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MATHEMATICAL MODELING OF A 3R ROBOT STRUCTURE
IN THE NOMINAL CONFIGURATION
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Abstract: The main purpose of this paper is to develop a study on the direct geometry and kinematics of
an RRR-robot (with three degrees of freedom of rotation), in the nominal configuration.
For this purpose, the algorithm of locating matrices was applied, to determine the direct geometry

equations. To compute the velocities and accelerations relatively to {o} fixed system, the algorithm of

transfer matrices was used. The results are useful to establish the equations of the motion trajectory.
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1. INTRODUCTION

The industrial applications where serial robot
structures are implemented are becoming an
essential part of our lives. Robot manipulators
are used for performing manufacturing tasks,
such as part handling, welding, or painting.
The development of industrial applications
demands robot manipulators that ensure an
increase in productivity and quality at lower
manufacturing costs. As an effect, there is an
increasing need to design robot structures that
achieve faster and accurate motions [10-12].
These objectives result from improving the
design of the robot's mechanical structure and
the controllers. The present paper aims to
present the geometric and kinematic model
applied for three degrees of freedom robot
mechanical structure - three rotations around
X, y and 7 axes (see Table I1). The 3R robot

structure, in the nominal configuration, is
analyzed. The direct geometrical model
(DGM) is obtained by applying an algorithm
based on homogenous transformation
matrices, while the direct kinematic's
equations result from applying the Jacobian
matrix [1-5]. The results will be used in future
research to determine the inverse kinematic
and dynamic model, essential in defining the
motion trajectories for the analyzed robot.

2. DIRECT GEOMETRIC MODELING
OF AN 3R TYPE ROBOT STRUCTURE

The analysis starts by defining the matrix
M9 of nominal geometry for the considered

3R robot structure. This matrix containing the
input data corresponding to the direct geometric
modeling, and is presented in the table below:

Table 1
El;zzi]ent ],;);Zt ﬁi(O)T E(O)T
1 R 0 0 Iy 0o |1 |0
2 R L ]o 0 1 (0 |0
3 R 0 L 1o 0 |0 |1
4 - 0 0 I3 1 (0 |0

The equations that define the direct geometrical
model (MGD) were computed using the
homogenous transformation matrices. Within
Figure 1 is depicted the kinematic diagram of
the mechanical structure, in the initial
configuration (zero-configuration). The zero
configuration is characterized by the fact that all
the generalized coordinates initialize to zero:

6 =[¢,=0; i=1-n]. (1)
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Fig.1. Kinematic diagram of the 3R robot

According to Fig. 1, in the geometrical center of
every kinematical joint, is attached a mobile
system {i} that models the motion of the
kinematical link. The homogeneous
transformation matrices between the adjoined
systems {i} and {i-1}, where i=1 - 4, are
determined according to [1], [6-8] as follows:

cqg 0 sq 0]
0O 1 0 O
lrl= 2)
=sq; 0 cq
0 0 0 1]
1 0 0 ll_
0 cqg, -sq, O
yrl= g R (3)
0 sq, c¢q, O
0 0 0 1]
(cqs —sq; 0 O]
2[1] = sqs cq3 0 1 4)
0 0 1 0
| 0 0 0 1]
0 -1 00
1 0 00
[r]= 0o o0 11l (5)
3
0 0 0 1

The transformations, between the mobile
system{i} and{0} fixed system, for any robot
configuration, are computed according to:

cql sq, Bq, sq, El‘qZ! I, Leg,
I

[ ] q _SQ2 : O (6)
"S_q_l__c_q_l_f_*‘_fa_fffl_ﬂiq_z_: by ~h B, |
0 0 0 :r 1
) ! I, [éq, +1, B3q, Bq,
s[R] 1, g
HIE l 2 , (D
______ lo ~h LSq, +1, Loq, [3q,
00 o:r 1

g[R] is the resultant rotation matrix that
defines the orientation of the mobile system
{3} (attached in the geometric center of the

third joint) relative to {0} fixed system:

[ cq g, + I —cq, Lg; +

g[R] cq, Lig,

—=5q, |, (8)

The homogenous transformation between the
system attached in the characteristic point of the
robot end-effector and{0} system is computed:

[, Wq, +1, L3q, Lig, +1, L3q, [dg,

|
|
|
o= AR 1, g, -1, g, 0
T |y = gy +1, [ag; G, +1, g g, (
00 0! 1

In the expression above, 3[R] is the resultant
matrix between the mobile system{4} (attached
in the characteristic point belonging to robot's
end-effector) and the fixed system {0} :

[ —cq, L$q; + : —cq, dg; = : 1
l | sq, Ldq,
+5q, L3q, L 1 —sq, L3q, [3q; 1
PR P A L . Y _
ARl cqylbg, | cq,0q, | -sq, |(10)
5q, B'% + sq, B'% |
| 1 ¢4 ldg,
+CCI1 [3q, Lég, | | ¢ [3q, L3q; | ]

To define the final orientation of the end-
effector, the following matrix identity is used:



J[R1=R(a,-B.-y.)=

sa, BB, By, +\ sa, 3B, ey, - |
+ea, 2y, | ~ca, By, | sa, (8,
| ~or e A |0
ca, 3B, By, —\ca, 3B [dy, +)
—sa, T3y, | *sa, Gy, ic , 65,

By applying the function Atan?2, the orientation
angles, represented by a,, S, and y, that define

the end-effector's final orientation, are obtained.
According to [1], it results in the column vector
of the orientation angles:

Z:[% 0 c(’gmﬂr. (12)

Thus, the DGM equations are written:

_ =T
O :[17 l//] _
l, Leq, +1, g, Uyq, +1; Uhq, Leg,
l, Leg, —1; Bq,

b 7l Say * 1 Thay By L Thay 84y |44y

q,

(5o
5 q;

The DGM equations define the end-effector's
final position and orientation relative to the
fixed system and for any robot configuration.

3. DIRECT KINEMATIC MODEL OF 3R
ROBOT USING JACOBIAN MATRIX

The Jacobian matrix is used in robot mechanics
to transfer velocities from the space of
configurations to the Cartesian space of motion.
In kinematical modeling, this matrix
corresponds to a specific configuration of the
robot in the workspace.

Further on, an algorithm for determining the
Jacobian matrix components, based on the
transfer matrices method, is applied [4].

The matrix equations for operational velocities
and accelerations defining the motion of the
robot final effector, projected on the fixed

reference system {0}, are presented in a general
form according to the following expressions:
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When required to express the operational
velocities and accelerations about the n mobile
system, a matrix operator ensuring the transfer
from one system to another must be applied:

= LT = ) .
U!:'X: |:u_ ?':|: np. I‘I}}X= ”_I(E)'g,

w?!

(16)

(u,X — [”-i'.J ”—w”]l" = np. lﬂj'X —

n

="/(@)-6+718)-6, (A7)
where,

"7(8)="rC9J(8), (18)

] R [0|[
ﬁ[?é%] CRECH EM "

The following expressions define operational
accelerations in the mobile system:
ny — [”_EJ ”_Cr.:l”] = np. [;-z‘LI :'z'm”] =

n n

="R-[(6) (@]

g] (20)
7

The MCD equations about the {n} system,
expressed by using the Jacobian matrix, are:

n
n

X = [ ”] = "J(6)-§, @1

",

”] =["86 "“1(&)]- [9] (22)
?!w” H

Py =

For the 3R robot structure represented in Fig. 1,
the transfer matrices algorithm from kinematics
is applied. The components of the linear
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velocities transfer matrices, denoted V(&) and
linear accelerations A(&) are computed:

vig)=[v, v, vi]', (23)
vig) =, v, " (24)
AB) =[v(e) vl (25)

where the components V, and ;, i =1 - 3, are:

o, 1, Leq, L3q, =1, L3q,

1 —a— = 0 . (26)
& =1, [3q, Leq, =1, Lég,
L, Léq, L3q, 0
dp ap.
,=2=| hGg, | Vi=22=|0) @)
- l, Léq, Leq, “ 1o

la- Gz cqy-cqa—1i 6y cqy —

. —ly" 4,59, 50,

Vv, = 0 ,
—ly gy cqysqy— 1y gy sqy—

I - . .
T R ST A

(28)
Iy qy-cqy-cq;—
=l q," 59,549, . 0
I'}:: —lsga-cas , V3= .
—ly- 4,59, cqy, — 0
=l g5 cg, 5,
(29)

The components of angular velocities transfer
matrices Q(&)and angular  accelerations
transfer matrices £2(8)are defined according to:

o@)=[q, Q, Q. (30)
2@)=1[a, 2, 0. 31
2(6) =[n(8) 2]l (32)
0

Q = [RIK" m, =|1], (33)
0
cq,

Q, S [RIE"m, =| 0 |, (34)
—5q
cq, L3q,

Q, I [RIE" D, =| -sq, |, (3

cq, g,

. dil 0 . i1 TS
ﬂlzéz 0l, n, === 0 ,

_‘}'1 T
(36)
The matrices defined with (26) - (29) are
substituted in (23) - (24) resulting in the
transfer matrices of linear velocities (23) and
accelerations (25).

—q; " cq;

[ 4y ¢qy°€q; — ;" 59, " 5q; ]
—q1°5q, " €9, — Q" €q, " Sq,

. (37)
The expressions (33) - (37) are substituted into
(30) and (31) which results in the transfer
matrices of angular velocities (30) and
accelerations (32), according to [1-9]. The
components of the Jacobian matrix and its
derivative, projected on the fixed frame{0} , are

computed by considering the expression (14):

Vi V. V.
Oy 2L @7 _| 22| ©; _| 3%

To— Tr}1 oy — V: oy — -T'}EI
(U)Jrl |;!,'11:|J .Jrj |;!,'1::|r .l|r3 _ﬂa]'
(39

Where, V..V..02,and £, are defined by (26) -
(29) and (33) - (37) respectively. The absolute
linear velocities and accelerations that define
the motion of the robot end-effector are
obtained based on expressions (14) and (15):

g, cq,+q3°59,°¢cq,
fi'j__fi':] "5 s

—," 54, + G5 cq, - cq,
(40)

(0), =

(0)eog =
gy cqy+G3-57,°€q; — Gy Gy 5q —
—q;"q3° 59,59, + 417 q3°cq, cq;
gy— 4293 €q; — G359,
—§y-5q,+ Gz cq, €9, — gy qy° €qy —
—qo G €qy " 5Gs —qy " Ga 5G4 €qo
, (41)



(0)i; =
lyrqyeqy-sqa—1y-qy°5q,+
+,- 4,59, cq;
l;- q;-sq;
=17 q,-5q,°5g; — 1,4, cq, +
+,-g,-cq, g,
, (42)

(0)ir; = A
[ 2ty gy 5qa— 1 g1 cqy —
~ly- 47" sqy 5q; — 1y 43 -5q, - 5q, +
+l,-qy5q, cq,+2-1,-q,°G, €q, " €q;,
_Ez'f}':?'cq:_gz'éji 5
_32'ﬁi'sq1'5q3+31'f}'3'5q1_
_Ei'f}'i'qu__jz'fﬁ'cql'sq:_
~ly-qi-eqy sqy+ 1,7 G, 2q, - cqy +
- +2-1;4,"q;"5q, " cq,

. (43)

The velocities and accelerations of the end
effector relative projected on the mobile
reference frame are also determined

f}': cgy T+ f?l "Cfyt 53
[1]:3; = |Gy - cgz - cq; — Gz 5q5|,  (44)
Gz — Gy " 5G5

36, =
Gy €q3+§y " €q;°5q3 — 4y q3° Sq3 —
‘}'J_"}':'S'q:'5q3+¢1'¢3'cq:'cqa
41" €4y €G3 — Gy " SG3 — 4y q3° €q3 —
41" G2 542" €q3— Gy §3°€qs° 543
Eﬁa_él'éz'cq:_ﬁl'sq:
, (45)

(1:' S, 0y — 'E]_ "5 'an) ) ‘i"J_
30y = |(—l,- 59,593 — !y -5q5°cq3) "4, )
Ly, — 1y gy eq,
(46)
The results from (40) - (43) are included in
the column matrix of operational velocities

and accelerations %% and %%, (14) and
(Bx1) (Bx1)

(15).

Finally, the column matrix of operational

velocities and accelerations relative to the
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mobile system, "X and "X results, For this,
(&1} (6x1)

(21) and (22) were applied.
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hydea e thdysg s,
L2 van ven pnt=
reT L
envra (] plien L] B e L
SR R TR R R
bty s sy s,
i ey say= by oy o
By iy gy cay i)

In the expressions (38) and (39),
°J,i=1-3 and %.i=1-3 define the
Jacobian matrix and it time derivative
corresponding to every robot joint. According
to [1], the mathematical connection between
the generalized and operational velocities, is
done by the Jacobian matrix or the transfer
matrix of linear velocities or the matrix of

partial derivatives as it is also known.

3. CONCLUSIONS

This paper's objectives include the
determination of DGM equations for a 3R
robot structure, represented in Fig 1. For this
purpose, the algorithm of the locating matrices
was applied. Also, the kinematic equations of
the direct kinematic model in the nominal
configuration were obtained. The expressions
for the Jacobian matrix with projections on the
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fixed and mobile systems were determined
based on the transfer matrices.

The Jacobian matrix makes the correlation
between the generalized velocities and
operational velocities, both defining the
forward kinematics equations.

These results will be further use in future
research regarding the establishing of motion
equations and the study of motion trajectory.
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Equations in  Analytical — Dynamics,

MODELAREA MATEMATICA A UNUI ROBOT DE TIP 3R PENTRU
CONFIGURATIA NOMINALA

Scopul acestei lucrari este de a realiza un studiu asupra geometriei directe si a cinematicii unui
robot RRR (cu trei grade de libertate de rotatie), in configuratia nominald. In acest scop, a fost
aplicat algoritmul de matricelor de situare, pentru a determina ecuatiile geometriei directe. Pentru
calcularea vitezelor si acceleratiilor in raport cu sistemul fix, a fost utilizat algoritmul matricelor
de transfer. Rezultatele sunt utilizate pentru a stabili ecuatiile traiectoriei de miscare.
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