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CONTRIBUTION TO THE DYNAMIC STUDY
OF THE MILL WITH HORIZONTAL AXIS.
PART II: DIFFERENTIAL EQUATIONS SYSTEM
Mariana ARGHIR, Alexandra Maria MACOVEI, Ovidiu Aurelian DETEŞAN
Abstract: The work is part of a group of three works, in which the dynamics of a fodder grain mill, equipped
with a horizontal shaft, are studied. The mill shaft is welded directly onto the drive shaft. The present work
represents the second part of this paper, whereby the mechanical system corresponding to the mill is
established, the mechanical characteristics, with which the System of differential equations, which governs
the dynamics of the mill.
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1.

GENERAL CONSIDERATIONS

The mill for the shredding of grain in a
feed mixture, for feeding the animals from the
experimental group of the USAMV, is presented
in dimensional form to the dynamic study, in the
first part of the works [1].
This work is structured on three sides,
which was imagined as follows:
I.
The first part of the work is done a
preliminary study, establishing the:
a.
component elements of the mill,
b.
correlation between them,
c.
how the mill is trained,
d.
grated mixture granulation;
e.
and escape mode [1].
II.
In the second part shall be
established:
1. the reference systems to which the mill
is reported [9], [10];
2. reporting of constructive dimensions to
reference systems;
3. mechanical characteristics of the rotating
mill with horizontal shaft;
4. differential equation system.
III.
In the third part is drawn up:
• Matlab program that achieves the
integration of the system of dynamic
equations of the mill;

•
•

the solution related to the law of
movement of the mill and the
dynamic reactions in the system;
Interpretation of the results.

2. MECHANICAL MODEL
The mechanical model of the horizontal
shaft mill for the milling of the fodder mixture is
considered a system, which admits a symmetry
axis, placed along the rolling bearings of the
drive motor.
The rotor of the mill is welded to the
flange [1] which makes the joint body with the
rotor ring of the mill, on the free end of the
electric motor drive shaft.
It shows the tabulated dimensions [23] of
the engine symbolized on the catalogue with the
designation HJN 132 SX-2, to correlate with the
size of the mill, for the preparation of the
mechanical scheme.
Table 1.
Electric motor HJN 132 SX-2 of the mill [23]
CRT
Name
U.M. Value
No.
1.
Distance between supports
mm
140
2.
Distance from camp to exit
mm
89
3.
Engine shaft output
mm
80
Shaft diameter
4.
m
38
5.
Electric motor mass
kg
45
6.
Electric rotor mass
kg
18

224

7.
8.
9.
10.

Shaft mass

kg
kw
rpm
Nm

Engine power
Engine speed
Torque engine

2,75
7,5
2900
24,7

The electric motor valves are considered:
spherical articulation – the one on the free end
and a cylindrical joint, which is found to the mill
rotor [2], [3], [4], [5].

2.1. Walking Mill
The mechanical scheme of the mill on idle
is given in Figure 1. The adopted reference
system has its origin in the spherical articulation,
and the axis O1y1 is the axis of symmetry for the
mill.
The dimensions adapted for the
mechanical diagram correspond to the mill and
the electric drive motor.
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Fig. 1. Mechanical Schime of the Mill with Horizontal Axis:
red are for the active forces; blue are the lingkage forces; lilah are the linkage moments

Observation: In the figure, the linear and
the reactions are not present at the same time
[21]. They will be considered in successive
images.
In Figure 1 the meaning of the note is the
following:
• O1 is the center of spherical articulation and
represents the origin of the fixed reference
system, to which the dynamics of the
horizontal shaft mill is reported;

• O2 is located on the axis of symmetry of the
cylindrical joint;
• O is the symmetry center of the mill rotor to
the empty operation;
• m1i , i – 1, ..., 4 represents the masses of the
hammer ensemble;
• m2i, i = 1, ..., 4 are the masses of stopper
stacks for the hammer assembly;
• m31 – is the mass of the rotor ring;
• m32 – is the mass of the impeller flange;
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• m4 – is the mass of the electric motor rotor
with its shaft, which is supported on the two
joints, allowing the rotation movement.
2.2. The Hammer Assembly in
Static Balance
Before training this mill is found in static
equilibrium, for which the hammer assembly is
reported to an Oxyz reference system, which has
its origin on the axis of symmetry of the mill to
empty operation (Fig. 1), and the xOz plan is the
symmetry plan of assembly (Fig. 2).
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Compared to the reference system adopted in
Figure 2, the center of the masses of each mechanical
system shall be presented centrally in table 2. The
scoring of points is made with the same succession
of characters to the index, to which the letter "s" is
added, which signipose the static position.
Table 2.
Mass Center Position of the Hammers Systems
CR
No.

Notation
point

1.
2.
3.
4.
5.
6.
7.
8.

A11S
A12S
A13S
A14S
A21S
A22S
A23S
A24S

Conc.
Mass
[kg]
0,84
0,84
0,84
0,84
0,085
0,085
0,085
0,085
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Fig. 2. Position of the mass center for the hammer
assembly in static balance

z1

The entire material system is reported to the
reference system in Figure 1 and differentiates
the electric motor from which the mass of the
rotor and the mass of the shaft is taken into
account. The quotas are the result of the
dimensions presented in the engine catalogue
[22] and in the user manual of the horizontal
shaft mill [23]. The figure that highlights all
these elements is figure 3.
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2.3. Center of the Material System Masses
Assimilated Horizontal Shaft Mill
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In Figure 2 are made representations for
the center of the hammer masses towards the
adopted reference system, and each hammer is
articulated in a cylindrical articulation.
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Fig. 3. Position of the active forces, linkage forces and linkage moments for the mass center of the system
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The data of table 2, coupled with the
reporting of the material system to the reference
system in Figure 3, will be centralised in table 3,

in order to establish the position of the center of
the mechanical system masses assimilated to the
mill.
Table 3.

Mass Center of the Mechanical System Assimilated to th Mill with Horizontal Axis
Crt.
No.

Point name as the local
center of the masses

Mass [kg]

1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.

A11
A12
A13
A14
A21
A22
A23
A24
A31
A32
A4
A5

0,84
0,84
0,84
0,84
0,085
0,085
0,085
0,085
16,8
16,8
18,0
2,75

Centralised data is applied to the formulas
for calculating the position of the mass of the
entire material system.
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m x

i 1i

i =1
12

m

x1 [m]

y1 [m]

z1 [m]

0,0
0,0
0,11
- 0,11
0,07755
- 0,07755
0,07755
- 0,07755
0,0
0,0
0,0
0,0

0,373
0,373
0,373
0,373
0,373
0,373
0,373
0,373
0,309
0,437
0,070
0,1545

0,06
- 0,16
- 0,05
- 0,05
0,07755
- 0,07755
- 0,07755
0,07755
0,0
0,0
0,0
0,0

After starting the electric motor, the
system centers and operates without disruptive.
Vibrations are produced due to the collision of
the hammers with the grains of the fodder
mixture and due to their end.
2.4. Moments of Mechanical Axial and
Centrifugal Inertion of the Mechanical
System

i

i =1
12

m y

i 1i

i =1
12

Coordinates in the reference system O1x1y1z1

(1)

The moments of mechanical axial and
centrifugal inertion are calculated for each
i =1
component piece, which performs rotation
12
m
z
movement.
i 1i

i =1
The parts are considered prismatic or
12
cylindrical,
to which known formulas are
mi

applied.
In
the
first phase of calculation is
i=1
reported to a reference system positioned in the
Such:
center of the masses of each piece, after which
x1C = 0 m;
the Steiner theorem is applied to parallel axes or
y1C = 0,2686955211 m ≈ 0,269 m;
planes, calculating the moments of axial and
z1C = 0,0028940568 m ≈ 0,003 m.
centrifugal mechanical inertion towards the
This means, as the center of the masses is
system of Reference O1x1y1z1, which has the
found under the axis of symmetry of the system
axis O1y1 routed along the rotation axis [17].
at 3 mm from it, located between the two
The
centralized situation is presented as in the
supports [12], [13], [16].
table that follows the text.
Table 4.
Axial Moments of Inertia

m

i

227

Crt.
No.
1.
2.
3.
4.
5.
6.
7.

Moment of mechanical inertion
axial towards its own system
[kgm2]
Hammer Assembly
0.0022446687
Hammer Stoppers
0.00000544
Rotator Ring
0.189
Flange
0.189
Shaft of the impeller motor
0.0218810625
Electric motor impeller
0.015
Mill + electric motor impeller at idle (rounded to 5 decimal places)
Component Name

The timing of mechanical centrifugal
inertial is established only in relation to the
Cartesian reference system O1x1y1z1, because
each component part reference system is
symmetry and that is why the moments of
centrifugal mechanical inertial are null [18].
The reference system is evaluated only the
moment of centrifugal mechanical inertion,
which will be used in the dynamics of the mill
with horizontal shaft. It has the value:
Jy1z1 = Jz1y1 = - 0.062664 kgm2
(2)
3. EQUATION SETTING
DIFFERENTIALS, WHICH
GOVERNEES DYNAMICS
HORIZONTAL SHAFT MILLS
The dynamics of the horizontal shaft mill
are classically studied, with the help of the
fundamental theorem of dynamics:
 Impulse theorem in relation to the
center of the masses;
 Kinetic moment theorem in
relation to O1 pole.
3.1. Impulse Theorem in Relation to
The Center of the Masses
For the grain mill with horizontal shaft
the theorem of the kinetic moment in relation to
the center of the masses has the vector
expression:
= =ℜ +ℜ +
(3)
In the Relationship (3) the significance of
the note is the following:
 ℛ
is the resultant of the
connecting forces in O1 pole;

Moment of mechanical
inertion axial towards the
rotation axis [kgm2]
0.0496346748
0.00413576
0.189
0.189
0.0218810625
0.015
0.46867

 ℛ
is the resultant of the
connecting forces in O2; pole

is the active forces resultant.
The entire material system has the
expression of the acceleration of the mass center,
in the form:

= ℇ× ̅ + ×
× ̅
(4)
Report to the reference system adopted
vectors are:
̅=
̅ = ̅
(5)
=
̅ =
̅
(6)
̅ =
̅ +
(7)
Relationships (5), (6) and (7) are
introduced in the relationship (4). The obtained
result is introduced in the relationship (3), which
becomes:

̅ −

!=ℜ

+ℜ

+

(8)

This form of presentation of the vector
expression is because the center of the masses is
found in plan y1O1z1, in the position of static
equilibrium, which correspond to the moment of
start, when unbalancing is the maximum of the
material system [19], [20].
3.2. Kinetic Moment Theorem in Relation to
Pole O1
Report rigid solids to the reference system
(Fig. 1) originating in the center of the spherical
joint, to which the theorem of the kinetic moment
has the expression:

"

=

+ℳ

+

$

The significance of the relationship (8) is:

(8)
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•

is the resultant moment of the active
forces system, in relation to the pole O1;
• ℳ is the resultant moment of the link
in relation to the pole O1;

$ is the moment of the electric motor.
In general form the kinetic moment of the
rigid joint in rotating motion around a fixed shaft,
passing through the pole O1, is expressed by the
relationship:
%&
%
%'

'

&

'

&

" = %&
! ̅ ++ %
! ̅ + + %'
!

&

'

− %&
−% '
− %' &

'

&

−
−
−

(9)
Compared to the adopted reference system,
vector relationships (5), (6), (7) are valid, so the
vector relationship (9) turns into:
"

= −%&

̅ +%

̅ − %'

(10)

The vector Relationship (10) is derived to
apply the relationship (8), considering that the
angular velocity derivative is the angle
acceleration and is obtained:

"

= − ̅ %&

+

+ %'
%'

!−%
̅
+ %'
+ %&

!
(11)
The vector relationship (11) is introduced
in the vector relationship (8) and the vector
differential equation of the movement of the mill
in rotation around the horizontal axle is obtained.
− ̅ %&
+ %'
!−%
̅
+
%'
+ %'
+ %&
!
=
+ℳ + $
(12)
3.3. The Torsor of Active and Linkage Forces
The active and connecting force system for
the fodder grain Mill is explained by the fixed
system of reference a1x1y1z1 and the results are
centered on the tabs, in the table 5. The study
shall be initiated for the material system in stable
static equilibrium [8].
Table 5.
Components of the Active and Connecting Forces
Torsor
Component
Crt.
Vector name
No.
Symbol
Value

Rx1
0.0
The resultant
vector of the
Ry1
0.0
active forces
Rz1
569.47 N
The resultant
Rx1
0.0
vector of the
R
0.0
x2
2.
connecting
Ry1
0.0
forces
The resultant
Mx1
0.0
moment vector
My1
1.64808 Nm
3.
of the active
Mz1
0.0
forces
The resultant
moment vector
4.
MOy1
-1.64808 Nm
of the linkage
forces
The dynamic
moment due to
0.07265 ε
5.
the inertial
MOdinamic
Nm
forces of the
pecans
Obsevation: The compensations of the system of
forces and moments of connection, which are not
specified in the table, will be some of the unknown
system of differential equations.
1.

3.4. Differential Equation System

The differential equation system that
governs the dynamics of the mill for fodder grain
with horizontal shaft, is obtained from the two
vectorial differential relationships (8) and (12) on
the axes of the reference fixed Cartesian system
O1x1y1z1. They have the scalar components
explained in table 5. The differential equation
system is presented as follows:

⎧
⎪−
⎨
⎪
⎩

=0
= ℜ '+ ℜ '+
− % ' =
&+ ℳ &
− % − 0.07625 = $
%'
= ℳ '

'

(13)

The system (13) of the differential
equations, contains five unknowns, which are
given by:
- Kinematic unknown ω and ε;
Unknown due to links RO1z, RO2z, MO1z
Integrating the system of differential
equations, with the data determined from the
dynamic study carried out, it is possible.
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4. CONCLUSIONS
The work is part of a three-piece cycle,
which studies the dynamics of the feed grain mill
with horizontal shaft.
This is considered the second part of this
cycle of works, in which the dynamics of the mill
with horizontal shaft are studied, which is
adapted to the real situation of an experimental
mill, used in laboratory works.
The paper contains a study of the
dynamics of the mill, which has not been
approached in this manner [6], [7]. The study is
necessary in the thesis at the UTCN, which refers
to the action of vibrations on the human operator,
serving the mill in operation and acting as a
vibrating source.
The dynamics of the horizontal shaft mill
was approached in view of the theoretical
foundation of the thesis, in succession:
1. The establishment of the mechanical scheme
corresponding to the actual system,
consisting of the mill driven by an electric
motor, which has two bearings made by a
spherical joint and a cylindrical joint, which
determines the rotation movement of the
mill;
2. Establishing the center of the masses of the
entire material system, in static equilibrium,
corresponding to the start of the mill
function;
3. Determination of mechanical characteristics,
reported to the Cartesian reference system,
which originated in the center of the
spherical joint;
4. Using the fundamental theorems of
dynamics:
a. the impulse theorem in relation to the
center of the masses and
b. kinetic moment theorem in relation to
the reference pole;
5. Elaboration of differential equations that
govern the dynamics of the mill with
horizontal shaft.
The work can be considered self-contained
in the dynamics of the mill with horizontal shaft.
The system of differential equations (13), which
governs the dynamics of the mill is a system of
five equations with five unknowns, which is
compatible and can be solved by the

approximative numerical method Runge – Kutta
of the order 4.5 with variable pitch, which will be
achieved in the third part of this cycle of works.
5. REFERENCES
[1] Alexandra Maria MACOVEI, Mariana
ARGHIR, Contribution to the Dynamic
Study of the Mill With Horizontal Axis.
Part I: Preliminary Study, ACTA
TECHNICA NAPOCENSIS; Series:
Applied Mathematics, Mechanics, and
Engineering, Vol. 62, Issue II, Ed. UT Pres,
ISSN 1221-5872, Cluj-Napoca, June,
2019;
[2] ARGHIR Mariana, Mechanics II. Rigid Body
Kinematics & Dynamics, 240 pag., Ed. UT
Pres, ISBN 973-8335-20-5, Cluj-Napoca,
2002;
[3] Aurica TRUŢA, Mariana ARGHIR, Noţiuni
de biomecanica organismului uman în
mediul vibraţional, Ed. Arcadia Media,
234 pag., ISBN 978-606-92133-3-9, ClujNapoca, aprilie 2010.
[4] Mariana ARGHIR, Mecanica fundamentală.
Noţiuni de bază, principii şi teoreme, 261
pag., Ed. UTPress, ISBN 978-606-737057-7, Cluj-Napoca, Iunie, 2015.
[5] Mariana ARGHIR, Cinetica sistemelor
materiale. Teorie şi probleme, 324 pag.,
Ed. UTPress, ISBN 978-606-737-265-6,
Cluj-Napoca, Noiembrie 2017.
[6] Aurora Felicia CRISTEA, Transmissibility
Vibrations about Hand-Arm System when
Used a Simulating Vibration Attenuation,
ACTA TECHNICA NAPOCENSIS;
Series: Applied Mathematics, Mechanics,
and Engineering, Vol. 62, Issue I, Pag. 115120, Ed. UT Pres, ISSN 1221-5872, ClujNapoca, March, 2019;
[7] Corneliu DRUGĂ, Power Generation and
Storage System Adapted to a Medical
Bicycle,
ACTA
TECHNICA
NAPOCENSIS;
Series:
Applied
Mathematics,
Mechanics,
and
Engineering, Vol. 61, Issue IV, Pag. 357362, Ed. UT Pres, ISSN 1221-5872, ClujNapoca, November, 2018;
[8] Mircea-Valentin MUNTEAN Operatii
Unitare In Industria Alimentara, Manual

230

Didactic, Disciplina: Operatii unitare in
industria alimentara, 2016;
[9] MARTELLOTTI, M.E.: An analysis of the
milling process. Trans.. ASME 63, 677–700
(1941);
[10] MARTELLOTTI, M.E.: An analysis of the
milling process. Part II: Down Milling.
Trans. ASME 67, 233–251 (1945);
[11] SRIDHAR, R., Hohn, R.E., Long, G.W.: A
stability algorithm for the general milling
process. ASME J. Eng. Ind. 90, 330–334
(1968);
[12] BALACHANDRAN, B.: Nonlinear
dynamics of milling processes. Phil. Trans.
R. Soc. Lond. A 359, 793–819 (2001)
[13]. BALACHANDRAN, B., ZHAO, M.X.: A
mechanics based model for study of
dynamics of milling operations. Meccanica
35, 89–109 (2000)
[14]. ZHAO, M.X., BALACHANDRAN, B.:
Dynamics and stability of milling process.
Int. J. Solids Struc. 38, 2233–2248 (2001)
[15]. LONG, X.-H., BALACHANDRAN, B.:
Milling model with variable time delay. In:
Proceedings of ASME International
Mechanical Engineering Congress and
RD&D Expo, Anaheim, CA, Paper No.
IMECE2004-59207 pp. 13–19 (2004)
[16]. BALACHANDRAN, B., GILSINN, D.:
Nonlinear oscillations of milling. Math.

Comp. Model. Dynam. Syst. 11, 273–290
(2005)
[17]. TLUSTY, J., POLACEK, M.: The stability
of the machine tool against self-Excited
vibration in machining. In: Proceedings of
the Conference on International Research
in Production Engineering, Pittsburgh, PA,
pp. 465–474 (1963)
[18] Tobias, S.A.: Machine-tool vibration.
Wiley, New York (1965)
[19]. OPITZ, H., DREGGER, E.U., ROESE, H.:
Improvement of the dynamic stability of
the milling process by irregular tooth pitch.
In: Proceedings of the 7th International
MTDR Conference, Pergamon Press, New
York (1966)
[20]. HANNA, N.H., TOBIAS, S.A.: A Theory
of nonlinear regenerative chatter. ASME J.
Eng. Industry 96, 247–255 (1974)
[21]. MINIS, I., YANUSHEVSKY, R.: A new
theoretical approach for the prediction of
machine tool chatter in milling. ASME J.
Eng. Industry 115, pp. 1–8 (1993)
[22]. ALTINTAS, Y., BUDAK, E.: Analytical
prediction of stability lobes in milling.
Ann. CIRP 44, 357–362 (1995)
[23]
http://www.regalbeloit.eu/catalogues/
catalogue.pdf / 17.03.2019

Contribuţii la studiul experimental al dinamicii morii cu ax orizontal.
Partea II-a: Sistemul ecuaţiilor diferenţiale
Rezumat Lucrarea face parte dintr-un grupaj de trei lucrari, in care se studiaza dinamica unei mori de cereale
furajere, prevazuta cu ax orizontal. Arborele morii este sudat direct pe arborele motorului de antrenare. Lucrarea de
fata reprezinta cea de a doua parte a acestei lucrari, prin care se intocmeste sistemul mecanic corespunzator morii,
se stabilesc caracteristicile mecanice, cu care se realizeaza sistemul ecuatiilor diferentiale, ce guverneaza dinamica
morii.
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