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THE GEOMETRIC MODEL OF THE
TRTTRR1 MODULAR SERIAL ROBOT
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Abstract: The structure of the paper has three parts: a theoretical approach, the geometric model of the
TRTTRR1 modular serial robot and conclusions, followed by a reference list. After a general presentation
of the geometrical modeling of robots, the rotation matrices method is mentioned. A brief description of
the mechanical structure of TRTTRRI modular serial robot is then performed and the algorithm for
direct modeling is presented in detail, after that, for the above mentioned robot. The column vector of the
operational coordinates, defining the position and the orientation of the robot’s gripper is determined,

with respect to the fixed frame.
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1. THEORETICAL APPROACH

The fundamental equations for the direct and
inverse geometric model, according to [1] and
[2] can be written as:

X" =1(q) (1)

g=/'(x"), @)
where f represents the linear operator of direct
transformation of the column vector g into X°
and f~' is a non-linear inverse transformation

operator of the vector X’ into the vector 7 .

The problem of direct geometric modeling
(DGM) can be solved in one of the following
methods: the vector method, the method of
rotation matrices, the method of PG-type
composite operators, the method of Denavit-
Hartenberg composite operators, the method of
exponential matrices.

The inverse geometrical model (IGM) is
mathematically expressed by the relation (2). In
the case of inverse modeling, the position of the
gripper with respect to the fixed frame (7)) is
assumed to be known and the column vector ¢

of the generalized coordinates is determined,
containing the geometric control function from
each driving joint k (k = 1+n) of the robot. For a
given robot, the number (k) of the degrees of

freedom (DOF) is constant, but the number (m)
of the operational coordinates can be a variable,
but it does not exceed the number of the
generalized coordinates. From this reason, in
order to achieve the geometric control, the
condition m < k must be ensured.

The system of equations (2) from the inverse
geometric model is generally a system of non-
linear and transcendental equations, which in
some cases can be solved by algebraic or
geometric methods.

1.1 The Rotation Matrices Method

A convenient method, with the view of the
matrix calculus, is the rotation matrices method
[1], [3], which uses 3%3 rotation matrices and
3x1 position vectors in order to obtain the
geometric model of the transformations from an
element sequence (k—1, k).

The figure 1 depicts the mechanical structure
of a serial robot with (n) DOF, having an open
kinematic chain. The mechanical structure of
the robot consists in (n+1) rigid elements linked
together through () kinematic joints of rotation
(R) or translation (T). A reference mobile frame
(T%) is attached to the origin of each element &
(k = 1+n), and at the robot base, at a point Oy
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belonging to its frame, the fixed frame (7)) is
attached.

Fig. 1. The kinematic structure of a robot with » DOF

The DGM, according to [2], assumes that
the robot mechanical structure is situated into a
known configuration, represented by the vector
g of the generalized coordinates.

The position of the frame (73,), rigidly linked
to the gripper, with respect to the frame (7p),
can be determined as:

- the position O, of the frame (7,) is
determined by the vector p, =[p]’;
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- the orientation of each axis of the frame (7},
with respect to the frame (7)) is determined

using the rotation matrix [R] "

Successive iterations are used to solve the
DGM problem. The column vector of the
operational coordinates is determined as:

XP=[p. p, p. 0. B.7,J =

:[fj (qk,k:l+n),j:l+6]T.

The equation (3) defines the position of the
gripper with respect to the base frame (7))
through the coordinates p , p,, p, of a point

€)

belonging to the gripper and by the elements
a.,B,,v, of the rotation matrix R, defining the

orientation.

2. THE GEOMETRIC MODEL OF THE
TRTTRR1 MODULAR SERIAL ROBOT

2.1 The Mechanical Structure
TRTTRR1 Modular Serial Robot

The 6-DOF robot presented in fig. 2 has a
kinematic structure consisting in six modules, a
fixed base and a gripper.

of the

Fig. 2. The kinematic structure of the TRTTRR1 modular serial industrial robot



The module 1 represents the horizontal
translation module of the entire robot; the
module 2 is the rotation module of the robot
arm; the module 3 is the vertical translation
module. The module 4 represents the horizontal
translation module of the robot arm; the
modules 5 and 6 make together the orientation
module of the gripper 7.

The figure 2 contains the following
notations: /, - the constructive parameters of

the robot (i = 1+7) and ¢, - the generalized
coordinates (k = 1+6).

2.2 The Direct Geometric Model of the
TRTTRR1 Modular Serial Robot Using the
Rotation Matrices Method

The orientation matrices expressing the
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1 0 0
[R]g:R(xs;‘Is): 0 cqs —sq;s ®)
0 sq5 cqs
cqs 0 sqq
[Rl:=[¥as]=| 0 1 0 ©)
-s5qs 0 cq,
1 00
[RIé=1,=|0 1 0 (10)
00 1

The relative position vectors of the origins
O; of the frames Oxyz, (i=0+7) with

respect to the previous frame have the
following matrix expressions:

relative orientation of each frame with respect 0
to the previous frame are the following: [ ] =1, +q1 : [r]l 0 (11)
1 00
[,
[RI°=7,=|0 1 0 4)
00 1 0 ly+4,
cq, —sq, 0O [FE: 0 [ ]431: 0 > (12)
[RL=RE:q)=sq; eq, 0] O 1, +4q, L
_ 0 (2 : 15 Z6 Z7
1 00 —74 =15 6
= O 5 = O N = 13
S S I Fli=| o | [71i=] ol: [7li=| 0 | 013
P 0 0 0
0 0 1)
(1 0 0] .
s_rlo 1 o (7) According to [4] and [5], the absolute
[RLi= 1, = rotation matrices, expressing the orientation of
00 1] each mobile frame with respect to the fixed
frame are obtained with the following relations:
[1 0 0][cqg, —sq, O] [cqg, —sq, O]
[R]g= [R]? [R]lz 0 I Of|sq, cg, Of=|sq, ¢q, O (14)
10 0 1 0 1] [0 0 |
fcq, —sq, O][1 0 0] [cq, —sq, O]
[R]g= [R](z)'[RE: sq, ¢q, 010 1 Of=|sq, ¢q, O (15)
| O 0 1/{0 0 1] | O 0 1
(cq, —sq, O][1 0 0] [cq, —sq, O
[RE: [R]g' [R]i: sq, ¢q, 0|0 =|sq, c¢q, O (16)
| 0 0 1/{0 0 1] | O 0 |
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cq, —sq, 0|1 0 0 Cq, —89,¢q4s 54,59
[RI=[R]%-[R]i=|sq, cq, O[]0 cq; —sq5|=|sq, cqreqs —cq,sqs (17)
0 0 1]]0 sq; cgs 0 5q cqs
cq, —5G,¢qs 59,595 || cqs 0 s5qg
[Re=[R]¢[RIi=| 59, cqrcqs  —cqrsqs || O 1 0 |=
] 0 845 cqs —-sqs 0 cqq (18)
€q,Cqs —59,59559s —59,C4s €q,5q T 54,595Cq
=|59,¢q +€4,5955q9s  €4,¢qs 54,59 —C4,595Cq; |5
—Cqs55q, 545 €qsCq;
Cq,Cqs —54259559s  —54,¢qs 4,595 +59,595¢q | |1 0 0
[R9=[R]¢: [RI5=| sqxcqs +cq,5q5595  cqreqs  5G,5q, —cq5qseqq |-|0 1 0 |=
— 4559 Sqs €qs5Cq, 0 0 1 (19)
€q,Cqs = 59,5955  —5q,Cqs  €q,59s T 5G,595¢q
=|59,¢q¢ +€4,5q9559s  C4,Cqs 4,595 —Cq,5q5C] |-
— 4559, 595 €459,
According to [6], the set of orientation The set of orientation independent

independent  parameters are

(., B> 7,)
determined by identifying the elements (2, 2), (3,
2) and (3, 3) from the matrix relation (19) with
the homologous ones from the relation (20):

Rlo, -B, -v,)= (3)

parameters (a._,B,,v,) are described in the

relation:

[az B, Yy]T:[‘h qs Q6]T (21)

The matrix equations below, known as the

—sousB.sy, +coey, —socB,  sosB.ey, +cosy, relative translation vectors, are used to express
cosB.sy, +sa.cy,  cacB, —casP.cy, +sasy, the position of each frame origin with respect to
—cB,sy, B, By, the previous frame:
0 1 0 olfo] [o
5l =[FI'=14 +4 |5 [p, =[RI“[F.=|0 1 o||o|=]0]: (22)
0 00 1]|4] |4
cqg, —sq, O 0 0
— 0 [—= 2
[P]32 = [R]z'[r]3 =|sq, c¢q, 0| 0 = 0 ’ (23)
0 0 1|1, +gq, l, +q,
cq, —sq, 0|l +q, (14 +4q, )c‘b
[Pl =[RE[L =50, eq, O 0 |=|(l;+q.)sq, |; (24)
0 0 1 [ A
cq, —sq, 0| lscq,
[1_9]54 = [R]g'[f]: =1sq, cq, O0]|0|=|lsq, |; (25)
0 0 1]]10] 0
¢4, —584,¢qs 54,59 1 lg lscq,
[1_7]65 = [R]g'[F]Z =15q, ¢q,cqs —cq,y5qs || 0 |=|lsq, | (26)
0 8¢ cqs | 0 0
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€q,Cqs —5G,5955qs  —SG,Cqs 4,544 + 54,5954 | | L
[ﬁ]m = [R](;'[f]g =159,¢q5 +€q,5q554s  €4,Cqs  59,5q5 —C4,5G5¢q; || O
— 4559, 895 €4s¢qs 0
(cq2cq —59,5q559, )1,
= (S(Ichs +¢4,54559 )l7 .
—¢q559l;

The relations (22) — (27) are used to obtain the origin position of each frame with respect to the
fixed frame O,x,y,z, from the robot base. It can be written that:

27)

0 0 0 0
[1_7]1=[ﬁ]10: ly+4q, |; [13]2:[_5]14'[13]21: ly+q, |+|0|=1+q, | (28)
0 0 [ [,
0 0 0
[5]3 = [Z’]z +[1_7]32 =l +q, |+| O =l lL+q | (29)
/i I, +4q, L +1,+4q,
0 (l4 +Q4)c% (Z4 +Q4)c%
[1_7]4 = [1_7]3 +[l_7]43 =| l+q |+ (14 +Q4)SQ2 =11, +4¢, +(l4 +Q4)S‘b ; (30)
L +1,+q, I L+, +1 +q,
(l4 + ‘h)c% | _lsc%_ (l4 +ls+ ‘h)c%
[ﬁ]s = []_7]4 +[1_7]54 =1l +q, +(l4 +4, )S% +| lssq, |=| 1, +4, +(l4 +ls+q, )S% ; (3D
L+, +1 +q, 0 | L+, +1; +q,
(14 +1s +Q4)C(I2 | _lﬁc%_ (14 +ls+lg+q, )C%
[ﬁ]b :[ﬁ]5+[ﬁ]65 = lo+q1+(l4+ls+Q4)SQ2 +| lgsq, | = lo+Q1+(l4+ls+lﬁ+Q4)S% ;(32)
L+, +1+q, 1L 0 ] L+, +1; +q,
(l4 +ls+lg+q, )C% (C%C% —59,59559 )17
[1_7]7 = [1_7]6 + [1_7]76 =l +4q +(l4 +ls+1g +Q4)SQ2 + (S%C% +CQ2SC]5S‘]6)I7 =
L+l +1+4q; —¢qs5ql;

(33)
(14 +s+1 +Q4)c% +(C%Cq6 _3%5%3%)17

=1, +4q, +(Z4 +ls+1 +Q4)SQ2 +(SQ2C% +CQ2SQSSQ6)I7 .
L +1, + 15+ g5 —cqssqql,
The column vector of the operational coordinates defining the robot gripper position with respect
to the fixed frame, by the coordinates p, , p,,p. of a point of it and its orientation by the

elements a_, B, v, of the matrix R, are expressed as a matrix, by the relation:

P, i (l4 +1+1g +Q4)C‘]2 +(C‘]2C% —5¢,54554 )l7
py, Iy +4q, +(l4 +i5+1 +‘I4)SQ2 +(Sch‘]6 +CQ2S‘]5SQ6)I7
[)?]0 _ P, _ L+1 +1+q5 —cqssqql, _ (34)
o, q,
B, qs
LYy ] L s |
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3. CONCLUSIONS

The robot constructive parameters and the
generalized coordinates are necessary to
determine the geometric model of a robot.

Having the orientation matrices expressing
the relative orientation of each frame with
respect to the previous frame as well as the
relative position vectors, after taking some
steps, the position and orientation of the robot
gripper with respect to the fixed frame can be
determined.

The DGM defines the position and
orientation of the gripper, expressed by the
coordinates of the characteristic points and by
the orientation of the gripper about this point.
The results obtained in this paper, according to
[2], [4], [5], [7], are further used in the
kinematic and dynamic modeling of the
TRTTRR1 modular serial robot. They can also
be used in the determination of the gripper
characteristic point trajectory.
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Modelul geometric al robotului serial modular TRTTRR1

Rezumat:. Lucrarea este structurata pe trei parti: consideratii teoretice, modelarea geometrica a robotului
serial modular TRTTRRI si concluzii, succedate de o lista bibliografica. Dupéd o prezentare generala a
modelarii geometrice a robotilor se fac referiri la metoda matricelor de rotatie. Se efectueaza apoi o
descriere a structurii mecanice a robotului serial modular TRTTRR1, dupa care este prezentat in detaliu
algoritmul modelului geometric direct pentru robotul mentionat. Se determina astfel vectorul coloana al
coordonatelor operationale care definesc pozitia dispozitivului de prehensiune al robotului in raport cu

sistemul de referinta fix §i orientarea acestuia.

Virgil ISPAS, reader dr. eng, Technical University of Cluj-Napoca, Department of Design
Engineering and Robotics, B-dul Muncii, No.103-105, Cluj-Napoca.

Ramona-Maria GUI (LUNG), dr. eng.,

Tehnomat Inginerie Industriala SRL,

e-mail:

guiramona@yahoo.com, phone: +40751884789, P-ta 1 Mai, No. 1-3, Cluj-Napoca.
Viorel ISPAS, prof. dr. eng, Technical University of Cluj-Napoca, Department of Mechanical
System Engineering, e-mail: ispasviorel@yahoo.com, phone: +40264428506, B-dul Muncii,

No.103-105, Cluj-Napoca.

Ovidiu-Aurelian DETESAN, reader dr. eng, Technical University of Cluj-Napoca, Department
of Mechanical System Engineering, e-mail: ovidiudetesan@yahoo.com, phone: +40264401667,

B-dul Muncii, No.103-105, Cluj-Napoca.



