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Abstract: The paper is part of the doctoral thesis of the first author, in which the action of vibrations on an 

operator serving a machine tool during the production process is studied. In this paper, the theoretical 

study of the transmission of vibrations from the machine tool through the operator's feet is carried out, 

which is placed on a pedestal on which there is a rubber mattress. It is considered the vertical vibrations, 

through both legs, up to the abdomen, which summarize them and form together with the upper part of the 

body an undeformable system. In the first part of the paper, the mechanical model of the material system, 

assimilated to the two legs, as well as the mechanical characteristics of the segmental component parts, 

are presented. The mechanical diagram of the system is drawn up in its entirety and on the elements, then 

the system of differential equations is written, which governs the vibratory movement of the material system, 

during the machining process on the machine tool 

Key words: machine tool vibrations, human operator, mechanical model. 

 

1. INTRODUCTION 

 

The study corresponding to this doctoral 

thesis refers to the vertical transmission of 

vibrations through the operator, from the soles 

of the feet, through both feet, to the abdomen, 

which is the part that sums up / cumulates the 

vibrations transmitted through both feet. The 

body segments referred to in this study are: the 

foot, ankle, calf, knee joint, femur, hip joint, 

abdomen – which together with the upper body 

form an assembly assimilated to a rigid solid. 

The study will be carried out on two human 

operators, of medium age, who have experience 

in servicing machine tools with numerical 

control. They were warned that their 

characteristic data will be used in the theoretical 

study of the vibrations action on the body. The 

study will not cause health damage, but will use 

their mechanical characteristics of: shock 

absorber, mass, and spring on the different 

segments of the body. as it will result later. The 

two operators gave their consent for their 

mechanical characteristics to be used. The 

operators are: 

a. A 46-year-old male operator, weighing 83 kg 

and 187cm tall; 

b. A 45-year-old female operator, weighing 78  

kg and 170 cm tall. 

 

2.THE BIOMECHANICAL MODEL OF  

OPERATOR'S FOOT 

 

A human operator, who serves a machine tool 

with numerical control, is required to vibrate, to 

supervise the processing process, being placed 

on an elastic rubber support, positioned in front 

of the machine at a distance appropriate to the 

supervision and in which he can perform his 

tasks [1]. It is positioned on both legs, and the 

vibration is transmitted evenly through them. 

The important load is the vertical one, according 

to the "z" direction of each segment. For the 

theoretical study, each foot is considered 

discretized / segmented into: foot, ankle, calf, 

knee joint, femur, thigh. Vibration is considered, 

from both legs with action on the abdomen, the 

vulnerable mass of the human body, due to the 

internal organs that are found here, but it is 

studied with further transmission, because the 

upper parts of the body are more compact, have 
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much greater possibilities of damping 

vibrations, so for a human operator, the body is 

assimilated to a rigid solid [2], [3]. 

The mechanical system will be characterized 

by six independent coordinates for each leg, so 

there will also be six degrees of freedom for the 

right leg and six degrees of freedom for the left 

leg, to which is added a degree of freedom for 

the body. The two operator's legs are considered 

to have slightly different mechanical 

characteristics, due to the fact that the two 

operators are right-handed. In this way, the 

material system on which the study is carried out 

has 13 degrees of freedom and will be called 

13DEGOFR. (so, 13 DEGrees Of FReedom). 

The mechanical model is represented in figure 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 
Fig. 1. The mechanical model of the 13DEGOFR system, corresponding to the operator
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The meaning of the notations in Figure 1, are 

as follow. 

u – gives the law on the request of the 

mechanical system, assimilated to the human 

body, which serves the machine-tool. The law of 

variation depends on the mass of the operator 

(male or female), on the speed of the main shaft 

of the machine tool during the period of 

operation, but also on the failure of the rubber 

mat at the initial moment, under the weight of 

the operator. The spindle speed n = 10,000 rpm is 

considered. 

z – represents the generalized coordinate of the 

vertical displacement of the element, to which it 

refers; 

0 – is the index of the rubber protection mat, on 

which the operator is positioned during the 

supervision of the processing process. The 

mechanical characteristics of the carpet are:  

 k0 = 310,000 N/m, elasticity constant of 

rubber; 

c0 = 3,900 Ns/m, the damping constant of the 

rubber. 

1 – is the index of the foot of the foot; 

2 – corresponds to the ankle; 

3 – refers to the calf (both the bone and the 

muscle part); 

4 – represents the index of the knee in the 

translational movement; 

5 – is the index of the femur; 

6 – is the hip (haunch); 

7 – the operator's body, which summarizes the 

vibrations transmitted through both legs; 

m – the mass of the element obtained by 

discretizing the real system; 

k – the elasticity constant of the element; 

c – the damping constant of the element; 

B – is the index given to the "male" operator; 

F - is the index given to the "female" operator; 

X – is replaced by F or B, as the case may be; 

S - refers to the left leg; 

D – refers to the right leg of the human operator. 

 

3. DISTRIBUTION OF THE HUMAN 

ORGANISM MASSES / OPERATOR 

 

From the literature [6] the distribution of 

masses is a function of the total mass of the 

organism and its height. Table 1 shows the mass 

distribution of the segmental elements taken in  

the study for the "male" operator and in Table 

2 for the "female" operator. 

 
Table 1 

Mass distribution for the "male" operator 

Crt. 

No. 
Segment Name Mass [kg] Symbol 

1. Foot 0,71 m1B 

2. Ankle 0,49 m2B 

3. Leg (Tibia+fibula) 3,86 m3B 

4. Knee 1,66 m4B 

5. Femur 6,64 m5B 

6. Hip 5,89 m6B 

7. Operator's body 44,50 m7B 

 
Table 2 

Mass distribution for the "female" operator 

Crt. 

No. 
Segment Name Mass [kg] Symbol 

1. Foot 0,67 m1F 

2. Ankle 0,46 m2F 

3. Leg (Tibia+fibula) 3,63 m3F 

4. Knee 1,56 m4F 

5. Femur 6,24 m5F 

6. Hip 5,54 m6F 

7. Operator's body 41,80 m7F 

 

4. MECHANICAL CHARACTERISTICS OF  

OPERATORS, WHO SERVICE THE 

MACHINE TOOL 
 

The study corresponding to this work refers 

to the vertical transmission of vibrations through 

the operator, from the soles of the feet, through 

both feet, to the abdomen, which is the part that 

sums up / cumulates the vibrations transmitted 

through both feet.  

The body segments referred in this study are: 

the foot, ankle, calf, knee joint, femur, hip joint, 

abdomen – which together with the upper body 

form an assembly assimilated to a rigid solid 

(Fig. 1). 

Each segment of the human body, like any 

system in nature located on the face of the earth, 

has the three basic mechanical characteristics: 

mass, shock absorber and spring. Selected from 

the literature [5] the seven segmental elements 

of the human operator's body are presented in the 

following tables. 
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Table 3 

Mechanical characteristics for the "male" operator 

Crt. No 
Characteristic 

name 
Symbol 

Value & U.M. 

Left leg Right leg 

1. 

 

 

 

Element Mass 

m1B 0,71 kg 

2. m2B 0,49 kg 

3. m3B 3,86 kg 

4. m4B 1,66 kg 

5. m5B 6,64 kg 

6. m6B 5,89 kg 

7. m7B 44,50 kg 

8. 

Coefficient of 

elasticity 

k1BS/D 100000 N/m 110000 N/m 

9. k2BS/D 108000 N/m 120000 N/m 

10. k3BS/D 105000 N/m 120000 N/m 

11. k4BS/D 110000 N/m1 120000 N/m 

12. k5BS/D 60000 N/m 50000 N/m 

13. k6BS/D 103000 N/m 105000 N/m 

14. k7B 105000 N/m 

15. 

Depreciation 

coefficient 

c1BS/D 900 Ns/m 850 Ns/m 

16. c2BS/D 1100 Ns/m 1000 Ns/m 

17. c3BS/D 11000 Ns/m 10000 Ns/m 

18. c4BS/D 2300 Ns/m 2200 Ns/m 

19. c5BS/D 1200 Ns/m 1100 Ns/m 

20. c6BS/D 2000 Ns/m 1800 Ns/m 

21. c7B 1600 Ns/m 

 

Table 4 

Mechanical characteristics for the "female" operator 

Crt. No 
Characteristic 

name 
Symbol 

Value & U.M. 

Left leg Right leg 

1. 

 

Element Mass 

m1F 0,67kg 

2. m2F 0,46kg 

3. m3F 3,63kg 

4. m4F 1,56kg 

5. m5F 6,24kg 

6. m6F 5,54 kg 

7. m7F 41,80 kg 

8. 

Coefficient of 

elasticity 

k1FS/D 90000 N/m 110000 N/m 

9. k2FS/D 105000 N/m 120000 N/m 

10. k3FS/D 100000 N/m 120000 N/m 

11. k4FS/D 110000 N/m1 120000 N/m 

12. k5FS/D 60000 N/m 50000 N/m 

13. k6FS/D 100000 N/m 105000 N/m 

14. k7F 105000 N/m 

15. 

Depreciation 

coefficient 

c1FS/D 910 Ns/m 850 Ns/m 

16. c2FS/D 1100 Ns/m 1000 Ns/m 

17. c3FS/D 11500 Ns/m 10000 Ns/m 

18. c4FS/D 2320 Ns/m 2200 Ns/m 

19. c5FS/D 1250 Ns/m 1100 Ns/m 

20. c6FS/D 2000 Ns/m 1800 Ns/m 

21. c7F 1600 Ns/m 

 

4. THE SYSTEM OF DIFFERENTIAL 

EQUATIONS, WHICH GOVERNS THE 

VIBRATORY MOVEMENT OF THE 

MECHANICAL SYSTEM 

The establishment of the system of 

differential equations can be done starting from 

the schema of the mechanical model assimilated 

to the body of the human operator, which 



177 

 

 

supervises the development of the processing 

process [7], [8]. The diagram is shown in Figure 

1, with the operator standing on a protective tyre 

mat that transmits vibrations from the machine 

foundation to the operator. The operator's feet 

are discredited into six distinct segments, each 

of which has mechanical characteristics of mass, 

shock absorber and spring well defined in the 

literature. In the paper they are given in tables 1 – 4. 

 

4.1. Preparatory phase 
 

Each element of the mechanical structure 

shown in Figure 1 shall be isolated and applied 

to it all the active, resistance, inertia, and 

damping forces, applied directly to the element 

under consideration, according to the second 

principle of mechanics.  

The transition from one element of the 

material system to another is made by applying 

the principle of action and reaction. The forces 

are considered positive if they act in the 

direction of increasing the generalized 

coordinate, and they are considered negative if 

they act in the direction of decreasing the 

generalized coordinate, which gives the position 

of the center of the masses of the element. 

 For each generalized coordinate, the element 

is presented charged with all the active, linking, 

inertial forces. The part of component elements 

of the material system are presented in the 

sequence of the following figures. 
 

 

 

 

 

 

 

 
Fig. 2. Loading the left foot from the system 

13DEGOFR 
 

 

 

 

 

 

 

 

 
Fig. 3. Loading the right foot from the system 

13DEGOFR 

 The same will be done for the ankle, calf, 

knees, femur, both for the left and right leg. For 

the left thigh, for the right thigh, as well as for 

the body of the operator, the figures are 

presented by analogy with figure 2 for the left 

leg and by analogy with figure 3 for the right leg. 

Due to the complexity of the vibrational 

activity accumulated in the hip / thigh, the 

mechanical load schemes will be presented, as in 

figure 4 for the left hip and in figure 5 for the 

right hip. 

 

 
 

 

 

 

 

 

 

 
Fig. 4. Loading the hip of the left leg in the system 

13DEGOFR 

 

 

 
 

 

 

 

 

 

 

 
Fig. 5. Loading the hip of the right leg in the system 

13DEGOFR 

 The mechanical load of the operator's body, 

which serves the machine tool during the 

machining process, is shown in Figure 6 and 

summarizes the vibrations transmitted through 

both legs to the abdomen. 

 

4.2. Differential equations governing the 

dynamics of the mechanical system 
13DEGOFR 

 

The representations in Figures 2, 3, 4 and 5 

contain the loads and mechanical diagrams 

related to the concentrated masses (foot and hip) 

of an operator, who serves the machine tool 

during the machining process, with the main 

shaft in the rpm motion, in idle. In this situation, 
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the operator, standing with both feet, is 

positioned on a protective rubber mat and is 

stressed by the sole of the foot by a vibrating 

force, with harmonic variation depending on the 

operator's mass (Mx), the oscillation pulsation 

(ω) due to the rotational movement of the main 

shaft of the machine and the initial failure of the 

rubber mat under the weight of the operator. 

 The law of motion of the point of stress to 

vibrations of the organism is symmetrical with 

respect to the two legs and presents the law: 

� = �(�) = ������ sin(��)                  (1) 

In which MX is the mass of an operator.

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 6. Loading of the operator's body in the 13DEGOFR system due to the stress of vibrations through the 

feet, when supervising the cutting process of a machine tool  
 

The elaboration of the system of differential 

equations, which governs the transmission of 

vibrations through the operator's legs to the 

abdomen (body), is done by applying principle 

II of the mechanics of each body segment, 

according to the representations in figures 2 - 6. 

Thus, from figure 2, it follows: 
 

���� ��	 = �(�)/2 + )zz(k XS1X0X0 − +���(���� − ����	) 

- )zz(k XS2XS1XS1 − -���	(����	 − ����	)      (2) 

 

and represents the differential equation in the 

dynamics of the operator's left foot. From figure 

3, it follows: 
 

���� ��� = �(�)/2 + )zz(k XD1X0X0 − +���(���� − �����) 

- )zz(k XD2XD1XD1 − -����(����� − �����)      (3) 

 

It is the differential equation of the operator's 

right foot.  From figures analogous to figures 2 

and 3 can be made of the ankle, the calf. knee, 

femur for both the left and right legs. The 

relationship corresponding to each element will 

be explained. 
 

���� ��	 = )zz(k XS2XS1XS1 − + �#$%(����	 − ����	) −

)zz(k XS3XS2XS2 − − ��$%(����	 − ��&�	)        (4) 

 

containing the differential equation of the ankle 

of the left foot. 

 

���� ��� = )zz(k XD2XD1XD1 − + �#$((����� − �����) −

)zz(k XD3XD2XD2 − − ��$((����� − ��&��)     (5) 

 

establishes the differential equation of the ankle 

of the right foot. 

 

�&�� &�	 = )zz(k XS3XS2XS2 − + ��$%(��2)* −

��3)*) − )zz(k XS4XS3XS3 − − �,$%(��3)* −

��4)*)        (6) 

 

has the differential equation of the calf of the left 

foot. 

 

�&�� &�� = )zz(k XD3XD2XD2 − + ����(����� − ��&��) −

)zz(k XD4XD3XD3 − − �&��(��&�� − ��.��)       (7) 

 

This is what the differential equation of the calf 

of the right foot looks like. 
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�.�� .�	 = )zz(k XS4XS3XS3 − + �3)*(��3)* −

��4)*) − )zz(k XS5XS4XS4 − − �4)*(��4)* − ��5)*)    (8) 

 

with the differential equation of the knee of the 

left leg. 

�.�� .�� = )zz(k XD4XD3XD3 − + �3)0(��3)0 −

��4)0) − )zz(k XD5XD4XD4 − −  �4)0(��4)0 −

��5)0)   (9) 

 

It is the differential equation of the knee of the 

right foot. 

 

���� ��	 = )zz(k XS5XS4XS4 − + �4)*(��4)* −

��5)*) − )zz(k XS6XS5XS5 − − �5)*(��5)* −

��6)*)    (10) 

 

This is how the femur of the left leg will move 

under the action of vibrations. 

 

���� ��� = )zz(k XD5XD4XD4 − + �4)0(��4)0 −

��5)0) − )zz(k XD6XD5XD5 − − �5)0(��5)0 −

��6)0)  (11) 

 

The right femur responds to this law. 

 

���� ��	 = )zz(k XS6XS5XS5 − + ���	(����	 − ����	)

− )zz(k X7XS6XS6 −
− ���	(����� − ����) + 

+���(���	 − ���) + ���(����	 − ����)         (12) 

 

The left hip responds to this request. 

 

���� ��� = )zz(k XD6XD5XD5 − + �5)0(��5)0 −

��6)0) − )zz(k X7XD6XD6 − − �6)0(��6)0 − ��7)) +

               +�7)(�6)0 − �7)) + �7)(��6)0 − ��7))    

      (13) 

 

And the right hip responds to the requests, 

according to the differential equation in relation 

(13). 

 

���� �� = + )zz(k X7XS6XS6 − + �6)*(��5)* −

��7)) + )zz(k X7XD6XD6 − + �6)0(��6)0 − ��7)) +

+�7)(�6)* − �7)) + �7)(��6)* − ��7)) +���(���� −

���) + ���(����� − ����)           (14) 

 

The relation (14) contains the law of motion 

of the center of mass of the body of the operator 

subjected to the action of vibrations, produced 

by the machine-tool in the motion of the regime. 

 The relations (2) – (14) together form a 

system of 13 differential equations of the second 

order, in the generalized coordinates of the 

operator's feet discretized into six distinct 

segments, for which the mechanical 

characteristics of each segment are known, as 

well as the position of the center of mass. 

 

5. CONCLUSIONS  

 

 This paper studies the action of vibrations, 

which act on the operator, who serves a machine 

tool, with numerical control during the 

production process. 

 The study is carried out in several stages: 

1. The mechanical diagram of the material 

system assimilated to the operator's feet, 

which serves the machine tool, is drawn 

up in sequence: foot, ankle, calf, knee, 

femur.  

2. The movement is transmitted through both 

legs, from the sole of the foot to the hip / 

thigh. 

3. The upper part of the body sums up the 

vibrations transmitted through the legs; 

the entrance being made in the abdomen. 

4. The abdomen together with the upper part of 

the body is considered to form a rigid 

solid, which reacts to the vibrations 

transmitted. 

5. It is considered, from the specialized 

literature, the mechanical characteristics 

of each part of the system, with their 

differentiation on the left leg and the 

right leg, because the operators are right-

handed. 

6. The mechanical diagrams of the elements of 

the system are made, applying the 

principles of mechanics. 

7. The differential equations of the component 

elements of the material system are 

written, which will form a differential 

system of the second order in the 13 

generalized coordinates, corresponding 

to the vertical translations of the 

elements of the material system, under 

the action of the vibrations of the 

machine tool. 
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8. The paper contributes to the study of 

vibrations acting on the operator, who 

serves a numerically controlled machine 

tool, without causing health damage to 

the human body during processing. 
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Studiul vibrațiilor mecanice produse de o mașină-unealtă asupra unui operator uman, care o 

servește. Partea I: caracteristici mecanice ale operatorului si sistemul ecuatiilor diferentiale 

 

Rezumat: Lucrarea este parte a tezei de doctorat a primului autor, in care se studieaza actiunea 

vibratiilor asupra unui operator, ce deserveste o masina-unelta in timpul procesului de productie. In 

aceasta lucrare se realizeaza studiul teoretic al transmiterii vibratiilor de la masina-unealta prin picioarele 

operatorului, care este asezat la local de nunca pe un postament, pe care se gaseste o saltea de cauciuc. 

Se considera vibratiile verticale, prin ambele picioare, pana la abdomen, care le insumeaza si formeaza 

impreuna cu partea superioara a corpului un sistem indeformabil. In prima parte a lucrarii se prezinta 

modelul mecanic al sistemului material, asimilat celor doua picioare, cu caracteristicile mecanice ale 

partilor componente segmentare. Se intocmeste schema mecanica a sistemului in totalitate si pe elemente, 

apoi se intocmeste sistemul ecuatiilor diferentiale, care guverveaza miscarea vibratorie a sistemului 

material, in timpulș procesului de prelucrare pe masina-unealta 

Cuvinte cheie: vibratiile masinii-unelte, operator uman, model mecanic, sistemul ecuatiilor diferentiale. 
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