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Abstract: The paper presents the analysis of the dynamic parameters of a rigid body with elastic bearings 

and constructive symmetries modeled as a six degrees-of-freedom mechanical system disturbed by a 

harmonic vertical eccentric force. The constructive symmetries lead to the decoupling of the six movements 

of the mechanical system (three translations and three rotations) in subsystems with coupled movements 

(translations and rotations). For each of the decoupled subsystems (with coupled movements), there were 

determined the calculation relations of the amplitudes of the steady-state forced vibrations of the 

subsystems disturbed by a harmonic vertical force with eccentricities to the vertical line of the center of 

gravity of the solid body. 

Key words: constructive symmetry, eccentric perturbing force, six degrees-of-freedom, solid body, 

decupled movements, uncoupled subsystems, steady-state vibration, forced vibration amplitudes. 

 

1. INTRODUCTION 

 

 The solid body with elastic and/or viscous-

elastic bearings can be modeled as a six degrees-

of-freedom system with six general coordinates 

used for dynamic analysis. In order to create the 

mathematical model (movement eq.), it uses the 

next characteristics: sizes/dimensions, 

masses/inertia moments, stiffness and dampings 

of the bearings. If the coordinates axis is central 

and principal Cxyz, the inertia matrix is diagonal 

and the system of differential moving equations 

of the solid body are coupled by the coefficients 

of stiffness matrix and damping matrix [1] [2] 

[3]. 

 Figure 1 shows a solid body with constructive 

vertical-longitudinal plane of symmetry. 

Constructive symmetry means: 

dimensional/sizes symmetry, mass/inertia 

symmetry, elastic symmetry of the bearings. 

Due to the constructive symmetries, the 

movements of the mechanical elastic system, 

modeled as a six degrees-of-freedom system, are 

decoupled into some subsystems with coupled 

movements. 

 

2. DYNAMIC MODEL OF 6DOF SYSTEM 

WITH A VERTICAL-LONGITUDINAL 

PLANE OF SYMMETRY 

 

2.1 Equations of decoupled free vibration 

 

If the system of coordinates axes is central 

and principal, Cxyz, the 6×6 inertia matrix is 

diagonal [4] [5] 

 
Fig. 1. Six degrees-of-freedom solid body with elastic 

bearings and vertical-longitudinal plane of symmetry [3] 
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��� = ���� 
�, �, �, �, � , � �   (1) 

where 

■� is the rigid body mass; 

■�, �, � - the principal moments of inertia. 

Considering that the general coordinates are 

the displacements (translations, rotations) as in 

figure 1, for a convenient positioning of the 

bearing system in the horizontal plane of the 

center of mass C (h=0), the movements of the 

six degrees-of-freedom system are decupled as 

follows [6] [7]: 

►subsystem ��, ��� - lateral sliding coupled 

with turning rotation; 

►subsystem ��, ��� - vertical displacement 

coupled with pitching rotation; 

►"subsystem" ��� - independent forward 

displacement; 

►"subsystem" 
��� - independent rolling 

rotation. 

 The differential equations of free decoupled 

vibration of the elastic mechanical 6DOF system 

with symmetries are: 

►for the subsystem ��, ��� with coupled 

movements of lateral sliding and turning rotation 

 

����� � ������ + ����� � ���� = �00!   (2) 

where ����� = "� 00 �#       (3) 

and 

����� = $ 4&� −2&��)* − )+�−2&��)* − )+� 4,+&� + 2&��)++ + )*+�- (4) 

 

►for the subsystem ��, ��� with coupled 

movements of vertical displacement and 

pitching rotation 

 

��*.� � ������ + ��*.� � ���� = �00!   (5) 

where ��*.� = "� 00 �#       (6) 

and 

��*.� = " 4&� 2&��)* − )+�2&��)* − )+� 2&��)++ + )*+�# (7) 

 

►for decoupled forward movement ��� 

 ��� + 4&�� = 0       (8) 

 

►for decoupled rolling rotation 
��� 

 ���� + 4,+&��� = 0     (9) 

 

2.2 Eigenpulsation for uncoupled movements 

 

/0 = 21234       (10a) 

/5 = 21264        (10b) 

/7 = 21284       (10c) 

/93 = 1+28
:;;<:=;�>3     (10d) 

/96 = 2,128>6      (10e) 

/98 = 1.?;26<+23
:;;<:=;�>8  (10f) 

 

2.3 Eigenpulsation for uncoupled subsystems 

with coupled movements 

 

►subsystem ��, ��� 

 

/�,+ = @12 $/0+ + /98+ ± 1
/0+ − /98+ �+ + 4C�C+- 

(11) 

where: 

 

C� = 2&��)* − )+��  

C+ = 2&��)* − )+��  

 

►subsystem ��, ��� 

 

/*,. = @12 $/7+ + /93+ ± 1
/7+ − /93+ �+ + 4D�D+- 

(12) 

where: D� = +28�:=E:;�4   D+ = +28�:=E:;�>3  
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3. AMPLITUDES OF FORCED STEADY-

STATE VIBRATION 

 

 Figure 2 shows the physical model of the 

rigid body with elastic bearings and constructive 

symmetry in a vertical-longitudinal plane, 

perturbed by a eccentric vertical harmonic force F� = FGHIJ�KL� [8] [9]. 

 

 

3.1 Differential equations of forced vibration 

 

 The perturbing eccentric vertical force 

produces vibrations in a stabilized regime only 

after the "directions" ��, ��� and 
��� [10] [11] 

[12]. The differential equations of steady-state 

forced vibration are: 

 

��*.� � ���� �� + ��*.� � ���� = � FGM�FG� HIJ�KL�(13) 

 

 ���� + 4,+&��� = −M��FGHIJ�KL�(14) 

 

3.2 Amplitudes of forced vibration 

 �7 = NOP
QR3; ES;�ET;U6V4P
QW;ES;�
QR3; ES;�ETXT;V   (15) 

 

�93 = − NOPU6
QW;ES;�ETXV>3P
QW;ES;�
QR3; ES;�ETXT;V (16) 

 �96 = EUX3NO4,2&Y−>6S; = EUX3NO>6ZQR6; −S;[   (17) 

 

 

4. CONCLUSIONS 

 

►due to the constructive symmetry, the 

movements of the elastic mechanical system are 

decoupled in subsystems with coupled 

movements [13]; 

►the eccentric vertical force disturbs the system 

after the following "directions": ��� vertical 

translation (jumping), ���� pitching rotation 
��� rolling rotation; 

►the amplitudes �7, �93,  �96 of the forced 

steady-state vibrations varies linearly with the 

amplitude FG of the applied force; 

►the angular amplitude �96  of the roller 

rotation is linear with the eccentricity M�� of the 

force relative to the plane of symmetry Cyz. 

 

 

5. REFERENCES 

 

[1] Bratu, P., The innovative impact on 

acoustics, vibrations and system dynamics, 

Romanian Journal of Acoustics and Vibration 

vol. 16 no. 1, Ed. Impuls, ISSN 1584-7284, 

Bucharest, 2019 

[2] Drăgan, N., Theoretical studies regarding 

the dynamics of the rigid body with elastic 

bearings and structural symmetries, excited 

by harmonical forces and couples, Annals of 

the Oradea University Fascicle of 

Management and Technological Engineering 

vol. VII (XVII) Section Mechanics, ISSN 

1583-0691, Oradea, 2008 

[3] Dragan, N., Studies on the Mechanical 

Elastic Systems Dynamics of the Rigid Body 

with Structural Symmetries. Modal Analysis. 

Transmitted Forces and Moments, 

Proceedings of the 10th WSEAS 

International Conference on Automation & 

Information "ICAI’09", ISBN 978-960-474-

064-2, ISSN 1790-5117, Prague, 2009 

 
 

Fig. 2. Solid body with elastic bearings and constructive 

symmetry (vertical-longitudinal plane of symmetry) 

disturbed by eccentric vertical harmonic force 



68 
 

 

[4] Drăgan, N., Dzemyda, I., The innovative 

concept of dynamic analysis for the 

movements of the viaduct modeled as solid 

body with elastic bearings, Romanian Journal 

of Acoustics and Vibration Vol. VIII Issue 1, 

Ed. Impuls, ISSN 1584-7284, Bucharest, 

2011 

[5] Bratu, P., Hysteretic Loops in Correlation 

with the maximum dissipated energy, for 

linear systems, Symmetry vol. 11(3)/2019, 

https://doi.org/10.3390/sym11030315, 

MDPI, Basel, 2019 

[6] Bratu, P., Dobrescu, C., Dynamic Response 

of Zener-Modeled Linearly Viscoelastic 

Systems under Harmonic Excitation, 

Symmetry vol. 11(8)/2019, MDPI, Basel, 

2019, https://doi.org/10.3390/sym11081050 

[7] Drăgan, N., Dynamic analysis of reinforced 

concrete bridges - Modal calculus 

(eigenvalues, eigenfrequencies), Synthesis of 

Theoretical and Applied Mechanics - Synth 

Theor Appl Mech Vol. 9 no. 4, Ed. Matrix 

Rom, ISSN 2068-6331, Bucharest, 2018 

[8] Bratu, P., Dynamic Rigidity of The Linear 

Voigt-Kelvin Viscoelastic Systems, Romanian 

Journal of Acoustics and Vibration vol. 16 

no. 2, Ed. Impuls, ISSN 1584-7284, 

Bucharest, 2019 

[9] Bratu, P., Vasile, O., Assessment of 

Dissipated Energy to Harmonic Cycles of 

Displacement for Visco-Elastic Elastomeric 

Anti-Seismic Insulators, Romanian Journal of 

Acoustics and Vibration Vol. 19 Issue 2, Ed. 

Impuls, ISSN 1584-7284, Bucharest, 2012 

[10] Dobrescu, C., Analysis of the dynamic 

regime of forced vibrations in the dynamic 

compacting process with vibrating rollers, 

Acta Technica Napocensis - Applied 

Mathematics, mechanics and engineering 

vol. 61 no. 1, ISSN 1221–5872, Cluj-Napoca, 

2011 

[11] Drăgan, N., Considerations on the 

nonlinearity grade of the nonlinear 

mechanical elastic systems, The Annals of 

“Dunarea de Jos” University of Galati, 

Fascicle XIV Mechanical Engineering Vol. 1 

Issue XVIII, ISSN 1224-5615, Galaţi, 2012 

[12] Drăgan, N., Modal calculus of the 

reinforced concrete bridges modeled as a 

rigid solid beared on viscous elastic neoprene 

supports, The Annals of “Dunarea de Jos” 

University of Galati Fascicle XIV 

Mechanical Engineering Vol. 2 Issue XVI, 

ISSN 1224-5615, Galaţi, 2010 

[13] Vasile O., Active Vibration Control for 

Viscoelastic Damping Systems under the 

Action of Inertial Forces, Romanian Journal 

of Acoustics and Vibration Vol. 14 Issue 1, 

Ed. Impuls, ISSN 1584-7284, Bucharest, 

2017 

 

Influența excentricităților forțelor perturbatoare aplicate unui sistem mecanic elastic modelat 

ca solid rigid cu simetrii constructive 
Rezumat: Lucrarea prezintă analiza parametrilor dinamici ai unui solid rigid cu reazeme elastice și 

simetrii constructive modelat ca un sistem mecanic cu șase grade de libertate, perturbat de o forță armonică 

verticală și excentrică. Simetriile constructive conduc la decuplarea celor șase mişcări ale sistemului 

mecanic (trei translaţii şi trei rotaţii) în subsisteme cu mişcări cuplate (translaţii şi rotaţii). Pentru fiecare 

dintre subsistemele decuplate (cu mișcări cuplate), sunt determinate relațiile operaționale de calcul ale 

amplitudinilor vibrațiilor forțate în regim dinamic, în cazul solicitărilor cu o forță verticală armonică cu 

excentricități față de verticala centrului de greutate al solidului rigid. 
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