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Abstract: Mechanical systems with several degrees of freedom present vibration properties that allow such a system to be

used as an absorber for certain exciting frequencies. The paper aims to expand an analysis previously made by the

authors, regarding the dynamic absorption capacity of some mechanical systems in a more general case, which can be

encountered in engineering practice. An example shows how to apply these properties in the calculation and the resulting

advantages.
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1. INTRODUCTION

At the time of their appearance, dynamic
absorbers represented an ingenious and
inexpensive method of vibration reduction,
which proved to have many uses in various
fields of engineering. The first patent was
obtained in 1909 [1] and a theoretical
explanation of their operation was made in 1928
[2]. Over the years, of course, many
improvements have been made and the field of
use has always been expanded. The classic
dynamic absorber is a passive element and
currently dynamic absorbers with an active role
have been developed. The numerous
opportunities for use and the importance of this
vibration reduction system made the continuous
study of this device necessary.

Obviously, in practical applications it may
be necessary to suppress more than one harmful
frequency. For this, a device was imagined that
can be tuned to attenuate three resonance
frequencies simultaneously [3]. Obviously, to
solve such a problem, three different absorbers
can be attached to the system. But this approach
leads to additional costs and to the creation of a
more complicated assembly. For this reason, a
single device that can achieve the attenuation of

three different frequencies is preferable. A
numerical experiment validates the proposed
solution. A complex system in which a dynamic
vibration absorber (DVA) is proposed and
analyzed is presented in [4]. The absorber has a
non-linear behavior and variable damping. Such
an absorber proves to be useful in the case of
systems that may have different behaviors in
operation, depending on the external conditions
in which they operate. Seismic protection is an
extremely researched subject in which numerous
solutions have been proposed to mitigate the
shocks induced by earthquakes. A complex
solution for solving this problem is proposed in
[5] and consists of a DVA built in the form of an
elastic continuum. The material used has several
natural frequencies that are found in the
frequency range of seismic effects. A pendulum
damper for solving such problems is studied in
[6].

The main use of DVA is found in vibration
damping where we have a harmful harmonic
excitation that is eliminated. An unconventional
DVA system that uses magnetic force to
eliminate unwanted vibration is proposed in [7].
Using a known expression for the magnetic
force, the classical analysis theory of such a
system provides the optimal parameters for the
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system to ensure the desired absorption.
Experimental results have validated the model
and the proposed solution.

Another problem involving the use of
DVAs is represented by devices operating at
supercritical speeds. These, in order to reach the
operating speed, must pass continuously,
through all the speeds, including the critical
ones, after the moment of starting. Passing
through resonance zones leads to unwanted
additional demands on the devices and possible
malfunctions/damages, if the amplitudes, when
passing through the resonance zone, become too
high. To solve this problem, DVAs are used,
which will act when passing through the
resonance zone. Such a situation is described
and studied in [8]. The finite element method is
used to model the system. It is thus possible to
reach a supercritical speed, through a smooth
acceleration, without observing a significant
increase in the amplitude in the resonance area.

Innovative methods such as the use of
magneto-rheological elastomer can be used to
achieve vibration absorption [9,10]. Active or
semi-active systems have started to be important
in recent years, as a result of the development of
technology. Such a solution in two versions
(with magneto-theological damper and a
combination of a magneto-rheological damper
and a classic absorber) for a semi-active
suspension is presented in [11]. Genetic
algorithms are used to determine the optimal
passive parameters. A series of results regarding
the analysis of different aspects of the design and
realization of DV As are presented in [12-17]. An
application regarding the reduction of vibrations
in the case of drilling processes is presented in
[18]. The construction solution for DV A is a thin
steel tube filled with natural rubber. The
parameter adjustment procedure is carried out by
varying the number of inserted rubber sleeves. A
system that provides damping adjustment
depending on road excitation for a car is
presented in [19]. In this way, an increase in
comfort and stability of maneuverability is
achieved while driving. Other methods of
calculating the dynamic absorber are studied and
analyzed in [20-23].

Mechanical systems with elastic elements
from engineering applications and where
vibration absorption is necessary work in most

cases in stationary regimes, in which energy is
introduced into the system. This requires the
study of the forced vibrations of the analyzed
systems.

In aerospace engineering applications, thin-
walled elements are widely used, which, due to
their low rigidity, can lead to forced vibrations.
In order to solve this problem, a vibration
suppression method for this type of vibrations is
proposed in [24]. The proposed solution is
verified experimentally.

The phenomenon of anti-resonance leads to
the stabilization and even cancellation of self-
excited vibrations. In [25], another possibility of
applying the anti-resonance phenomenon is
presented, namely the damping of externally
excited resonant vibrations.  Amplitude
suppression due to parametric antiresonance is
characterized by several parameters that define
the system: a depth of parametric excitation,
mass ratio, damping coefficient and small
frequency deviations from the parametric anti-
resonance.

In the operation of articulated aerial robots,
the elastic vibration of the chain-shaped
structure appears, which has a negative
influence on stable flight. For the control of such
a structure, a control method with an innovative
design is presented in [26]. The feasibility of the
proposed method is demonstrated through
experiments on a multilink physical model.

In [27], dynamic modeling, finite-time
trajectory tracking control, and vibration
suppression of a flexible two-link space robot
are studied. A dynamic model of a flexible space
robot based on Lagrange's method is used to
suppress the vibrations of this system. Thus, a
new vibration suppression method is offered
which is used in a simulation using a hybrid
control scheme. In a study [28] that addresses the
dynamic modeling and suppression of the
disturbing force of some rotating flywheels, the
finite element method is used for the analysis.
An annular dynamic absorber is proposed to
suppress the radial and axial excitations at
different rotation speeds of the shaft. It is shown
that the proposed absorber is able to suppress
certain high frequencies that may appear in the
system. In [29,30] are presented some practical
solution of absorbers used in the engineering
applications.



In [31] it is analysed if a judicious
dimensioning of a system offers it the ability to
function as a dynamic absorber for some
frequency. So it is possible to reduce the
vibration for certain frequency, without using a
DVA. If it is possible that, the design and
construction of the elastic system is much
simplified, not needing a supplementary
absorber. The design and manufacturing costs
decrease. Following the analysis made in [31], it
was concluded that it is possible for a system to
act as an absorber, through the topology, masses
and stiffnesses of the elements that make up the
system, without the need to add additional
elements for vibration absorption. Compared to
the research previously presented, the problem
develops the case when one part of the system is
excited and another part is not. It is studied, in
this situation, if there is absorption of vibration
for an element of the system and what are the
conditions under which this exists.

2. MATERIALS AND METHODS

In the following we will formulate the
problem we want to study. Let's consider a
mechanical system, made up of masses linked
together by elastic elements. For ease of
presentation, let's consider a system without
damping, excited by a system of forces with
harmonic variation of pulsation p.The equations
of motion for this system are given by the system
of differential equations [32-38]:

[MI{X} + [K]{X} = {F}sinpt (1)

where [M] represents the
matrix, [K] represents the stifness
and {F'} the excitation forces vector.
We divided the masses considered in the
system into three categories. The first represents
concentrated masses, in number s, which are not
required by any force. The second category is
represented by concentrated masses, in number
r, which are subject to external excitations. And
the last category is represented by a mass that is
excited with force F; but will absorb the

mass
matrix

vibration of the two sets of forces {F,} and {F;}

and will remain at rest. In this case, relation (1)
can be written:
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[My;]  [Myz] [Mys] {Xl}
[Mz1]  [M3z] [Mys] {Xz} +
Mol izl [Msa] ()
[Kll] [K12] [K13] {Xl} 0
+|[K21] [Kz2] [Kas]|{{X2}p = [{Fz}} sinpt
[K31] [Ksz] [Kss]] (X3} {F3}
()
In the relation above, the vector
{x,} =[x, x, KA x,]" represents the
displacements of unexcited masses,
{X,} =g 02 KA xg,, 17 represent the
displacements of the excited masses and

{X;} =[xs,41] the mass that will remain at rest

despite the excitations that act on it and on the
other r excited masses. The matrices [M]

, [KH] have dimension (s X ), matrices
matricele [M,,], [K;,] have dimension ( s x r),
the matrices [M,,], [Ky] have the
dimension (r X s), [M13], [KB] have the
dimension (s x 1), [Ms,], [Ks;] dimension (/ x s
), [My,], [Ky,] the dimension r x 1, [Mys], [Kys]
dimension r x 1, [My,], [Ks,]dimension (1 x r)
and [My;], [Ks3;] dimension (1 x I). Using the
clasical metohd to solve this system we chose
the solution under the form:

x1 ({al
{x,}t =4} sinpt
ol (o) o

One obtains:

{x:} {4}
(X2}t = —p?*{ {4} ;sinpt
(%) {A3}

“)
Putting the condition that the solution (3)
verifies Equation (2), it obtains:
[KM]_PZ[MM] [Klz]_Pz[Mlz] [K13]_P2[M13] {A1} {o}
[K21]_PZ[M21] [Kzz]_Pz[Mzz] [Kz:‘]_Pz[Mzs]{{Az}]:{{Fz}]
[K31]_p2[M31] [Ksz]‘Pz[Msz] [K33]—p2[M33] {As} {Fs}
&)
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In the conditions in which {F,} =0 (there is no

excitation on the first part of the system) it is
impose that {A4;}=0. Let's look for the

conditions for this to happen. By entering this
conditions in Equation (5), we get:

([Ku]‘Pz[Mu]){Al}+([K12]‘P2[M12]){A2}:{0}v
(6)
([K22]‘P2[M22]){A2}:{F2}7
(7)
([K31]‘P2[M31]){A1}+([K32]‘P2[M32]){A2}:{F3},
(8)

For the linear system (6),(7) and (8) to be

compatible and determined it is necessar to have
the condition:

[Ku]_PZ[Mu] [Klz]_Pz[Mlz] 0
detl | [Ky ]=p*[My] [Kpn]-p?[My] {R}|[=0
[K31]‘P2[M31] [K32]‘P2[M32] {F3}

([Kzl]‘P2[M21]){A1}+

9)

Equations (9) offer us the conditions in
which the amplitude A3 can become equal with
zero. If all the geometric, masic and stifness are
defined, the Eq.(9) offers us the pulsations p for
which the wheel 7 rest.

In the engineering applications encountered
in practice, there is obviously depreciation. In
any mechanical system there are frictions and
different processes through which the energy of
the system is dissipated in the external
environment. The most common damping in
such systems is viscous damping. Of course, the
calculation can also be done for these cases, but

the number of operations increases significantly.
If we analyze the results, the previous
considerations made for the case where there is
no depreciation remain valid from a qualitative
point of view, of the system's behavior. What
appears in addition in the case of viscous
damping is that the phases of the oscillations of
the different masses differ from each other. If we
also introduce friction, the number of parameters
that define the system increases, but this can
represent an advantage for designers, the
number of parameters that can be manipulated
increases and thus the possibilities of tuning the
system to the frequencies we want to suppress
increase.

3. RESULTES

An example is presented in the following.
Consider a system having 7 flywheels linked
together by elastic shafts.

’ff %
ITYERP

Ms Mg M;

Fig.1. The system of wheels

]1451 +kipy — k(2 — ) =0 ;

J2®2 + ka(dpz — 1) —ks(dp3 — ) =0

Jads + ks(dpz — d2) —ka(dpa —p3) =0 ;

]4454 + ko(ps — P3) —ks(Ps —ps) =0

Js@s + ks(ps — Pa) — ke(Pps — ¢s) = Mssinpt ;
Jebe + ke(dps — Ps) — k7 (7 — dps) = Mg sinpt

]74).7 + k7(¢7 - ¢6)

=M,sinpt.

(10)



U1l
[ai]
[s1]
[K11]
+ [[K21]
[K31]

where:

[]11]:

[]33] :[]7]
[113] = [O4x1

U1zl
U22)
Us2]

J
0
0
0

KlZ]
[K22]
[K32]

0

J2
0
0

; []12]

[]32] = []zs]T

[Kll] =

[K22] =

[K12]: 0

5

(ki +k,

-k,
0
0

(ks + kg

_k6

o O O O

[K21] = [_Klz]T

0

[Kz3] =l k,

0
0
I3
0
:[O4xz] ;

] ?[]31]:[]13]T

|+ ol =l

cocoocoo o
coococos o

—k, 0 0
ky+ks —ks 0
—ks  ks+k, —k,
0 —ky kgt ks
0 0 —ks
0 0
0

0
{:}
{@:} ¢ +
{3}
[K13 {3} 0
{{052}} {Qz sinpt

K23]
[[K33]]] \{®3} {03}

(12)

0
0 5 0
0 []22]:{10 ]J
J4
[]21]:[]12]T
[] 23]:[Ozx1]
(13)

-k, 0 0

ky +ky  —k; 0

ks kytky k4
0 —ky kg tks

_k6

ke +k, §[K33] = [k7]

[K13] = [O4x1] ; [K31] = [K13]T

(14)
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0 0 0 0 Of ¢1
00 0 0 0f1®
J3 0 0 0 O0f;%s
0 /o, 0 0 0|{g,%+
0 0 Js 0 O 'y
00 0 J, o0 ZS
0 0 0 0 Jdy%°
Iz .
0 0 019 0
0 0 0 |(¢:\| .( 0 \.
0 0 o [le,l 1ol
—ks 0 0 {(1)4}:{ 0 }sinpt (11
k5+k6 _k6 0 I¢5I |M5|
_k6 k6 + k7 _k7 | ¢6 | | M6 |
0 ko l\e,) )
¢
_|9 _#s| . _
{o.}= ea=1700 s {ead={p} . (5)
?s P
P4
The solution for the system (12) must be under
the form:
{o) [{ad
{@o}r = {As}sinpt
{0} ({45}
It results:

j -
Introducing in (12) it obtains:

(Kul-p*l] [Kol-p?Un] [Ksl-p2ls] ][4l 0
[K21] - Pz[le] [Kzz] - Pz[]zz] [K23] - PZ[]zs] |{Az}] = |{Qz}]
(Kal-p2Ua] [Kaol=1?ln) [Ks]-pUss]|l{45})  1{Qs}

(16)

We want: A; =0. The system (13) becomes:
([Kn] - pZ[]ll]){Al} + ([KIZ] - Pz[hz]){Az} ={0}
([K21] - Pz[le]){Al} + ([Kzz] - PZ[]zz]){Az} = {Qz}
([K31] - PZ[]31]){A1} + ([Kaz] - Pz[]:«xz]){Az} = {1Q73}
The condition to have a determined solutiofl oz
this system is:

[Kul=p?[n] [Kil-p?[] {0}
[K21]_P2[]21] [Kzz]_Pz[fzz] {Qz} =0
[K31]‘P2[]31] [Ksz]‘Pz[]n] {Q3}

(18)
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Solving this polynomial equation, is possible to
obtain the values p for which the amplitude
A;=0.

We can represent this determinant and we can
obtain a first approximation for the values p for
which the determinant is zero.
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Fig.2. Value of determinant. The representation of
the value of determinant for different pulsations p
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Fig.3. The amplitude of the vibration of wheel 7.
There are six frequencies that can be suppressed.
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Fig.4. The superposition of the values of
determinant and the values of amplitude of wheel 7

If we superpose the graph of the determinant
with the points where it cancels with the graph
of the amplitudes, it is immediately noticed that
the amplitudes are zero exactly at the points
where the determinant is equal to zero, as it
should happen (see Figure 4).
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Fig.5. The amplitude of the vibration of wheel 6.
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Fig.6. The amplitude of the vibration of wheel 5.
There are four frequencies that can be suppressed.
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Fig.7. The amplitude of the vibration of wheel 4.
There are three frequencies that can be suppressed.
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Fig.8. The amplitude of the vibration of wheel 3.
There are two frequencies that can be suppressed.
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Fig.9. The amplitude of the vibration of wheel 2.
There is one frequency that can be suppressed
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Fig.10.The amplitude of the vibration of wheel 1.
There is no suppression of the vibration for this
element

4. DISCUSSION AND CONCLUSIONS

The important result that we demonstrated
in the paper is that a mechanical system with
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several degrees of freedom can ensure the
suppression of the vibrations of one of the
elements, for certain frequencies. Moreover, for
a system with 7 degrees of freedom, as we
considered in the paper, for the last element we
can obtain 6 different frequency values for
which the complete suppression of vibrations
can be ensured, even if, as in our example, there
are three elements which supports a harmonic
excitation. Also, for the other elements,
vibration suppression can be ensured for certain
frequencies.

It follows from this that through a careful
design of a mechanical structure with elastic
elements, it is possible to ensure the suppression
of vibrations for one of the elements of the
structure, for certain frequencies. Obviously, the
requirement of a certain frequency through the
design theme impose a careful study and he
determination of the stiffness and inertias of the
system elements so as to ensure the suppression
of unwanted vibrations.
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Aspecte noi privind suprimarea vibratiilor in sistemele mecanice cu mai multe grade de
libertate

Rezumat

Sistemele mecanice cu mai multe grade de libertate prezintd proprietdti la vibratii care permit
ca un astfel de system sa poate fi utilizat ca absorbitor pentru anumite frecvente excitatoare. Lucrarea
isi propune sa largeasca o analizd facuta anterior de autori, privind capacitatea dinamicd de
absorbtie a unor sisteme mecanice intr-un caz mai general, care poate fi intdlnita in practica
inginereasca. Pe un exemplu sunt prezentate modul de aplicare a acestor proprietdti in calcul si
avantajele rezultate.
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