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MASS DISTRIBUTION IN ANALYTICAL DYNAMICS OF SYSTEMS
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Abstract: In the case of the multibody systems (MBS), as example the mechanical robot structure, a few simplifying
hypotheses, referring to mass properties, are implemented. According to these, the mass properties are continuously
distributed between the fixed basis and the last kinetic ensemble from mechanical structure. As a result, in the
dynamical study of MBS, the author of the paper has introduced the phrase “mass distribution” instead of mass
geometry, typically too rigid solid. Mass distribution is based on the mass as fundamental notions in analytical
dynamics of systems. At its turn, mass together with energy highlight the matter notion. But, mass is also highlighted by
means of the two properties: gravitation and inertia. According to fundamental theorems from Newtonian dynamics, in
the case of the translation motion the inertia property is highlighted by mass and position of the mass center. In the
case of the resultant rotation motion the inertia property is characterized by mechanical moments of inertia and
extension of these properties, known as inertial tensors and pseudoinertial tensors. Their matrix expressions are
compulsory included in the dynamical notions like: kinetic energy, acceleration energy, angular momentum and their
time derivatives according to differential equations of higher order, typically to analytical dynamics of systems.

Key words: analytical dynamics, mechanics, mass distribution, dynamics equations.

1. INTRODUCTION

The multibody systems (MBS), and as
result the mechanical robot structure, are
characterized through the mass properties
continuously distributed between the fixed basis
and the last kinetic ensemble from mechanical
structure [2] and [3]. Consequently, the author of
the paper has introduced, in the dynamical study,
the phrase “mass distribution” instead of mass
geometry, typically too rigid body. Physically,
mass distribution (MD) is based on the mass. At
its turn, mass and energy highlight the matter
notion. But, mass, as fundamental notion in
analytical dynamics, is also highlighted by
means of the two properties: gravitation and
inertia. According to fundamental theorems
from Newtonian dynamics, in the case of the
translation motion the inertia is highlighted by
mass and position of the mass center. In the case
of the resultant rotation motion the inertia
property is characterized by mechanical
moments of inertia (Leonard Euler, 1758 year)
and extension of these properties, known as
inertial tensor and pseudoinertial tensor [2] and
[8]. Their matrix expressions are compulsory

included in the dynamical notions like: angular
momentum, Kinetic energy, acceleration energy
of higher order, as well as their time derivatives,
according to differential equations of higher
order, typically to analytical dynamics [1] - [9].
In this paper, using the author researches,
the properties of mass distribution (MD - type)
will be developed [2] - [8]. In view of this, a
few simplifying hypotheses are compulsory
applied. So, every kinetic ensemble, belonging
to MBS, is considered a rigid body, see Fig.1.

Ensemble (i)

Fig.1 Kinetic Ensemble from MBS
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In the same time, MD — type properties are
based on mass and geometrical integrals. These
can be applied, in exclusivity, in the case of the
homogeneous bodies with a simple or regular
geometrical shape. But, any homogeneous body
is characterized by the constant density in the
infinity of elementary mass (dm) continuous

distributed inside of its geometrical shape:
dm={p,-dV; p,-dA; p, -dL}. (1)
According to set (1), mass(dm) and density are

functions of geometry of the homogeneous body.
Usually, every kinetic ensemble is a compound
body with non-regular geometrical shape, for
which mass integrals cannot be applied. As
example, the kinetic ensemble i=1—n (Fig. 1)
belonging to MBS is considered. Its
geometrical shape shows as Fig. 2 and Fig.3.

Fig.3 Kinetic Ensemble discomposed

As a result of the above aspects, every kinetic
ensemble i=71—n is discomposed in a finite
number of homogeneous bodies with a simple
or regular geometrical shape, symbolized:
(/)e (i), j=1—p;, and p, € N(natural numbers) .
On the basis of the above considerations and the
formulations of the author, in this paper the MD
— type properties will be develop: mass and
position of the mass center, mechanical
moments of inertia (axial, planar, polar and
centrifugal moments of inertia), inertial tensor
and its generalized variation law, pseudo inertial
tensor, as well as the algorithm of the mass
properties corresponding to MBS. Among of
these, inertial tensor is a squared matrix of the
mechanical moments of inertia, while the
pseudoinertial tensor is a squared matrix of mass
moments of zero, first and second order [2].

2. MASS. POSITION of MASS CENTER

Considering the geometrical and mass
aspects from the first section, for define mass
and position of the mass center corresponding
to a kinetic ensemblei=1-—n, in the first step
this is divided in j=1— p, homogeneous body
(j)e (i) with a simple geometrical shape [2].
So, for beginning mass and position of the mass
center is determined for every homogeneous
body (j)e (i), represented as example in Fig. 4.

Fig. 4 Homogeneous Body (j)e (/)

To this body is attached a Cartesian frame{;},

and then is discomposed in infinity of
elementary mass (dm) continuous distributed

inside of its geometrical shape. One out of these
is positioned through ’Tj . The total mass is:

m; = J‘dm ; (2)
where (dm) is substituted by (1) in function of

geometry of the body. According to [2] and [4],
the position of the mass center is defined with:
. IT-dm
'k, = I — 3)
j mj

But, the position of the mass center C; must be

determined to frames {i} or {0} corresponding

to kinematical structure of MBS. As a result,
the expressions are written below as follows:

(0)i— _ (0)i— , (0)i i~ .
e, ="+ ,-[R]'jrc,’ “4)

Oz oy [F
CEmE e



where sometimes {/} ., ={/} , is recommended.

”[R]and /(7]
expresses the rotation and respectively locating
matrix between frames {;} and {i} or{0} (Fig.4).
When the above expressions (2), (3), (4) or (5)
are applied for all bodies j=1— p;, then mass

and position of the mass center of the kinetic
ensemblei=1-—n will be determined below as:

According to [2], the symbol:(

Mi:Z;O-f'm/' > (6)

where o :{(;,_je i);(0; jei)}; (7
io-i ' (0)”’@ m

(O)ifcf — J=t m , (8)

r?}=fﬂl®?}- ©)

Expression (6) is devoted to establishment the
total mass of the kinetic ensemble, while (8) or
(9) is corresponding to position of mass center.

3. INERTIAL TENSOR for RIGID BODY

When the kinetic ensemblei=71—n, from
MBS, is characterized by the resultant rotation
motion, then the inertia property is highlighted
by mechanical moments of inertia and extension
of these properties, known as inertial tensor and
pseudoinertial tensor [2] - [4]. Similarly with the
previous section, for beginning the above inertia
properties will be determined in the case to

every homogeneous body (j)e (i), example Fig.5.

(/)

Fig. 5 Homogeneous Body (j)e (/)
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Every homogeneous body (j)e (i) was analyzed

from view point of the mass (2) and position of
the mass center (3), (4) or (5). As a result, mass
m; and mass center C; are well defined. In

keeping with Fig.5, mass center C; is the origin
for three concurrent frames, below presented:
6= {7 =Htoe {0} ={0he) - (10

Considering the formulations of the author, a
few symbols and notations are implemented:

u _{X y/’ /}’ / {y/’ /’ /} W { /’ /y/}(ll)
(12)

o (13)

; (14)

where (11) are Cartesian coordinates or axes,
while (12), (13) and (14) are the unit vectors
between frames {;} and {i} or{0}, respectively
between {i} or{0} and {j}. On the basis of the

above notations, the rotation matrix is written:

%)
VRI=[O%, @, ©F]=| T, | a5
Zio)|
(0)i717l'
(0);[R]T: :Z;Z’: :[17;(0) j7i(o) jEi(O):' (16)
j

The body (j)e (i) is discomposed in infinity of
elementary mass (dm) continuous distributed

inside of its geometrical shape. According to
Fig. 5, one out of these is positioned through:

j—3% % [ % T
=y g (17)
and obviously there are J.(o)(')jfj* .dm=0, (18)

, OVF . dm
aswellas ' =J.—]; (19)
j m.
i
(0)/—‘* [R] ]F* j _ [R] /—* (20)

where (17) and (20) are the position to frames:
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{t{iry{ofec

Expression (20) is rewritten below as follows:

(0)i , 5T
X; Xi(0)
0)i * j— j—s
Oy =170 |77 1)
(O)fz* jfT

J i(0)
Another notation, compulsory applied in this
study, is the skew symmetric matrix associated

to position vector (17), as well its transpose:

0 -z; Jy;
[Tx)= 20 g @
—jyj jx}'f 0
(oo =7 e

Whereas the inertia properties must defined to
{i} or{0} , elementary mass is also positioned as:

(0)/Fj _ (o)iFCj " (0); [R] ]Tj* : (24)

*lIR]

(0)i [T]=| ¢
o),

o | IRT o]
(0)’ [T]T — I (31) , (26)
) (O)I'FT 1
C

et

where (27) with (25) shows the position of
elementary mass in homogeneous coordinates.
Since every homogeneous body (j)e (i) is

(25)

considered with simple geometrical shape, the
mass and geometrical integrals are applied as:

{ Uy = [ (24 wiE) dm } (29)
T :Ifu}“ Jvidm; I, :jfu72~dm .

So, axial, centrifugal and planar mechanical
moments of inertia with respect to {j}eC; are
known, and they are included in the next set:

{Jl*' jluvy luu, where j—1%pl’ (j) (I)} : (30)

Considering the author formulations, in the next
step must be determined axial, centrifugal and
planar mechanical moments of inertia with

respect to{{i*}; {0*}} e C;, according to set:

{(o)il}ku’. (0)i/7uvf (0)i /Nu’ where j=1-p,; (j)e (i )} (31)

The moment of inertia is a mass integral, [2] - [9].
It is applied on the product between mass (dm)

and the squared distance to an axis or plane, thus:
(O)II;ku :-“5*2 .dm= I( i *2 0)i *2) dm
(0)iy :I(O)IU* (0 )v -dm: )Ijuu _I( )’ujz-dm

juv

(32)

The distance from mass (dm) to an axis having

as unit vector ’u (see Fig. 5) is determined as:

, (33)

Ju J

5 - \fu() (7

8 =("o) ' )T (/g <77 ) =

Ju

o s e T i—
=fu1{0)~[’rj XJ'[Ir/‘ X] ']UI(O)

As a result, considering (32) and (34), axial

mechanical moment of inertia is defined thus:

(0)il;<u — J‘é‘;lZ .dm =

i—7 s e T o
= ’ui(o).{j[frj X:|-|:][}. x} .dm}-’u,(o)
But, the mechanical moments of inertia, from

(32), can be obtained on basis of coordinates
included in the transfer matrix expression (21):

(34)

(35)

j l{ 0]
(O)fv}k _ jvi-l(-O) . jrj* : (36)
(o)le — jWiT(o) ij*
(0)iu;<2 - jUiT(O) . jrj* . ij*T . jU/(o)
(0)iv;<2 _ jviT(O) A ’V,-(o) . (37
(O)fW}kZ — jV_V,‘T(o) i, /rj*r . /W,.(O)

The squared distance from mass (dm) to the
mass center C; is characterized by expression:

(O 2, (O 52 (O, 2 _
Oﬁ’_f )‘./i TN (38)
_( lr}.* ( r j[}.* -j[}.*

The matrix (3x3), from (37), is identical with:

N . e T
TR =T ] <] (39)
Substituting (39) in (37), expressions become:

(0)/u;<2 zjr*T ]F* 20
Iy [T T X]T']Ufw) -

(O)I %2

{ e } @)
~Vio) '[JTJ* XN A XJT o ’

i T =
R



(0)iW>i‘<2 — jF*T . jF* _
j i
;o (42)
i—T i— i T ._ s (
o) [T xLTx] g

(0 )IV*Z n (0 )/ %2 (o)iF*T . (0)/F* __(0)i *2
igT fj—* Jj'_* Tj o - (43)
=Tt [T <] [T <] T —5

Therefore, using either (34) or (43), the axial
mechanical moment of inertia (35) is rewritten:

P . AT i
O, =8 T <[ ] om)- - a4
Mass integral from (35) or (44) is symbolized:

4= [U7 > 7] dn-
o, -
_J'/;‘X J'/;y _/'I;Z
ey i

zX zy z

; (45)

y; +'z

h=( )-dm
j(z +Ix;)-dm ¢,
L=](x+ )

(46)

x+yj dm

_J'/X* ) /yj .dm

j Y- I z;-dm

I, _J. Z;-7x; -dm

In the matrix (45), the main diagonal contains

(46) named axial moments of inertia, while

symmetrically and negative to main diagonal are
(47) known as centrifugal moments of inertia.

So, according to [2], [3] and [4], the matrix of

inertia moments (45) is known as inertial tensor

axial and centrifugal of the body (j)e (i) with

47)

respect to {;} applied in the mass centerC; .

Considering the inertial tensor, symbolized
by (45), the axial mechanical moment of inertia

with respect to{{i*},' {0*}} e C; is determined as:

0)i i—T % j—
( ),Iju = ]Ui(o) ) ]Ij ']Ui(o) (48)
0)i px
( )’Ijx
D/ag[ u={xy; z}} = O =
(3x3) (O)I'I*
jz
ivT
Xi(o)

- ?;;"’39 jyiT(o) "’7'[’% j}7,-(o) ’7,-(0)] ;(49)
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Diag j}7,-T(0) 'j’}k'[jyi(o) ]7,'(0) jfi(o)} =
(3%3) (50)

/fT

i(0)

_Nianl @irp1 Jpx ©irprT
~0iag{ "} [R]- /- “}[RT}
Using (31) and (32), in the following the
centrifugal moment of inertia is determined as:

(O)Il* — J' (O)Iu>i< . V .dm = 5
=7uy 'Ijr-*-’r. dm- v | GD
i) i)

The matrix (3x3), defined by (39) is rewritten:
j—% =% j—* j—* j—* j—* T
U A A IR CE

This is substituted in (51), and it changes thus:

0)i px j—+T  j—x j—T j—
( )Iljuv =J'[1rj .Jrj 'j“i(o)']Vi(O)_

a0 [ 535 %] W }'d’” ’

i—T j—s j— T —
"”fw)'{f[jrf x5 %] 'dm}"’fw): - (54)
i—T = 0)i ’
:_juizo) : ]Ij : jVi(o) = )Ijuv

(33)

where (45) was substituted. Considering (15)
and (16), centrifugal moments of inertia become:

0)i = 0)ip*
- ),ljxy - ),,sz
0)ip* 0)ip*
_( )I,jyx _( ),,jyz =
0)i = 0)i =
- )I,jzx - ),ljzy
- . (55)
Xio)
—T i j— j— f=
= 'Y,-(o) 'I// '[le(o) jyi(O) IZI(O):|_
'z},
—Dia wu={x;y;z
(3><3g|: o { y }:|
(0)i = (0)i =
- Ijxy - IjXZ
0)iy* (0)i =
- ijx - ijz
(0)i = (0)i =
~ O @ (56)

(0)i[R] jl* (0)i[R]T_
D/ag{(o [R1- 717 [RT }

(3x3)

So, (50) and (56) are included in the matrix of
axial and centrifugal moments of inertia thus:

(O)il;f _ J‘[(O)'Tj* X].[(O)’Tj* x}T am =

(0)i i (0)ir T
= j[R]']lj' j[R]

(57)
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)i (0)i e (0)ip T
( ),If = j[R]'jIj ' j[R] =
jx jxy jxz
. . . (58)
_ (0)i p= (0)iy* (0)i y*
- Ifyx Ify Ifyz
(0)i p= (0)i y= (0)i p=
- Ijzx - Ijzy IjZ

The matrix (57) and (58) as developed form is
named inertial tensor axial and centrifugal of

the body (j)e (i) relative to {{/*} {0*}}6 C
applied in the mass centerC; . In the same time,

the expressions (57) and (58) represent the
variation law of the inertial tensor with respect
to concurrent frames in the mass centerC,; .

On the basis of (31) and (32), in the following
the planar moment of inertia is studied with:

(0)i :J'(o/ U2 .dm =

juu
- - (59)

:fuizo)-jfrj ~frj -dm-’ u,(o)
Substituting (52) in (59) and performing the
mass integrals, the following matrix is obtained:

’I = _[ T ’r -dm =
J /XX J /;y J I:z

=, o
o, L

The matrix of inertia moments (60) is known as
inertial tensor planar and centrifugal of the
body (j)e (i) to {;}, applied in mass centerC, .

Considering the inertial tensor, symbolized by
(60), the planar mechanical moments of inertia

with respect to {{l} : {0}}e C; are determined as:

(0)i p= *
Ijuu—’u() T ’u() (61)
(D;fsg[ /,uu,u={x;y;z}]=
o . (62)
= (i
vy
(0)iy*
Ijzz
Dlag[(o)’ Ju={x;y; z}} =
(3x3)
XTo) (63)
= %ifg }i(o) - h [ Xy Vi ’ZM

=T
Xio)

Diag f)TiT(O

iz b=
(3x3) '(OJ

7

Zi(0)

0)i ir* 0)i T
= Diag{ " [R]-'1;,- " [RT }

(3x3)

On the basis of (55) and (56), in which (60) is

substituted, the centrifugal moments of inertia
are determined below with the expressions:

(0)ilf (0)ilf

Jxy jxz

(0)i = (0)iy=

Ilfyx II Jyz

(Oyl;X (Oﬁlﬁy

[ ey V) (64)

(65)

(0)1 [R] jl* (0)i [R]

(0)i « (0)i
—Dia R fl R
(M%{ [R]-1y- " [RT'}

Thus, (64) and (65) are included in a matrix of
planar and centrifugal moments of inertia as:

)= _ [ (0)i+= (o, *T _
ij_,[ rl -dm =

, 66)
(0)i i 0 ’ (
= j[R]'jij' j[R]
0)ipe _ (0)i i (0)ip 1T
( )’ij = j[R]' ]ij' j[R] =
(O)Il* (O)Il* (O)Il*
jxx xy jxz
— (O)Il* (O)Il* (O)Il* (67)
yx wy yz
(0)i px (0)i p= (0)i p=
Ijzx Ijzy Ijzz

The matrix (66) and (67) as developed form is
named inertial tensor planar and centrifugal of

the body (j)e (i) relative to {{/*} {0*}}6 C
applied in the mass centerC; . In the same time,

the expressions (57) and (58) represent the
variation law of the inertial tensor with respect
to concurrent frames in the mass centerC,; .

Often the fundamental notions and theorems,
from analytical dynamics, are applied under the
matrix form. So, the position vectors from (60)
are written by means of the homogeneous
coordinates. It obtains a new matrix as follows:

e [T )0 e

jfr—-fr”-dm [ 7 dm |
J" T .dm ‘ -

J

r
(3x1)
Ux3)

(68)




where (18) is substituted. It contains inertial
tensor planar and centrifugal (60), as well mass
of the body. This matrix is pseudoinertial tensor

relative to {/}, applied in the mass centerC,; .
Similarly with (58) and (67), for pseudoinertial
tensor relative to {{/*} {O*}} e C; it obtains next:

(0)’ * .
0 0)i—s
()/ps]_J'[ J(()/ro

J' OV OFT g .[ O gm
[ g
) { L, o JW)]
) [0 s m;

where the conditions (18) are substituted again.
But, (69) can be written in another matrix form:

Oy = (0); [R] 0]
: [O] (1x3) 1
g =T T

So, the squared matrix (4><4) symmetrical and

1)-dm =

. (69)

i

; (70)

positive defined (69) or (71) is considered the
variation law of the pseudoinertial tensor with
respect to concurrent frames in mass centerC; .

4. VARIATION of INERTIAL TENSOR

In the previous section the inertial tensor
axial and centrifugal as respectively planar and
centrifugal together with its variation law
relative to concurrent frames in mass center C,

as well as pseudoinertial tensor have been
determined by means of definition expressions.
Consequently, for every homogeneous body
(j)e (i) with simple geometrical shape [2], the
mass properties are known by the input data:
{myi 1% 0000 0 s =1 ()€ ().
On the basis of the expressions, included in the
third section of the paper, the mass properties

are calculated relative to{{i*} ; {0*}} €C,, thatis:
s, (0)ipe, (0)ip* 0)i
{mj, (),-C ()I_[’ ()Ij, ()ij, (0) Ips/r.l 1%P,}
In the following steps, the axial, centrifugal and
planar mechanical moments of inertia for every
homogeneous body (j)e (i) must be calculated
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with respect to {i} and {0} corresponding to
kinematical structure of MBS (see Fig.1):
{(o)i,u,. (0)i) . (o) I,; where j=1-p,; (j)e (i )} (72)

uv’

They are included in the generalized variation
law of the inertial and pseudoinertial tensors:

{(o)i,,. (o)i,pj’. (0 )/ps,: where j=1—p;; (j)e (i )} (73)

] ]
For beginning, the generalized variation law of
inertial tensor axial and centrifugal of the body

(j)e (i) relative to {{i}, {0}} is determined thus:
Oip = [[ O] [ ©Fx] -om, (74)
[(o)ifjx} :[ (0) ’Tc, x}+ (0); [R][/FJ* X]

=T _[O= T .[j=e T @it [ (75)

[ rjx] :[ I x] +[ T XJ - [R]

Substituting (75) in (74), this is changed below:
o —[( A } [(0)’70} X}T-J'dm+

IRILT <) {17 <] -am}- VR

First matrix from the right member shows as:

(o)flC} _ [(o)/TC} X}-[(O)'TC

.
] fon-

o T o T 77)

_mf[ rcjx][ rc/_x}

(O)ilc, —m, '[(O)ITQ X}‘[(O)'TC} X:|T _
_(

. (76)

(0)/, _(0)/, 0)/,

(O)ICI-X N Cixy o Cjxz (78)
= IC/yx IC/-y IC/-yz

(0)iIC/zx (0)iIC/zy (0)iIC/-z

The components from (78) are determined with:
(0)il (0)iy2 4 (i2

(O)Ile (0 )Zc + (O)fxéj , (79)
(0)’/Cz _ (o) Xc + (O)i)/éj

Cixy =
gy =y - Pz b (80)

C/-zx

Considering (80), the expression (78) is named
the inertia matrix axial and centrifugal of the

mass center C; relative to frames{{i}; {0}}.

Therefore, the starting expression (74) takes the
final form, written below as follows:
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0)i 0)i— 0=
()/j:H:( )rjx:|_[()rjx:| .dm =
0)i (0)i ipe (0)irp1T _ (0)i 0)i p*
=1y + R PURY = g O
This is named the generalized variation law of
the inertial tensor axial and centrifugal of the
body (j)e (i), with respect to frames{{i}, {0}}.
According to (73), the generalized variation law
of inertial tensor planar and centrifugal of the
body (j)e (i) relative to {{i}; {0}} is established
in the following. The starting expression is:
(o)flpj = J' (0)’Tj- (O)fFjT -dm . (82)
Substituting (24) in (82), this is changed thus:
(0)i i 0)irp1T [ °
" ,-[R]'{J.jfj 7 T-dm}- ,-[R]
First matrix from the right member shows as:
(o)ilpC _ (O)ifcj . (O)fFC}T -J'dm —m,- (O)ifcj . (o)fFC T

) )

.(81)

(O)flpcj — mj . (O)fFCj . (O)ITC}T —
(0)iIC/-xx (0)iIC/xy (0)iIC/xz

—| @ ) ) (84)
Cjyx Ciyy Ciyz
(0)iIC/zx (0)iIC/zy (0)iICjzz

The components from (85) are determined with:

(o)flcjxx _ (O)ixé} (O)fIC}Xy _ (O)iXC, . (O)iycj
gy =Dyg 4, =y - Pz (85)
(0)iICjz _ (0)iZé/ (0)iIC/zx _ (O)iZC/ '(0)ixc/

Considering (85), the expression (84) is named
the inertia matrix planar and centrifugal of the

mass center C, with respect to frames{{}; {0}}.

Therefore, the starting expression (82) takes the
final form, written below as follows:

0)iy _ [(0)i— (0)i—T _
( ,Ip]_"-()’r).( ,,} ‘dm_

:(0)inC/ +(0); [R].jI;j_(O); [R]T:(o)ilpcj + o (86)
This is named the generalized variation law of
the inertial tensor planar and centrifugal of the
body (j)e (i), with respect to frames {{i}, {0}}.

On the basis of (68) — (71), in the following
the variation law of the pseudoinertial tensor of
the body (j)e (i) with respect to {{i}; {0}}is
established. The starting expression is (82)
where the position vectors are substituted by
their homogeneous coordinates [2], that is:

i Oy i
(mhqzj{1j][mGT

0)i— (0)i 0)i— . (87
j”’r,-”’rf~dm I()’fj-dm (87)

j OFFT . dm j dm

I

1]-dm=

Substituting (2), (19), as well as (82) in (87),
this is changed in the following expression:
O O
(o)fl = ij rc/ mj (88)
PO m .
G j

Substituting (27) and (82) in (87), it obtains:
(0)i U . (0)i pp1T
| T | e -
) . O
=[] k- LT =

psj
Either (88) or (89) characterize the variation
law of the pseudoinertial tensor of the body

(j)e (i)relative to{{i}; {0}} . In the last (89), the

expression (71) and locating matrices below

presented are substituted. As a result, it obtains:
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The expression (92) shows the variation law of
the pseudoinertial tensor of the body (j)e (i)

between{{i*};{O*}}e C; parallel with{{i}; {0}}.

Any expression (88), (89) or (92) characterizes
the variation law of the pseudoinertial tensor of

the body (j)e (i) relative to{{i}, {0}}.

S. INERTIAL TENSOR for MBS

In the third and fourth section of this paper,
the generalized variation laws of the inertial and
pseudoinertial tensors (73) have been defined for
every homogeneous body (j)e (i) with respect

to{{i}; {0}} . In this section, as function of above



expressions, inertia properties for every kinetic
ensemble (i=1—n), that is: axial, centrifugal

and planar mechanical moments of inertia will
be determined, in accordance with [2] and [3]:

{(0)ilu’. ©iy (O - where j:1_>n}, (93)

uv’ uu’
Considering the previous sections, these are
included in inertial and pseudoinertial tensors:

{1 Ot O where i=1—n}.  (94)

i pi’ psi 1
For beginning, considering expression (81), the
generalized variation law of the inertial tensor
axial and centrifugal of the kinetic ensemble
(i) relative to {{i}; {0}} is below determined:

i=2.9 =
, (95)
Pi Pi
=> 0, Dy +> 0, O =0+ O
j=1 j=1
)i, Z o, Oy =M, [ O X} ,[(0)/‘%’ XJT (96)
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b X Xy Xz
0)i y 0)i p 0)i px 0)i px 0)i px
( )'II — > o, N )/Ij —| _( )//yx ( )'/y _( )//yz (97)

where (96) is the inertia matrix axial and
centrifugal of mass center C;, and (97) is the

inertial tensor axial and centrifugal of the
kinetic ensemble (i) relative to {{i*}; {0*}}6 C.

The inertial tensor (97) is included, see [2] — [8],
in the explicit expressions for: kinetic energy,
the time derivatives of the angular momentum,
acceleration energies of higher order and so on.
Considering (86), the generalized variation law
of the inertial tensor planar and centrifugal of

the kinetic ensemble (i), relative to{{i}; {0}}, is
established the following with expressions:

% | , (98)

XX Xy Xz
Pi
)iy _ (0)ip _| (0)i (0)i (0)i
Ip/_ 10-/" Ipf_ Iyx Iyy Iyz . (99)
i= (0)i) (0)i) (0)i)
zx zy b4
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XX Xy xz
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x zy 2z

where (100) is the inertia matrix planar and
centrifugal of mass center C,, and (101) is the

inertial tensor planar and centrifugal of the
kinetic ensemble. (i)relative to {{i'}; {0'}}e C;.

In accordance with (94), the pseudoinertial
tensor of the kinetic ensemble (i) relative to

{{i}, {0}} is determined, using (87) - (92), thus:
O _ i o . ©
psi o j

W L(102)
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From expression (103), it is again noticed that
pseudoinertial tensor is a squared matrix (4x4)

symmetrical and positive defined. It contains
inertial tensor planar and centrifugal (99), as
well as statics moments (8) and total mass (6)
of the kinetic ensemble(i). The pseudoinertial

tensor, see [S5] — [8], is also included in the
matrix expressions of the fundamental notions
and theorems, belonging to analytical dynamics.

6. CONCLUSIONS

The currently paper was devoted, especially,
to presentation a few essential new formulations
about the mass properties, compulsory included
in analytical dynamics of the multibody systems
(MBS). So, in the case of (MBS), for example,
mechanical robot structure, a few simplifying
hypotheses, on the mass properties, have been
implemented. Consequently, the mass properties
are continuously distributed between the fixed
basis and the last kinetic ensemble from
mechanical structure. That is why, in the
dynamical study of MBS, the author of this
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paper has introduced the phrase “mass
distribution” instead of mass geometry. But,
mass distribution (MD) is based on the mass a
fundamental notion in analytical dynamics of
systems. At its turn, mass together with energy
highlight the matter notion. In the same time,
mass notion is also highlighted by means of the
two properties: gravitation and inertia. Taking
into account the fundamental notions and
theorems of mechanics, within of fifth sections
of this paper, the author has specified that in the
case of the translation motion the inertia
property is highlighted by mass and position of
the mass center. In the case of the resultant
rotation motion the inertia property is
characterized by mechanical moments of inertia
and extension of these properties, known as
inertial tensor and pseudoinertial tensor.
Applying new formulations, in the first four
sections of the paper was determined the
definition expressions for mass properties: mass,
position of the mass center, inertial tensor and its
generalized variation law, as well pseudoinertial
tensor. They are corresponding for every
homogeneous body having simple geometrical
shape. These mass properties are necessary in
the fifth section of the paper, whose objective
consists in the establishment the definition
expressions for inertial and pseudoinertial tensor
corresponding for every compound ensemble
physically integrated in the multibody system.
All above mass properties are compulsory
found in the dynamical notions like: angular
momentum, kinetic energy, acceleration energies
of higher order, and their time derivatives

according to differential equations of higher
order, from analytical dynamics of systems.
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Distributia Maselor in Dinamica Analitica a Sistemelor

In cazul sistemelor mecanice multicorp (MBS), spre exemplu structura mecanicd a robotului, sunt implementate
cdteva ipoteze simplificatoare cu privire la proprietatile maselor. Conform acestora, proprietatile maselor sunt
continuu distribuite intre baza fixa si ultimul ansamblu cinetic al structurii mecanice. Prin urmare, in studiul dinamic
al MBS autorul lucrarii a introdus sintagma “distributia maselor” in loc de geometria maselor, specifica corpului
rigid. Distributia maselor este bazata pe notiunea fundamentala de masa in dinamica analitica a sistemelor. La rdndul
ei, masa impreund cu energia evidentiazda notiunea de materie. Dar, masa este, de asemenea, evidentiata prin doud
proprietdti: gravitatia si inertia. In conformitate cu teoremele fundamentale din dinamica newtoniand, in cazul miscdrii
de translatie proprietatea de inertie este evidentiatd prin masa si pozitia centrului maselor. In cazul miscarii de rotatie
rezultanta proprietatea de inertie este caracterizata prin momentele de inertie mecanice si extensia acestor proprietdti,
cunoscute ca tensori inertiali §i tensori pseudoinertiali. Expresiile matriceale ale acestora sunt incluse, obligatoriu, in
notiunile dinamice cum sunt: energia cineticd, energia de acceleratii, momentul cinetic si derivatele acestora in raport
cu timpul, conform cu ecuatiile diferentiale de ordin superior, specifice dinamicii analitice a sistemelor.

Iuliu NEGREAN Professor Ph.D., Head of Department of Mechanical System Engineering,
Department of Mechanical System Engineering, Technical University of Cluj-Napoca,
iuliu.negrean @mep.utcluj.ro, Office Phone 0264/401616.



