which from mechanical point of view can
be modeled as system of rigid bodies. In this case
we often have to transfer the velocities from a

fixed reference system represented by {0} to a

mobile reference system{S}. The linear and
angular velocity at the end-effector is computed
by transferring velocities through the robot links.
By computing and transferring linear and angular
velocities from the fixed base to the end-effector,
is established a relation between joint velocities
and end effector velocities. This is an iterative
method to compute the Jacobian matrix also
known as the velocity transfer matrix.

This matrix is essential in the dynamic modeling
of industrial robots.
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2. THE TRANSFER MATRICES

2.1 The linear transfer matrices

In this section are analyzed the linear and
angular velocities associated with multi-body
systems (robot mechanical structures) and also
the transfer matrices that characterize this linear
velocities and accelerations. The linear velocity
of the origin 0, of the mobile system {n} with

respect to the fixed system {0} is defined by:

%, =[ V[a(t) J@{t); i=1 ~n] =v[8(1)]Bt): )

In the equation presented above, V[ﬁ(t)] is the
transfer matrix of linear velocities, defined as a

(3X”) matrix, where V,-[@(t)]represents each

column of the matrix, i =1 - n and n defines
the degrees of freedom of the analyzed structure:

V[ 8(t)] = Mt {v 8 ()] =M}. @

()~ )| (Rrln) oq; (1)

The motion from each driving joint is
independent, so, the resultant motion of the end-
effector can be obtained by applying the effects
superposing principle. So, for each driving joint,
i=1-n, are applied the column vectors of the
generalized variables, defines as following:

(O =[g(t) ¢,() .. ¢OT; 3)
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At the end effector is transferred a velocity which
is due exclusively to the motion from the robot

driving joint(i). Depending on the type of the
driving joint, this velocity can be either a
rotational velocity or a linear velocity:
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By identifying the terms from (5) which are
multiplied by the generalized velocities,q; (L),
can be obtained a new general expression that can
be used to define each vector V; from the

componence of the linear transfer matrix:

u[a())=To 70 (r-0) SR+
2,95 ({7, (9-5.0)]

The linear acceleration of the originO, of the
mobile system{ n} relative to the fixed system

{0} , is determined by applying the second order
time derivative on the position vector p, (t):
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The expression (9) can be reformulated based
on (8), in the following form:

Oy, = T2, 6] - §, (1) + 0
12,5, 0 G 9 4,0

O, = VIB®] - 8() +V [3(2); 8D - (o).
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The expression(11), is rewritten by introducing
a new matrix, symbolized A(§ ) , also known as

the transfer matrix of linear accelerations.

d,, — al r Q(tj
uu—ﬂkuyeuﬂlmﬂl (13)

The expression for this matrix is:

ale 5 ()= [ 6] r‘r[é(r)fa(r)]];
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where and its derivative

Vo ()]
v [Ei(t) ;0 it)]are (3xn)  matrices, whose
elements V, and V,; are defined according to the
expressions (8) and (12) respectively.

2.2 The angular transfer matrices

In this section are presented, according to [8]
the angular transfer matrices corresponding to
angular velocities and accelerations. First, the
antisymmetric matrix associated to the absolute

angular velocity of system{ n} is written as:

{'@, (N4 ="[HOZ[R"(1):  as)

In order to determine the angular velocity, the
vector operator vect{ CT)X} is implemented:

", [E"—(ﬂ ::E"'.a (t)] = L= {2,(t)- q,(t)- 4;;

(16)
Within the expression was implemented a new
matrix, known as the transfer matrix of the

angular velocities, defined as a (3><n) matrix, and
which can be written in the following form [7]:

Q[éA(t)]z{Q,[éA(t)], i=1—>n}; (17)
)

(3xn (3x1)

where each component of the transfer matrix is:

(ﬁ, (t)) = vect{g[R&]Eﬁ [R]T} @.. 18)
i=1->n

Considering the principle of the superposing
effects and by applying (17) and (18), on the
end effector is transferred an angular velocity
which appears as a consequence of the motion

from the driving joint (z) Therefore, the

expression for ©; can be rewritten as follows:

3,[6,(01- 4,(0) — 2, - 4,(0) - "k (1); (19)

2,[8,()]= 2,8k, (t)= 4, 4[RI)%, . 20)
By applying the absolute time derivative on the
expressions (15) or (16) is established the
absolute angular acceleration which characterizes

the motion of the {n} system.
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In the expression (21) is implemented a
(3x2[&) matrix, denoted Eand which is known

as the transfer matrix of angular accelerations.

“w, [6,(8):8, (858, (9]
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This transfer matrix can be expressed as follows:

E [E?d (t);8, [tj] =
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Matr:xl F[E (tj] ﬂ [E (tj H (tj]}
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The time derivative of the transfer matrix of
angular accelerations from (23) is the following:

n [Eﬁd(t] 8, (t]J = Ok, (£)- 4, =

h{ﬁﬁx {.:E:Jf_i.u} =2 1:: : ; q;(t) - 4, 'ﬂi}
 (24)
where,
[ 2,[6,(0):8,®)] =
= { Y, + Xz, 4, - ¢, (1) - %k,(D}x k(D) 4,

. (25)

The angular transfer matrices presented in
this section are further applied in order to
determine the absolute angular velocities and
accelerations which characterize the equations
of direct kinematical modeling (DKM).

3. THE JACOBIAN MATRIX

In this section is determined the expression
of the Jacobian matrix and its time derivative by
using the linear and angular transfer matrices.
According to [4] and [7], the generalized
velocities which defines the motion of the end
effector, with projections on the fixed system are:
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Gy — LI;(E?)
(=1 (9)
Where the linear and angular transfer matrices

are defined with expressions (2), (17) and (18)
which are rewritten in another form, such as:

vialh)] =
(3n)

{6«;&) [G(qkj-t):"f jg*”)m 27)

\/,[g(t)} =4, Ok, (t)x[;_)n (t)—ﬁ,(t)]+
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+4, Ok, (t)xﬁni(t)+(1_Ai)ﬂEi(t)

The angular transfer matrices are defined as:

Q[e ()] =Matrix{ Q[ G (1) | =1~} =

()

o 0 |

In the equation (26) is implemented the transfer
matrix of linear velocities, thus resulting:

Oy :ny(@)
(ex1)

°1(6)
Based on (30) is defined the Jacobian®J (5)
whose components are: the linear motion

5‘1—1—>n

I\/an{v[é’ (1)
(3 (i=1-n)

; (29)

. 6 (30)

Jacobian denoted with J,(8)and the angular

motion Jacobian denoted OJQ (8).

@)= 1@ [ @)
()| |%,(8) Gh

The matrices °J, (8)and °J 0 (8) are defined as

(3xn) matrices, each column (n) representing
the linear and angular Jacobian corresponding to
each robot joint. In order to define each column
of the Jacobian, the following expression is used:

In the expression (32), OJ,- represents the

Jacobian matrix associated to each robot joint.

According to [8], the connection between the
column vectors of the generalized and
operational velocities respectively, can be
achieved by means of the Jacobian matrix also
known as the transfer matrix of linear velocities
or the matrix of partial derivatives. The
operational accelerations of the end effector with
respect to the fixed system is defined as follows:

&,

oy —
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In the previous expression, is implemented the

Jacobian matrix and its first time derivative,
according to the following expression:

A(g_) = |u u X
{[Eréj] =["1(8) IEH)]], | (34)
0ri g °I.() Goran 9y.(8)
o) = | 8)=1. :
O e IIC [ﬂ;ﬂ(g)]
(35)

The expression (34) highlight the transfer
matrices corresponding to linear and angular
accelerations. The absolute time derivative of
the Jacobian matrix, based on transfer matrices
being defined as follows:

e | 50)| | Ha)
K054 53| 01

; (36)

According to [5], the operational kinematic
parameters which are expressing the absolute
motion of the end effector can be projected on

the {n} mobile reference system.

In this situation, from the kinematical modeling,
according to [6] and [9] the equations are used:

* " (=
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I}_U.z Orr s B

=rr-| |="r- @) 4,
iy,

37



ny = I::"::Ji" — "p. ;L:r!l —np. [D_II:'??‘_I I:.'_Il:'ﬂ-t'] . Ig](38)
O g1 |
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In the expression (39), "R represents the matrix
transfer operator which is used to achieve the
transfer of the Jacobian matrix from the fixed
system {0} to the {S} mobile system.
According to the main aspects presented in this
section, the expressions of the Jacobian matrix
based on transfer matrices are used for
establishing the forward kinematics equations.
These equations are essential in modeling the
dynamics of any mechanical system.

4. APPLICATION

In the following is considered a RTR type
mechanical robot structure on which is applied
the previously presented mathematical model.

The RTR structure is defined in the initial
configuration by the following positions and
orientations of the kinematic joints included in

the matrix of nominal geometry M ©).

vn

MO ORRT

Table 1
. :Linf 4 | Jointtype | o K
1 R |ololelololt
2 R lolololol1]o
3 T lololglolol
4 ; ololelol1]o

The homogenous transformations between the
mobile systems {i} and {i-1}, in a certain

configuration (different from the initial
configuration), are defined by:
cq, =sq 0,0 cg, 0 sg,10
| |
0 sq, ¢q 010 14| O 1 0]
T s T = Fa s
120 0 1y o117, 0 10
0 0 01 0 0 01
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100! 0 100!

| |
010 0 01 0!0

1= | b |
00 1iL+g 0014
000! 1 00 011

The homogenous transformations between the
mobile systems {/} and fixed system {0} , are:

r]="[r]d[r]=
cq, leq, —sq, cq,Uq, I_l1 [3q,
—| %% [eq, cq, sq,0q, i I, lég,
_Tsay O gy Loy
|
I

A7=31rd[1)=
oq; g, =gy gy (35 g L3, ([ +4) =1, Ly
_|sa g, g sq,q, ! sq Bg, (I, +q5) +1, [og,
=g, 0 g 1 lhteg (U, +45)

[ e LY Mo —
|
|

0 0 0 1

According to [6] and [8], and expressions (28),
(29), (31) and (32), presented in the previous
section, the components of the angular and linear
Jacobian, based on transfer matrices in case of
the RTR robot structure are computed as follows:

e (8)=[Q, @, Q,]; @2
|05, O

where, %75(8)=]0 ¢q, 0]; (43)
1 0 0

9,(8)=[v, Vv, V; (44)
—I; (eq, = (/, +9;) (39, (37,

Vi =| 1 8q, (I, +95) g, B, | (45)

0

(12 +45) Bq, [6q, cq, (3¢,
V, =| (I, +9;) (3q; [6q, |5 V5 =| sq, (37, |. (46)

~(I,+95) 30, g,
o [V@)]_[0.()
@)=\ 5 G

Substituting (45) and (46) in (44) and the result
and (43) into the expression (31), it is obtained the
Jacobian matrix with respect to fixed system

0y (5 ), which in case of a RTR robot is defined
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by a (6x3) matrix whose components are
represented by the angular and linear transfer
matrices, Q(g ) and V(g ), respectively.
According to the expression (30), defined in the
previous section, in the following is determined
the column vector of operational velocities with
respect to the fixed system {0} representing the
absolute velocities at the end - effector.

For the robot structure defined according to
Table 1, this vector is defined for i =1 - 3 as:

E':X — E_JE — D.IE[L.E_I,] 'é,
(Ex1) [wa] [ﬁfﬂ (8)

The absolute linear velocity at the end effector:

where 2 =[V3X Vs, V3Z]T ; “47)
{ Vg — Gg° Uy 54 — gy Iy oy +

+4. - (I, + g2) - 59, - 59, + 4o (I, + ¢2) - cq,

; (48)

I 1":1_1.-:fis'Sf?L'Sf?:_fi'L'{L'th"‘ }

‘H?J.":{: + f?s] coqycsqs +gae ':{: + fh] s5q,rcq.)

49)

{Uax = f}':a Oy — f}': ' “:"' qa) 'Sq:]’- (50)

The angular velocity of the end effector, with
projections on the {0} fixed system are defined:

W3y Gz 5y
gy = |Gz, | = 2 5
‘:"‘:33

g, cay
Based on the expressions (31), (37) respectively
(43) - (46) we can also define the operational
kinematic parameters which are expressing the
relative motion of the end effector. In case of the
RTR robot and for i =1 - 3 , the column vector

of the operational velocities, projected on {n}

&1y

Q.

mobile reference system, "X is computed as:
X =R C0)-6=[30 3w

o=[4 42 4% (52)

and "R is defined according to (39), where:
cq,[dq, —sq, cq,[sq,

011 _ 0f o711

R =5[R]” =| s, 69, cq, sq; 3, |; (53)
-sq, 0 cq,

where,

A

In case of the analyzed RTR robot structure, the
components of the column vector of operational
velocities with respect to the mobile system are:

. [9e q1- S?:]
where, 8 =|4.|; and @; = g5 ;o (54)
G g €q,
gzl +q3-q,—-1,-q,"cq;
vy = @1'(i:+q3:'5f}': (55)

@3_31'@1'5‘]‘:

In the following are determined the expressions
which define the transfer matrices
corresponding  to  linear and  angular
accelerations. For this reason, in case of the
RTR robot and according to (36) is determined
the absolute time derivative of the Jacobian
matrix, based on transfer matrices. The
con]ponents of this matrix are computed with:

gy o| 58 || HE)|
AREGINFO)

For i=1 - 3, the components of the absolute
time derivative of the linear Jacobian are:

O =0, v, %l (56)

where, for the considered RTR robot structure
and for i =1 = 3, the linear transfer matrices are:

G- lioso,— g, -+ g5 gy - 50z — ]
, _f?:'“:"‘f?s]'ﬂh'ﬁ'f?:_fis'“h'“?:
V= _3?1.'{1."5"?1._f?].'“:"‘f?s]'ﬂh'”?:+; (57
+";':"‘(~I:+‘?3]'f"hn' cq: + g3 g, 5q;
—§u U4 q3) - sq,0cq: —
_f?:":{:+f?s]'ﬁ'?L'5f?:_fis'“h'“?:

Vv, = G- Uz +03) -cq, eqm — ; (58)
Gz- Uz 1 q3) - 59, - 592 | §2 -59;- cqz
_fis'sq:_fi':":{:+f?s]'ﬁ'f?:
=Gy 5qy - sq: + G2 oyt ogs

15’3: G cqy5qz +G25q, 0 0q2 | (59)

— - 50

According to expression (33) can be also
computed the operational accelerations of the
end effector with respect to the fixed system:
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where,

and

So, for n=3 and for the considered robot
structure, the angular and linear accelerations at
the end effector, based on transfer matrices are:

vy = [if’ax 1.’3;,- ijlix] r; (60)
where,
¥, = I{lag, [ag, —¢kIsg; () -
¢k (s, [sq, +§f@(’2 "‘%) [Sq; [ag, -
_@#[@1 (g, _(Iz "‘%) [dg, E(72) — &) oy, -
‘Wz "'%) (8q, [sq, “‘E‘Wz "'%) (g, [ag, +
+“% [Uz "'%) [, (g, ‘W[(]z "'%) [dg, [aq, +

+§§(1, +q5) (cy, [y, +dlciy (S

&, =@ ({13, [dq, +4¥iaq, [3q,) +
+ela 0, [3q, g ({1, +q,) (og, g, -
‘&@1 (6, +(1, +05) 5, qu) —1) (sq, -

{1, +q5) 0q, [3q, +e@{1, +s) (A, G, —
_“% [{l, +q5) Sq, (Sq, +6g (s, g, [, +q5) +
+4({1, +q,) (S0, [dg, +4¥(sg, (g,

[ Var = gz 04z — b2 " g 5G2 —

; (61)

3(62)

_f?::":{:""?:1]"5"?:_‘?:"?3'5‘?:—:’; (63)

—g. - (lz + 03] - 5q2 J

The angular accelerations at the end-effector are
defined for the same robot structure according
to the following matrix relations:

{wﬂx

@317 (64)

Cl'.-*"g = [C'::'Ex ‘:'I':E_v

—G2 51— qy1 g2 €q,

; (65)

Iﬁf-"n}' = —0, g0y 50z + G2 Gg-5G, " €02 +}
ticeqr— G g2 5q, ’

(66)

{‘i’az— =g, — G2 93" 5‘]’:]’ (66)

The linear and angular accelerations at the end-
effector, with respect to the mobile system {n} ,
are determined based on expressions (38),

= —G,°G3°5q9, 54, + q,°q3°cqy° €q; —
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which applied for the above presented RTR
robot structure, lead to the following results:

vy =
G (I +q3)— 24243 —
—(1;- 97 sa;+ 1y 4,) - cq,
E}I'l'(lz‘i'fh)'ﬂ?:_ll'f}'i"'
+2:4,°q3-5q:+2°q," 43" (1 +q3) - ca,
Eilfa_“:_fi’a)'f?:?_gi'ei"i'sqz_
—q; (I +43) 5" (42)

; (67)
G1°59:— Q1 Gy C€q5 + 050 q3]

G, T4, q:" 593 ;
Gy €4y — 4y s 50,

g =

(68)
5. CONCLUSIONS

This paper is devoted to present a mathematical
model which can be applied to determine one of
the most important differential matrix from robot
kinematics known as Jacobian matrix or the
velocities transfer matrix. The velocity of a robot
link with respect to the previous link usually
depends on the type of joint that connects them.
The velocity of the end effector is a result of the
contribution made by local velocities from each
joint of the robot. The motion of a prismatic joint
is defined only by a linear velocity which is
transferred to the end effector. For a rotation joint,
both, angular velocity and linear velocity will be
transferred at the end effector. In this paper is
defined a (mxn) matrix called Jacobian matrix
which establishes the mathematical relation
between the velocities from each robot joint and
the corresponding linear and angular velocities at
a given point on the end-effector. Also, are
presented the linear and angular transfer matrices
based on which the Jacobian matrix is defined.
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MATRICEA JACOBIANA BAZATA PE MATRICELE DE TRANSFER

Rezumat: Obiectivul acestei lucrari este de a prezenta un model matematic care poate fi aplicat pentru determinarea
uneia dintre cele mai importante matrice diferentiale din cinematica §i dinamica robotilor, cunoscutd sub numele de
matricea Jacobiand sau matricea de transfer a vitezelor. Viteza unui element cinetic fata de elementul cinetic anterior,
depinde in principal de tipul cuplei motoare care realizeazd legdtura dintre cele doud elemente cinetice. In cazul
cuplelor prismatice, viteza liniara a unui element fata de elementul anterior este orientatd de-a lungul axei de translatie
in timp ce pentru cuplele de rotatie, viteza unghiulara se realizeazad in jurul axei de rotatie. Viteza efectorului final
depinde de vitezele din fiecare cupld a robotului. Cuplele de translatie sunt caracterizate doar de vitezd liniara care
este transferata efectorului final. Pentru cupelele de rotatie, la efectorul final vor fi transferate atdt viteza de rotatie cdt
si viteza liniard din fiecare cupld a robotului. In cadrul acestei lucrdri a fost definirea unei matrice, de dimensiuni

(mxn) cunoscutd in literatura de specialitate sub numele de matricea Jacobiana al carei rol constd in stabilirea unei

relatii matematice intre vitezele din fiecare cupld a robotului si vitezele liniare si unghiulare corespunzdtoare unei
pozitii ocupate de efectorul final, in spatiul de lucru, la un moment dat in timpul miscarii. De asemenea au fost
prezentate si matricele de transfer a vitezelor si acceleratiilor liniare si unghiulare precum i legatura care exista intre
acestea si matricea Jacobiand. In final modelul teoretic prezentat a fost aplicat pentru o structurd de robot de tip RTR.
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