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Fig.1. The kinematic structure of a robot with (n) degrees of freedom 

 
 
 
 

  
 
 
 

THE KINEMATIC MODEL OF THE TRTR MODULAR SERIAL ROBOT  
 

Ramona-Maria GUI (LUNG), Ovidiu-Aurelian DETEŞAN, Viorel ISPAS, Virgil ISPAS  
 
Abstract: The paper has three parts in its structure:  theoretical approach, the kinematic modeling of the 
TRTR modular serial robot and conclusions, followed by a reference list. After a brief presentation of the 
iterative method for the kinematic modeling, the mechanical structure of the TRTR robot is mentioned, 
according to [4]. The iterative method is then applied to the mechanical structure of TRTR robot, based 
on certain geometrical expressions previously determined. The kinematic parameters are thus obtained, 
which are the operational angular and linear velocities and accelerations of the gripper with respect to 
the mobile frame (T5). Applying some transformation equations, these kinematic parameters are 
eventually expressed with respect to the fixed frame (T0) from the robot base. 
Key words: modular serial robot, kinematic model, iterative method. 

 
1. THEORETICAL APPROACH  

 
The iterative method is one of the study 

methods frequently used in the kinematic 
modeling, according to [1]. This method is 
based on considering the position vectors, the 
rotation matrices and it makes use of iterative 
matrix computation in order to determine the 
kinematic parameters. 

According to [1] and [2], the figure 1 
presents the kinematic structure of a robot 
having (n) degrees of freedom (DOF), 

consisting in (n) links considered as rigid 
bodies, which can perform movements 
determined by the active kinematic joints of the 
5th class, considered to be mechanically perfect. 

The iterative method consists in crossing the 
robot kinematic chain from the fixed base 0 to 
the gripper (n+1) and determining the following 
kinematic parameters by consecutive iterations: 
 { } .1,,,,, niavk i

i
i
i

i
i

i
i

i
i ÷=εω  (1) 

The mentioned kinematic parameters 
describe the motion of each link i (i = 1÷n) with 
respect to the fixed frame (T0) from the robot 

base. 
These parameters are 

expressed into the frame 
(Ti) and they have the 
following meaning: 

i
ik  is the ith order axis 

versor; 
i
i

i
i εω ,  represent the 

angular velocity and 
acceleration of the 
rotation of link i around 
its point Oi, the origin of 
(Ti) frame, expressed 
with respect to (T0); 

i
i

i
i av ,  are the linear 

velocity and acceleration 
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of the point Oi, expressed with respect to the 
frame (T0). 

The equations (2) and (3) are eventually 
used for determining the gripper operational 
kinematic parameters with respect to the fixed 
frame (T0), representing the direct kinematic 
model (DKM) equations, according to [3]. 
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The matrix [ ]0R  from the equation (3) 
represents a 6×6 square matrix used for 
transforming the column vectors of the 
operational velocities and accelerations from 
the frame (Tn) into the frame (T0). 

The iterative method is also used for 
determining the kinematic parameters below 
mentioned: 
 { } .1,,,,, 00000 niavk iiiii ÷=εω  (4) 

These parameters express the motion of each 
element i (i = 1÷n) with respect to the fixed 
frame (T0). 

 
2. THE DIRECT KINEMATIC MODEL OF 
THE TRTR MODULAR SERIAL ROBOT  

 
The direct kinematic model of industrial 

robots assumes the determination of the 
operational kinematic parameters of the gripper 
with respect to the mobile frame (Tn) attached 
to the gripper and with respect to the frame (T0) 
from the robot base, given the robot’s 
constructive mechanical parameters and the 
instantaneous values of the generalized 
coordinates, velocities and accelerations from 
the robot’s joint. 

After the direct geometric model (DGM) of 
the robot from the figure 2, the column vector 
of the operational coordinates was obtained, 
according to [4]. 

Using the rotation matrices obtained in [4] 
and the position vectors also mentioned in [4], 
the following homogeneous transformation 

Fig.2. The kinematic structure of the TRTR modular serial industrial robot 
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matrices can be determined: 

 [ ] ( ) ;

1000
100

0010
0001

11

0
1

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+
=

ql
tT  [ ] ( ) ;

1000
100

00
00

2

22

22

1
2

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡ −

=
l

cqsq
sqcq

tT  (5) 

 

 [ ] ( ) ;

1000
100
010

0001

3

342
3

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡
+

=
l

ql
tT  [ ] ( ) ;

1000
00

0
0001

44

5443
4

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡
−

=
cqsq

lsqcq
tT  [ ] ( ) ,

1000
0100

010
0001

64
5

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=
l

tT  (6) 

 
and 
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respectively. 

The homogeneous transformation matrices 
established in the geometric model are used for 
determining the kinematic parameters 

.,,, i
i

i
i

i
i

i
i av εω  Therefore, using the relation 

below, the inverses of the rotation matrices can 
be determined: 
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It is established that: 
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The versors of the kinematic axes and the 

versor of the axis O5y5 (fig. 2) are expressed as 
the following matrices: 
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The kinematic parameters corresponding to 

the robot base have the expressions: 
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According to the results from [4] and to the 

relations (11) - (18), the operational angular 
velocities can be determined, according also to 
[3], as: 
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According to [5], [6] and [7], the 3×3 skew 

matrix { },×ω  where ω  is the angular velocity 
vector, can be written as: 
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In the following matrix relations, the cross 

products and double cross products are 
expressed according to (24). According to [4], 
[5] and [8], the expressions of the operational 
linear velocities are: 
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The operational angular accelerations, according to [4], can be expressed by the following matrix 

relations: 
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Considering [4] and [8], the operational linear accelerations can be determined as the following 

matrices: 
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The operational kinematic parameters from the frame O5x5y5z5 can be written, according to [4], as: 
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Using the transformation relations presented in [4], the operational kinematic parameters can be 

written in the fixed frame O0x0y0z0 from the robot base, [3]. These relations are the following: 
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According to [4] and considering (42), (43), (44) and (45), the operational velocities and 

acceleration from the fixed frame O0x0y0z0 can be expressed as: 
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The equations (40), (41), (46) and (47) are 

the equations of the direct kinematic model of 
the TRTR robot. They are used for determining 
the operational kinematic parameters of the 
gripper with respect to the frames (T5) and (T0). 
 
3. CONCLUSIONS  

 
The paper has the following structure: 

theoretical approach, the direct kinematic 
model of the TRTR modular serial robot, 
conclusions and references. 

The iterative method of robots kinematic 
study is mentioned from the start. The direct 
kinematic model of the TRTR robot is then 
presented, establishing eventually the 
operational kinematic parameters of the gripper 
with respect to the frames (T5) and (T0). 

By kinematic modeling, the disadvantages of 
the geometric model are eliminated, determined 
by the non-linearity of the equations 

( )qfX =0  and by the lack of control upon the 
velocities and accelerations on the motion path. 
 
4. REFERENCES  
 
[1] Negrean, I., Itul, T., Haiduc, N., “Cinematica 

roboţilor industriali”, Centrul de multiplicare al 
Universităţii Tehnice, Cluj-Napoca, 1995. 

[2] Ispas, V., „Manipulatoare şi roboţi industriali”, 
Editura Didactică şi Pedagogică, Bucureşti, 
2004, ISBN 973-30-1349-8. 

[3] Siciliano, B., Sciavicco, L., Villani, L., Oriolo, 
G., “Robotics: modelling, planning and control”, 
Springer, 2009. 

[4] Gui, R.M., Deteşan, O.A., Ispas, V., 
“Modelarea geometrică a robotului serial 



214 
 

 

modular TRTR”, Ştiinţă şi Inginerie, ISSN: 
2067-7138, vol.17, Ed. AGIR, pag. 801-808, 
Sebeş, 4-5 iunie, 2010. 

[5] Bernstein, D.S., So, W.G., “Some explicit 
Formulas for the Matrix Exponential”,IEEE 
Transaction on Automatic Control, vol.38, No.8, 
August 1993. 

[6] Negrean, I., Negrean, D.C., “Matrix 
Exponentials to Robot Kinematics”, 17th 
International Conference on CAD/CAM, 
Robotics and Factories of the Future, 

CARS&FOF 2001, Durban, South Africa, July 
2001, vol.2, pp.1250-1257. 

[7] Negrean, I., Duca, Adina, Negrean, C., Kacso, 
K., “Mecanică avansată în robotică”, Editura 
U.T.PRESS, Cluj-Napoca, 2008, ISBN 978-973-
662-420-9. 

[8] Ghinea, M., Fireţeanu, V., „Matlab. Calcul 
numeric. Grafică. Aplicaţii” Editura Teora, Cluj-
Napoca, 2004. 

   

 
 

Modelarea cinematică a robotului serial modular TRTR 
 

Rezumat:. Lucrarea este structurată pe trei părţi: consideraţii teoretice, modelarea cinematică a robotului 
serial modular TRTR şi concluzii, succedate de o listă bibliografică. După o prezentare succintă a metodei 
iterative de modelare cinematică, este menţionată structura mecanică a robotului TRTR, conform lucrării [4]. 
Asupra structurii mecanice a robotului TRTR, se aplică apoi metoda iterativă, bazată pe unele expresii 
geometrice determinate anterior. Se obţin astfel parametrii cinematici, adică vitezele şi acceleraţiile 
operaţionale, liniare şi unghiulare ale dispozitivului de prehensiune, în raport cu sistemul mobil (T5). Prin 
aplicarea ecuaţiilor de transformare între sisteme de referinţă, aceşti parametri cinematici sunt exprimaţi, în 
cele din urmă, în raport cu sistemul de referinţă fix (T0), de la baza robotului. 
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