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Abstract: For a linear dynamic system (m, c, k) with several degrees of freedom qi, i = 1, ������, amortization may 

be assessed only based on the modal amortization ratio  �(�)  corresponding to the vibration modulus r, in the 

direction of the qr degree of freedom for i = r . If a dynamic structure consists of several systems j = 1, 2, 3,..,s 

with linear viscoelastic connections between them, that is the dynamic systems are physically coupled by the 

three parametric quantities m, c, k, there must be assessed the equivalent amortization or the compound 

amortization  �
�(�)  depending on the physical structure of the coupled systems. The research conducted for this 

purpose highlighted the possibility of establishing an analytical relationship meant to ensure the calculation of 

the modal amortization ratio for a dynamic structure composed of several systems coupled among them. This 

article presents the equivalent modal amortization ratio for the linear parallelly coupled viscoelastic systems. 

Key words viscous amortization, compound dynamic structure, linear dynamic system, equivalent modal 

amortization, structural compound modal amortization. 

 
1. INTRODUCTION  

The subject consists in the modal approach of 
a dynamic system with several degrees of 
freedom for which the modal amortization ratio 
is established with the hypothesis of the linear 
behavior of the viscoelastic parameters (c, k) and 
of the proportionality of the amortization with 
the mass and rigidity of the system according to 
Rayley model.  

Thus, the modal amortization ratio is 
determined for a dynamic system j, where                 

j = 1, �����,, that is �(�)corresponding to the 

vibration mode r. 
For the dynamic structure composed of             

j = 1, ����� dynamic systems, the equivalent 

amortization ratio �
�(�) is established as global 
parameter for the vibration mode r, where                        
r =1, ������. [1 – 4] 
 

2. THE MODAL AMORTIZATION RATIO 

FOR A LINEAR DYNAMIC SYSTEM 
We consider a linear dynamic system with n 
degrees of freedom qi, i = 1, ������, having the inertia 
matrix M, the linear viscous amortization matrix 
C, the linear rigidity matrix K and the excitation 
given by the vector of the harmonic perturbing 
forces as � = ���(�), ��(�), … , ��(�)��. Marking 

with �, ��  și ��  the vectors of the instantaneous 
displacements, the instantaneous velocities, and 
the generalized instantaneous accelerations, as 
physical units which characterize the overall 
motion of the dynamical system, we have the 
equation of the dynamic equilibrium as a matrix 
as [5 – 7] 

            ��� + ��� + �� = �    (1) 
 We apply the linear transformation of passing 
into the modal coordinates  =� �,  �, … ,  ���from generalized coordinates 
(physical) � = ���, ��, … , ����  as follows 

                  � = ϕ        (2) 
where ϕ = �"�, "�, … , "� , … , "�� is the modal 
matrix consisting of own vectors "�, "�, … , "�, … , "� corresponding to the 
motions according to the degrees of freedom                
i = 1, ������, where the own vector according to the 
vibration mode r is  
              "� = �"�� , "��, … , "#�, … , "����  (3) 
 Thus, the modal matrix is  
          "�       "�                  "�               "� 

 " =
⎣⎢
⎢⎢
⎢⎡
"�� "��      … . . "��  … . . "��"��⋮  "��⋮ … . . "��⋮  … . . "��⋮"#�⋮ "#�⋮      … . . "#�⋮  … . . "#�⋮"�� "��      … . . "��  … . . "��⎦⎥

⎥⎥
⎥⎤ 12-�

 (4) 
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 Inserting the linear transformation (2) in (1) 
we have 

       �" � + �" � + �"� = �    (5) 
which multiplied to the left by "� leads to the 
expression of motion in modal coordinates thus 
leads to the expression of motion in modal 
coordinates as follows 
         "��" � + "��" � + "��"� = "��  or 

        �. � + �. � + �. = �    (6) 
Matrices M0, C0  și K0 are diagonal as �. = "��" = /-01�2#�, - = 1, 2, … , 3, … , �  �. = "��" = /-01�4#�, - = 1, 2, … , 3, … , � (7) 

  �. = "��" = /-01�5#�, - = 1, 2, … , 3, … , �  
r the vibration mode I = r, we have 

                  �.� = "���"� = 2�  
                    �.� = "���"� = 4�     (8) 

            �.� = "���"� = 5�  
 The modal differential equation, depending 
on the modal vectors  � with r = 1, ������, can be 
written as follows 

     2� �� + 4� �� + 5� � = ��    (9) 
where 4� = 2��6�2� is the model amortization 
of order r. In this case, the modal amortization 
ratio �� can be written as 

             �� = �� = 78�98:8       (10) 

or taking into account relations (8) we have             
[8 – 11] 

            �(�) = ��98
;8<=;8;8<>;8        (11) 

 

3. THE EQUIVALENT AMORTIZATION 

RATIO FOR SEVERAL PARALLELLY 

COUPLED DYNAMIC SYSTEMS 
In case of a structural assembly consisting of 

j = 1, ����� coupled linear dynamic systems, for 
vibration mode, the equivalent modal 
amortization 4
��  of the parallel grouping, can be 
written as [8, 9, 12, 13] 4
�� = 4�� + 4�� + ⋯ + 4� + ⋯ 4@� = ∑ 4�@B� (12) 

For the dynamic system j, based on the 
relation (10) we have 

                       4� = 2��6�2�       (13) 

where we insert 6� = C DE8:E8 so that relation (13) 

can be written as 

                    4� = 2��F5�2�       (14) 

and relation (12) emerges as 

               4
�� = 2 ∑ ��@B� F5�2�      (15) 

For the assembly consisting of s dynamic 
systems, the modal equivalent amortization 

ratio �
��  corresponding to the vibration mode r, 
the equivalent modal amortization 4
��  may be 
written down as 

               4
�� = 2�
�� ∑ F5�2�@B�        (16) 

It emerges from the identity condition of (15) 
and (16)  

     �
�� ∑ F5�2�@B� = ∑ ��F5�2�@B�   

from where we have 

     �
�� = ∑ GE8FDE8:E8HEIJ
∑ FDE8:E8HEIJ

, K = 1, 2, … , �      (17) 

where �
��  is the equivalent modal amortization 
ratio of the whole assembly consisting of j = 1, ����� 
parallelly coupled linear dynamic systems. 
3.1 The equivalent modal amortization ratio 

according to the modal mass 

 In relation (17) we replace 5� = 2�6��   and 
we obtain [14 – 17] 

          �
�� = ∑ GE8F98LM:E8NLHEIJ
∑ F98LM:E8NLHEIJ

        or 

               �
�� = ∑ GE8HEIJ :E8∑ :E8HEIJ         (18) 

and in the developed form for system j = 1, ����� we 
have 

�
�� = GJ8:J8OGL8:L8O⋯OGE8:E8O⋯OGH8:H8:J8O:L8O⋯O:E8O⋯O:H8    (19) 

 Considering that 2� is the modal mass of r 
order for the dynamic system j, we have 

             2� = "���"�   
in which case relation (18) can be written as 

       �
�� = ∑ GE8P;8<>E;8QHEIJ∑ ;8<>E;8HEIJ        (20) 

or 

        �
�� = ∑ GE8P;8<>E;8QHEIJ∑ P;8<>E;8QEHEIJ         (21) 

3.2 The equivalent modal amortization ratio 

according to the modal mass 

 In relation (17) we replace 5� = 2�6��   and 
we obtain [18 - 21] 
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         �
�� = ∑ GE8F98LM:E8NLHEIJ
∑ F98LM:E8NLHEIJ

        or 

            �
�� = ∑ GE8HEIJ :E8∑ :E8HEIJ          (22) 

and in the developed form for system j = 1, ����� we 
have 

�
�� = GJ8:J8OGL8:L8O⋯OGE8:E8O⋯OGH8:H8:J8O:L8O⋯O:E8O⋯O:H8    (23) 

 Considering that 2� is the modal mass of r 
order for the dynamic system j, we have 

              2� = "���"�   
in which case relation (18) can be written as 

        �
�� = ∑ GE8P;8<>E;8QHEIJ∑ ;8<>E;8HEIJ    (24)     or 

       �
�� = ∑ GE8P;8<>E;8QHEIJ∑ P;8<>E;8QEHEIJ         (25) 

Relation (25), without demonstration, is used 
in the GP-101-04 Technical Regulation “Guide 
for the design of passive seismic insulation 
systems (supports, dissipators) of buildings”, 
approved by Order no. 736/19.04.2004 of 
MTCT, published in M.Of. Part I, no. 
874/24.09.2004 bis. 

 
4. CONCLUSION  

In the case of the coupled mechanical systems 
with several degrees of freedom, when the 
inertial, amortization and rigidity characteristics 
for each component are known, the 
determination of the equivalent modal 
amortization is an essential objective in 
assessing the dissipation capacity on specific 
own modes. 

This article has approached the analysis 
methods for establishing the equivalent or 
compound modal amortization, being finalized 
the calculation relations for the following 
situations: 

a) the equivalent modal amortization based 
on the modal masses of the system and the 
individual amortization rate for each 
component; 

b) the equivalent modal amortization based 
on the modal rigidities of the system and the 
individual amortization rate for each 
component; 

c) presented calculation method was applied 
to the dynamic analysis of the Bechtel viaduct 

from Gilău, Cluj - Napoca, on the Transylvania 
highway. 

Given the above, I mention that this analysis 
can be done numerically with specialized 
programs using the algorithm and the approach 
presented in this article. 
 
5. REFERENCES  

 

[1] Hu, X., Chen, Q., Weng, D., Zhang, R., Ren, X., 
Estimation of Additional Equivalent 

Amortization Ratio of the Damped Structure 

Based on Energy Dissipation. Hindawi, 
Advances in Civil Engineering, Volume 2019, 
Article ID8052413. 

[2] Suarez, L.E., Gaviria, C.A., Equivalent 

frequencies and amortization ratios of buidings 

with viscous fluid dampers: a closed form 

formulation. 10NCEE, July 21-25, 2014 
Anchorage, Alaska. 

[3] Butterworth, J., Lee, H.J., Davidson, B.. 
Experimental determination of modal 

amortization from full scale testing. 13WCEE 
August 1-6, 2004, Vancouver, B.C. Canada. 

[4] Jiang, Q., Zhou, Z., Huang, W., Investigation on 

the Modal Strain Energy for Dynamic Analysis 

of Steel-Concrete Vertically. Journal of Asisn 
Architecture and Building Engineering, 14:3, 
671-678, DOI:10.3130/jaabe.14.671. 

[5] Chopra, A.K. Dynamics of structures: Theory 

and applications to eartquake engineering (4 th 

end). Upper Saddler River, NJ, 2012 
[6] Tsai, H.C., Kelly, J.M., Seismic response of 

hearily damped base isolation systems. Earthq 
Eng Struct Dyn.1993;22(7): 633-645 

[7] Kelly, J.M., Tsai, H.C., Seismic response of 

light internal equipment in base-isolated 

structures. Earthq Eng. Struct. Dyn 1985;13(6): 
711-712 

[8] Bratu, P., Drăgan, N., L’analyse des 

mouvements desaccouples appliquee an modele 

de solide rigide aux liaisons elastiques. Annale, 
Univ. ”Dunărea de Jos”, Galați-România, 2011. 

[9] Drăgan, N., Some considerations about the 

dynamics of the reinforced concrete modeled as 

a rigid solid with viscous-elastic bearings. 
Annual of the Oradea University, Vol.IX(XIX), 
ISSN 1583-0691, 2010. 

[10] Dobrescu C.F., (2015), Highlighting the 

Change of the Dynamic Response to Discrete 

Variation of Soil Stiffness in the Process of 

Dynamic Compaction with Roller Compactors 

Based on Linear Rheological Modeling, în: 



242 
 

 

Herisanu N., Marinca V. (Editori), Applied 
Mechanics and Materials, vol. 801: Acoustics & 
Vibration of Mechanical Structures II, 350 pag., 
(ISBN 978-3-03835-628-8), pag. 242-248, [ISI 
Web of Science (WoS)],  disponibil la doi: 
10.4028/ www.scientific.net/AMM.801.242 

[11] Dobrescu C.F, Brăguţă E (2018),  Optimization 

of Vibro-Compaction Technological Process 

Considering Rheological Properties, Acoustics 
and Vibration of Mechanical Structures - 
AVMS-2017, pag 287-293, Springer 
Proceedings in Physics.  

[12] Kelly, J.M., The role of amortization in seismic 

isolasion. Earthq Eng. Dyn.1999; 28(1):3-20 
[13] Anajafi, H., Medina, R.A., Santini-Bell, E., 

Effects of the improper modeling of viscous 

amortization on the first-mode and higher-mode 

dominated respouses of base-isolated buidings, 
Earthg Eng. Struct. Dyn. 2020; 49: 51-73 

[14] Dobrescu C.F., (2019), Analysis of the dynamic 

regime of forced vibrations in the dynamic 

compacting process with vibrating rollers, 

ACTA TECHNICA NAPOCENSIS, Series: 
Applied Mathematics, Mechanics, and 
Engineering Vol. 62, Issue I, March, 2019, pag. 
71-76. 

[15] Dobrescu C.F., (2019), The Zener rheological 

viscoelastic modelling of dynamic compection 

of trhe ecologically stabilized soils, ACTA 
TECHNICA NAPOCENSIS, Series: Applied 
Mathematics, Mechanics, and Engineering Vol. 
62, Issue II, June, 2019. 

[16] Dobrescu C.F., (2019), Analysis of the 

dissipative energy performance in the process 

of compaction for stabilized earth through 

technological vibrations., Acta Electrotehnica, 
vol. 60/nr.1-2, ISSN 2344-563. 

[17] Bratu P., Dobrescu, C., (2019), Evaluation of 

the Dissipated Energy in Vicinity of the 

Resonance, depending on the Nature of 

Dynamic Excitation,  Romanian Journal of 
Acoustics and Vibration. 16, 1 (Sep. 2019), 66-
71( is indexed by  Copernicus, ProQuest, 
Zentralblatt MATH, EBSCO, ELSEVIER, 
SCOPUS, Emerging Sources Citation Index). 

[18] Tonciu O., Dobrescu C.F.,(2020), Optimal 

dymanic regimies of vibration compaction 

equipment, Acta Tehnica Napocensis, Series: 
Applied Mathematics, Mechanics, and 
Engineering,  Vol. 63, Issue I, March, 2020. 

[19] Dobrescu, C. (2020), Analysis of Dynamic 

Earth Stiffness depending on Structural 

Parameters in the Process of Vibration 

Compaction,  Romanian Journal of Acoustics 
and Vibration. 16, 2 Apr. 2020, 174-177. 

[20] Dobrescu C.F., (2020), The Dynamic Response 

of the Vibrating Compactor Roller, epending on 

the Viscoelastic Properties of the Soil, Appl. 
Syst. Innov. 2020, 3(2),25; https://doi.org 
/10.3390/ asi3020025, Special Issue Transport 
Systems and Infrastructures 

[21] Dobrescu C.F.,(2020),The assessment of the 

dynamic compaction effect with vibratory 

rollers based on the soil rheological behaviour, 
ACTA TEHNICA NAPOCENSIS Series 
Series: Applied Mathematics, Mechanics, and 
Engineering Vol. 63, Issue II, June, 2020. 

 

Amortizarea compusă pentru sisteme dinamice cuplate 

 

Rezumat Pentru un sistem dinamic liniar (m, c, k) cu mai multe grade de libertate qi, i = 1, ������, 

amortizarea poate fi evaluată numai pe baza raportului de amortizare modală �(�) corespunzătoare 
modulului r de vibrație, pe direcția gradului de libertate  qr pentru i = r. În situația în care o structură 
dinamică este alcătuită din mai multe sisteme j = 1, 2, 3,..,s cu legături vâscoelastice liniare între ele, 
adică sistemele dinamice sunt cuplate fizic prin cele trei mărimi parametrice m, c, k, trebuie evaluată 

amortizarea echivalentă sau amortizarea compusă �
�(�)dependentă de structura fizică a sistemelor 
cuplate. Cercetările efectuate în acest scop au evidențiat posibilitatea stabilirii unei relații analitice 
menite să asigure calculul raportului de amortizare modală pentru o structură dinamică alcătuită din 
mai multe sisteme cuplate între ele. În articolul prezent va fi determinat raportul de amortizare modală 
echivalentă pentru sisteme liniare vâscoelastice cuplate în paralel. 
 
 

BRATU Polidor, Emeritus University Professor PhD Engineer, Research Institute for Construction 
Equipment and Technology – ICECON SA, Bucharest, Romania, icecon@icecon.ro, +4021 
202 55 00 




