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Abstract: This work is a continuation of the research and calculus for a dental bridge. Now, it is studied a
monobloc dental bridge, with two poles at the two ends of the dental bridge and with two edentulous
between the two poles. This monobloc dental bridge was assimilated with a statically indeterminate beam,
that was considered to be embedded at the level of the two poles and with and with aggregation elements
corresponding to the missing teeth, between the two poles. The calculus for this monobloc dental bridge
was done by Transfer-Matrix Method (TMM), and the validation of the results was done by solving the
same problem with the Clapeyron’s three moments equation. TMM can be easily programmable, to
facilitate the obtaining of results. In the future, experimental results will also be presented, which are hoped
to validate the theoretical results obtained in this work through the TMM and through the classical calculus

with Clapeyron’s three moment equation.

Key words: monobloc dental bridge, statically indeterminate beam, Transfer-Matrix Method (TMM),

Clapeyron’s three moments equation.

1. INTRODUCTION

Dental restoration in dentistry and
orthodontics is very important for health.

That is why the dental bridge is very often
used even today, being a relatively easy dental
device to make, under certain conditions of the
existence of healthy pillar (poles) teeth or some
implants, that can be used as pillar (poles) teeth,
which support the aggregation elements, which
form the body of the dental bridge.

The approaches to the calculus of the dental
bridge, for different types of edentulous,
considering different types of loads and
similarities, were made in [26], [27], [28], [32]
and [34].

This work is a continuation of the research
and calculus for a monobloc dental bridge, with
two poles at the two ends of the dental bridge
and with two edentulous (missing teeth, gaps)
between the two poles. This monobloc dental
bridge was assimilated with a statically

indeterminate beam that was considered to be
embedded at the level of the two poles and with
aggregation elements corresponding to the
missing teeth, between the two poles.

The calculus of this dental bridge was done
with the Transfer-Matrix Method (TMM), and
the results validation was done by solving the
problem with Clapeyron's three moments
equation.

Bases of calculus with Transfer-Matrix and
with Dirac’s and Heaviside’s functions and
operators are presented in [14] and the classical
for statically indeterminate beams calculus of
Strength of Materials is given in [29] and [36].

[2] present the situation about field of health
in rapport with dental bridges in England and
Wales and [6] shows about the oral health in
rural areas around Cluj-Napoca, Romania. [3]
and [18] are good guides about diagnosis and
treatment of conditions in oral pathology field
and [15] present practical notions about the
preparation of fixed unidentical prostheses. [11]
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present Co-Cr dental bridges bending fracture
and in [12] shows experimental investigation
about Co-Cr dental bridges bending fracture. In
[13] present integrated construction and
simulation for milling dental crowns and
bridges. [16] gives experimental research results
of tensile loaded composite materials and, [9]
and [10] present studies about the bending
behavior of a new sandwich composite material
and for two other composite materials.

[1] present a histopathological zirconium
dental implants study, three months after
insertion in rabbit femur. In [4] shown an in-
vitro comparative study using dye penetration,
AFM, SEM and FTIR, in [7] is presented bio-
ceramic study and in [S] shown a bio-ceramic
endodontic sealers. [20] present a case report
about enameloplasty in interdisciplinary
treatment of dental injuries. [19] present
coronary reconstructions, [17] and [21] look the
design for dental bridge geometry after fatigue
of zirconia and after cyclic loading in water.
Buckling calculus for bio-composite sandwich
bars is given in [23]. [37] present effects of
mechanical behaviors and resistance for super
translucent dental zirconia. Dental alloys
research with cobalt-crom base is presented in
[35]. Figures of graph partitioning by counting,
sequence and layer matrices are presented in
[30]. Transfer-Matrix Method for calculus of
long cylinder tube is given in [8]. TMM calculus
of mandible bone is presented in [22] and [33].
Bending beam on elastic environment by TMM
is given in [24]. [31] shown a buckling calculus
of straight bars on elastic environment by TMM
for dental implants and another buckling
calculus approach for of dental implant as a bar
on elastic environment by TMM is presented in
[25].

2. A MONOBLOC DENTAL BRIDGE
WITH TWO POLES IN EXTREMITIES
AND TWO MISSING TEETH BETWEEN
THE TWO POLES, AS A BEAM

It is considered a dental bridge with two poles
in extremities and two missing teeth between the
two poles (Fig. 1.). It was considered that the
three vertical forces (which were assumed to
have the same magnitude) act in the following
sections (as in Fig. 1.): the first vertical force acts

in the section between the left pole and the first
aggregation element (which replaces the first
edentulous); the second force acts in the section
between the two edentulous; the third force acts
between the right pole and the second
edentulous. It was also considered that the dental
bridge is cast monobloc.

aggregate
elements

poles teeth

Fig. 1. Monobloc dental bridge with two poles on the
extremities and two missing teeth between the two poles.

The monobloc dental bridge is considered
assimilated with a beam, embedded at the level
of the two poles and loaded with the three
concentrated vertical forces, as in Fig. 1 and Fig.
2.
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Fig. 2. Monobloc dental bridge from Fig. 1., as a beam

It is also considered that the distances
between the forces are equal to each other and
equal to 2a, the distance from the embedment on
the left to the first force is equal to a, as well as
the distance between the last force and the



embedment on the right, which have the value a
too.

3. CALCULUS OF A MONOBLOC
DENTAL BRIDGE WITH TWO POLES ON
THE EXTREMITIES AND TWO MISSING
TEETH BETWEEN THE TWO POLES, AS
AN EMBEDDED BEAM AT TWO ENDS,
BY TMM

In [9] is presented the analytical calculus for
a beam (as in Fig. 2.), by TMM, based on theory
of Dirac’s and Heaviside’s functions and
operators.

The three concentrated vertical loads, acting
in the sections 3, 4, 5, (as in Fig. 2.), give rise
to a density of charge as in (1):

q(x) = —=F6(x —a) — F§(x — 3a) — F6(x — 5a) (1)

{U}«is a state vector associated at a current
section x, with four elements as in (2):
{U}e= {v(x), o(x), T(x), M(x)}"! (2)
when:
- v(x) - is the arrow;
- o(x) - is rotating;
- T{(x) - is the cutting force;
- M(x) - is the bending moment.

The first section corresponding to left
embedded support is noted with 0 and,we have
the state vector {U}o, as (3):

{U}o = {vo, wo, To, Mo}’ (3)

The matrix relation between the state vector
of the current section x and the state vector for
the origin section 0, {U}., is as (4):

{U}=[T]{U}o+ {Uec}x “4)

Notation were used:

- [T], - Transfer-Matrix between the left section,
the origin section 0, and the current section x;

- {U.}« - free term vector associate to the current
section x, depending to the external loads on the
current section x;

- E - modulus of longitudinal elasticity (Young
modulus);

- I - the moment of inertia.

The general approach with TMM is given in
[14]. So, the relations for efforts and
deformations can be written in a current section
x, as (5):
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v(x) = vy + xwy — ETD
+%Mo—a(x—a)3

—a(x— )3.....—a(x—5a)3
w(x)—wo—;—;To

' +imy-L-ar- 5)
—5m (=3 )2——(x—5a)2

M(x) —Tox+M0—F(x—a)—
—F(x—3a)—F(x—51)

With (5), relation (4) can be written as a matrix

relation (6):

3 2

x x
1

[ X X
v()Y) | X TeEI 2EI |(Vo
wl) | _| X2 x 1) @o +
T)( | 01 ~3E  E [ To
M(x) |[ 00 1 0 Jl Mo

00 -x 1

I(_a[(x—af+(x—3a)3+(x—50t) I

+4—E[(x—a)2 + (x - 30)% + (x — 52)2]" 5(6)
I +F+F+F I
\ —F[(x —a) + (x —3a) + (x — 5a)] )
At the right end of the beam, it can be written
in relation (6) x=6a, and it can be obtained (7):

[ (6a)° (60)%]
v(6a)y |1 % TgEr ZE | (Vo
w6a) ( _| (6a)?> 6a @ol ,
Me6a) | oo 1 0 M,
l 00 6a 1
(— =[G + Ba)* + @)
+]-5160? + Ga)? + (@7 (7)
I +3F
' —F[Ga) + Ba) + (@]
or, (8):
[ 36a° 18a2]
v(6a) | 16a - El EI | (Vo
w6a) ( _| 01 184> 6a |)@ol
Mea)) oo 1 o |1\
l0 0 6a 1 J
(_ 125Fa’ _E_E
| 6EI 2EI 6EI |
25Fa? 9Fa? Fa?
+4_ 2E1 _5_2515 ®)
' +3F '
k —9Fa J
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It can be put on the two embedded ends, in
(8), the conditions corresponding on the two
embedded supports, as (9) and (10):

- for x=0: {ZO — (()) ®)
. . (v(6a)=0
- forx=6a: {w(6a) o (10)

(9) and (10) are replaced in (8) and it can be
obtained (11):

[ L6 36a® 18a?
0 I ¢ El El|(0
0 =I01 18a> 6a 1) O (.
T(6a) I 2Bl EI I To
M(6a) 00 1 0 M,
l 00 6a 1 J
(_ 51Fa3\
| 2E1 |
35Fa?
ff-zel
+3F |
k 9Fa)
Developing (11), it can be obtained (12):
(0= _ 36a® T, +EMO _ 51Fd?
| El El 2El
18a? 6a 35Fa?
4 0__2)51 0T 0T Top (12)
I T(6a) =T, + 3F
' M(6a) = 6aT, + M, — 9Fa
with solutions (13):
( Ty = —1,5F
' M, = —2Fa = —1,583Fa
4 12 (13)
T(6a) = 1,5Fa

\M(6a) = —2Fa = —1,583Fa
12

In this moment, they know all four elements for
the origin section, {U}o. With help of matrix
relation (6), in which elements vo, wo, To and Moy
are known, it can be calculated, the four
elements in any section of the beam, giving for
each section, the corresponding value for x,
thus being able to cover the entire length of the
beam. So, it can calculate the stresses and
deformations in all beam sections.

As monobloc dental bridge from Fig. 1., has
been assimilated with a beam from Fig. 2., it
will be possible, all efforts and deformations to
calculate in all section of the monobloc dental
bridge.

4. ANALYTICAL CALCULUS OF
STATICALLY INDETERMINATE BEAM

WITH CLAPEYRON’S THREE
MOMENTS EQUATION
Analytical calculus for a statically

indeterminate beam can be made with
Clapeyron’s three moments equation, after [29]
and [36].

It is considered the double static
indeterminate beam as in Fig. 3., the same beam
from Fig. 2., to which it will be applied twice
the Clapeyron’s three moments equation.

For this beam, it must be written the three
moments Clapeyron’s equation twice, as (14):

lo ly

{Molo +2My (lo + 1) + Maly +6 (2254 225) = 0 a4

M1l1 + 2M2(l1 + lz) + M3,lz + 6(52_1254'531_;25) =0

We have the conditions (15) for the system (14):

( lo =0

I,b=0
{sm=0 (15
k53,25 =0

System (14), with (15) becomes (16):
{2M1l1 F Myl +62s =0

(16)
Myl + 2M,l, + 6;—25 =0

1
The maximum bending moments for the
statically determinate beam /-2 are the

following, (17):
M; = Ms =2Fa (17)
and (18):

M, = %Fa (18)
and the static moments are given by relation
(19):

_ 5 3 _
Sa1, = 5 Fa® = Sip (19)
So, the system (16) with /;=6a becomes (20):
12M; + 6M, = —Z Fa

ok (20)
6M; + 12M, = —7Fa
with solutions (21):
M, = ——Fa = —1,583Fa
19 21

M, = —EFa = —1,583Fa
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Fig. 3. The static indeterminate beam studied
with Clapeyron's equation of three moments

Now, we can calculate the vertical reactions
from the two embedded supports, which, due to
the symmetry, are equal and have the value (22):

V, =V, = —1,5F (22)

thus, verifying the projection equation of all
forces in the vertical direction.

So, the two efforts diagrams can be drawn for
the cutting forces T and for the bending moments
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M, obtaining the same values as those obtained
with TMM, as in Fig. 3.

The maximum cutting forces are at
boundaries and the maximum moments are at
boundaries too.

5. CONCLUSIONS

This work is a continuation of the research
and calculus for a monobloc dental bridge, with
two poles at the two ends of the bridge and with
two edentulous (missing teeth, gaps) between
the two poles. This bridge was assimilated with
a beam that was considered to be embedded at
the level of the two poles and with aggregation
elements corresponding to the missing teeth,
between the two poles.

Calculus of this dental bridge was done by
TMM, and results validation was done by
solving the problem to applying the Clapeyron's
three moments equation.

This paper proposes an interesting approach
to calculus for a monobloc dental bridge with
two poles and two edentulous between the poles
assimilated as a statically indeterminate beam, at
two ends embedded and with three vertical
forces, by TMM. This method can be
programming easily, rapidly to obtain results. In
the future, experimental results will also be
presented, which are hoped to validate the
theoretical results obtained in this work through
TMM and through the classical calculus with
Clapeyron's three-moment equation.
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small-grit  grinding and  glazing on

Calculul unei punti dentare monobloc cu doi poli si doi dinti lipsa ca o grinda
prin Metoda Matricelor de Transfer

Rezumat: Aceastd lucrare este o continuare a cercetdrilor si calculului pentru o punte dentard. Acum, se studiazd o punte
dentara monobloc, cu doi poli la cele doua capete ale puntii dentare si cu doua edentatii intre cei doi poli. Aceasta punte
dentara monobloc a fost asimilatd cu o grinda static nedeterminatd, care s-a considerat a fi incastrata la nivelul celor doi
poli si cu elemente de agregare corespunzatoare dintilor lipsa, intre cei doi poli. Calculul pentru aceastd punte dentara
monobloc a fost realizat prin Metoda Matricelor de Transfer (MMT), iar validarea rezultatelor s-a facut prin rezolvarea
aceleeasi probleme prin aplicarea ecuatiei celor trei momente a lui Clapeyron. MMT este foarte usor de programat, pentru
a obtine rapid rezultate. In viitor, vor fi prezentate si rezultate experimentale, care se spera si valideze rezultatele teoretice
obtinute 1n aceasta lucrare prin MMT si prin calculul clasic, cu ecuatia celor trei momente a lui Clapeyron.
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