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COSSERAT POROUS MATERIALS
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Abstract: Our study is a generalization of the minimum principle energy obtained by Iesan and Quintanilla
for microstretch elastic bodies. By this extension we wish to cover the theory of Cosserat bodies with voids.
In this new context we formulate the boundary value problem and we demonstrate through an accessible
method a uniqueness result for the solution to this problem. As a main result, we also prove an extension

of the principle of minimum potential energy..
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1. INTRODUCTION

Eringen and his co-workers introduced for the
first time the micromorphic elastic material (see
[1], [2]). After that, in [3] they generalized this
theory in order to cover the theory of thermo-
microstretch elastic materials. The basic
principle of this theory is the fact that the
material points can stretch and contract
independently of their translations and rotations.
We can find some applications of such kind of
materials in [3]. Other approaches to bodies with
microstructure can be found in [6]-[9].

In our present study we consider, first of all,
the basic equations and conditions for Cosserat
elastic materials with voids (pores) in the
context of the general theory. Namely, we
consider basic boundary value problems of
Elastostatics and, for such kind of problems, we
first generalize a relation of Betti’s type, that is,
a relation of reciprocity. Next, for the same
problems, we prove the basic qualitative results,
i.e. the existence and the uniqueness of the
solution. We conclude our considerations
through formulation and demonstration of the
principle of minimum potential energy which is
a generalization of this principle from classical
elasticity.

2. PRELIMINARIES

Suppose that our elastic Cosserat solid with
voids occupies at time t = 0 a properly regular
region B of the three-dimensional Euclidean
space R3. As usual, the boundary of the domain
B, denoted by 0B, is assumed to be a closed and
bounded surface and it is sufficiently smooth to
admit the application of the divergence theorem.
The components of the outward unit normal to
the surface dB will be denoted by n;. Let us
denote by B the closure of the domain B, which
means B = B U dB.

In the following we refer the evolution of the
continuum to a fixed system of rectangular
Cartesian axes Ox; (i = 1,2,3) and adopt the
Cartesian tensor notation. Points in B are
denoted by x; and t € (0,00) is the temporal
variable.

The Italic indices will always have the values
1, 2, 3, whereas the Greek indices will range over
the values 1, 2. As usual, a superposed dot stands
for the material derivative, while a comma
followed by a subscript denotes partial
differentiation with respect to the respective
Cartesian coordinate. Einstein convention
regarding the summation over repeated indices
is also used. By convention, the spatial argument
and the time argument of a function will be
omitted when there is no likelihood of
confusion.
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The notations and the terminology chosen are
similar to those of the paper [5]. In all that
follows, we consider an anisotropic and
homogeneous Cosserat elastic solid with pores.

The motion of this material will be described
by the following independent variables:

- u; = u;(x,t) - the components of the

displacement fields from the reference
configuration;

- @; = @;(x,t) - the components of the
microrotation fields from the reference
configuration;

- ¢ =¢(xt) - a scalar function that

characterizes the voids. It is called the change in
volume fraction.

With the aid of a procedure similar to that
used by Eringen in [3], we obtain the following
equations and conditions for the time
independent behavior of an elastic material (see
also [6] and [7]):

- the equations of equilibrium
tij,j+Fi = O,mij,j+sijktjk+Gl- = 0; (1)
- the balance of the equilibrated forces:
Ak,k—g‘}‘H:O; (2)
- the constitutive equations:
tij = AijmnEmn + Bijmnlmn + DijmVm + @i P,

mij = anijgmn + Cijmn:umn + Eijmym + bijd)l
Ai = Dinni€mn + Emnillmn + 9imVm + di @, (3)

Here ¢, 1;; and y; are measures of
deformation and are defined by the following
geometric equations:

Eij = Wji + EijePro Mij = PjiVi = P

4)

All the above equations are considered on the
domain B and we used the following notations:

- tjj,m;j - the components of the stress
tensors;

- A; - the components of the microstress
vector;

- F; - the components of the body force per
unit mass;

- G; - the components of the body couple per
unit mass;

- H - the extrinsic equilibrated body forces;

- g - the intrinsic equilibrated forces;

- A; - the components of the equilibrated
microstress;

- &, Uij, Vi - the components of the kinematic
characteristics of the strain tensors.

Finally, the tensors
Aijmn'Bijmnr ...,Dl-jm,El-jm,...,al-j,bij, the
vector of components d; and the scalar

coefficient m represent the characteristic
functions of the material, that is, the constitutive
coefficients and they obey the following
symmetry relations:

Aijmn = Amnij' Cijmn Cmnij: dim
Gmi- (5)

For the sake of systematization, we will
impose from the beginning the following
regularity hypotheses on the considered
functions:

- all the constitutive coefficients are functions
of class C? on B;

- the body loads F;, G; and H are continuous
functions on B.

We say that the ordered array (u;, ¢;, @) is an
admissible process on B = B U dB provided
that u;, ;¢ € CY(B)NC?*(B). Also, the
ordered array of functions (t;;,m;;,4;) is an
admissible system of stress on B if t;;, m;;, A; €
Cl(B) N CO(E) and tl-j‘i,mi]-‘i,lk‘k € CO(E)

Finally, we assume that the components of
the strain &;, p;;,v; € C*(B) N C°(B). To the
system of field equations (1) - (4) we adjoin the
following boundary conditions:

u; =t;ondBy,@; =P, ondB,, ¢ =

@ on 0B,

tl-jnj = Ei on aBlc, mUn] = ﬁii on 6B§,/1inl- =
h on 0BS, (6)

Also, the surfaces dB;, B, and d B; with the
respective complements By, dB5 and dB5 are
subsets of the boundary dB such that:

0B, U 0Bf = 0B, UdB5 =dB3 U
0B = 0B

0B, NOBf =0B,N0BS = 0B3 N
0BS = 0.

An ordered array L=
(F;, G;, H,Ti;, §;, £, i, h) is an external data
system on B if the following conditions are met
- the functions F;,G; H,i; $; and ¢ are

continuous on their domains;
- the functions &;,71; and h are piecewise
regular on their domains.



In conclusion, we say that the boundary value
problem of the equilibrium theory for elastic
Cosserat bodies with voids consists in finding
the functions (u; @, ¢) that satisfy the
equations (1) - (4) and the boundary conditions
(6). Of course, the solution (u;, @; ¢)
corresponds to the loads (F;, G;, H).

3. MAIN RESULTS

In order to obtain first our main result, we
shall consider that our Cosserat elastic body with
voids is under the action of two external data
systems:

£ = (F2,6°,HD, 7, §{¥, §@, {7, A, h@),a = 1,2.

These external loads will bring out two
corresponding elastic states, that is:
A@ = (uf“), (pi(a)’ ¢(a)’ ‘9‘(@'#51)'71'(“)' ti(]fl)’mlg;l)’lga)’g(a)),a =12.

)

The next theorem is a theorem of Betti’s type
and is a counterpart of the reciprocity theorem of
classical elasticity.

Theorem 1. Let A be two elastic states (@ =
1,2) corresponding to two external data systems
(1@ Then the next equality takes place:

j (FPul® + 6P + HW @ )av
B
[ (£u® 4 m®e®
0B
+hWp@)da =
2 1 2 1
_ fB (Fi( U ® 4 @M
+ H®¢®)dv

2 1 2 1
[ ((@u s m gl
0B

+h@p™)da, 7
where
() _ (@) (o) _ () —
t; =t n,m; o =mg; n;, h(® =
A, a = 1,2. (8)
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Proof. For beginners, we will introduce the
notations

2 = tie? + mPud + 20y (©9)
Taking into account the constitutive
equations (3), we can write I,z in the following
form:
2l0p = Aijmngi(q)gﬁnﬁrz + Bijmn (uE,‘-”sffi +

J
(@, (B) (@ B) 4

uff)sﬁ‘i‘,i) + CijmnMij Bmn + Dijm (Vm &;

Y 2e0) + Eujm (a0 + 1 1) + 9im¥ O1id) +
a;j (¢(“)€z(f) + ¢(B)€i(f)) + by (¢<“)u§f) +

o® Mi(f‘)) +d, (¢(a)yi(ﬁ) + ¢(ﬁ)yi(“)> +mp@p®.
(10)

By using the symmetry relations (5), from
(10) we get:

By introducing the geometrical equations
(4) into the equations of equilibrium (1) and
into the balance of the equilibrated forces
(2), from (10), we can write:

2pp = F;(a)ui(ﬁ) + Gi(d)(pi(ﬁ) +H@Op® 4

(@), (B) () (B) ()
[t W™ +m P + 4 A I (12)

We shall integrate in (12) so that if we use the
divergence theorem, it is easy to obtain the
relation:

i
H(a)¢(ﬁ)) av + [, (ti(a)ui(ﬁ) +m@e® +
h(a)¢(ﬁ)) dA. (13)

Taking into account (11), from (13) we obtain
the desired reciprocity relation (7) and the proof
of theorem is concluded.

Now, we intend to obtain an existence result
for the solution of our boundary value problem.
To this end, we first give another formulation of
the field equations. Consider that u = (u;, @;, )
is an admissible process on B and
(&ij(w), pij(w), y;(u)) are the characteristics of
the strain associated with u.

In addition, we will consider that
(t;j(w), m;;(w), 4;(u), g(u) is the admissible
system of stresses on B corresponding to 1.
Let us introduce the operators L;, defined on the
domain B by:
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Li(w) = —t;;;(w), Lz u = —my; ;(u) —
gijrtix(W), Lyu = —24;,;(w) + g(w). (14)
If we use the tensor notations:
Lu = (Liul L3+iu' L7u)'f = (Fi; Gi' H)
(15)
then the equations of equilibrium can be
rewritten in the following form
Lu=f. (16)
Let us denote by M the set of all admissible
processes on B. The loads at regular points of dB
corresponding to the admissible process u € M
are given by:
t;y(w) = t;;(wn;,m;(w) =
m;(wn;, h(w) = 4;(Wn;. g (17
Considering the procedure of Eringen from
[3] or Iesan and Quintanilla from [5], we obtain
that the internal energy density corresponding to
u € M is given by:
e(w) = = Agjmn&1j W) Emn W) + Buunij€mn Wity () +
%Cijmnﬂij(u)#mn(u) + Dijmeij Wym (W) +
EijmtijW)ym (W) + %gimyi(u)ym(u) + a;e;(We +
bijki;;(wWe + diyi(wWe + %m(PZ- (18)
As such, the strain energy E(u)
corresponding to u € M will be defined as
follows

E() = fB e(w)dV. (19)

The functional £ generates the following
bilinear form:
E,v) == [ [{Aijmneij W ema ()] +
anij [Smn (u)ﬂij ) + emn (U)Mij (u)] +
Cijmntti; (W tmn (V) + Dijm |1 Wy (v) +
&; ) Ym W] + Eijm |1 @ ym (v) +
#ij(v))’m(u)] + gimVi(Wym (V) + a;; [gij(u)q’ +
Eij(v)ll’] + bij[#ij(u)fp + .Uij(v)ll’] +d;lyi(we +
Yi() Y] + mey}dv
(20)

Where
(vi) lpi'lp)-

In view of the uniqueness result, we will
prove now an auxiliary result.

u,v € M,u= (u,p;,¢p),v=

Theorem 2. The bilinear form E(u,v) can be
written in the form:

2E(u,v) = [, (wiLiu + YLz u+

YL,w)dV + [, [vit;(w) +p;m;(w) +
Yh(u)]dA,Vu,v € M. 21

Proof. We start by using relation (10) where we
take:

(™, 0, D) > (us 01, 9)

(u?,02,6®) > (@, 0, ®)
and then the bilinear functional £(u,v) from
(20) receives the form
Ewv) = [, I;2dV. (22)

Finally, if we use relation (12), from (19) we
are led to the desired result (21) and Theorem 2
is concluded.

Relation (21) is the basis of the following
uniqueness result. This is a counterpart of the
uniqueness result which was established by
Eringen in the case of isotropic micromorphic
bodies.

Theorem 3. Any two solutions of the boundary
value problem in the context of Cosserat bodies
with voids, are equal up to a rigid displacement,
provided the internal energy density is a positive
definite form. Moreover, if 0B, and 0B, are
both non-empty, then the above mentioned
problem has at most one solution.

Proof. For any u € M, from (19) and (21) we
obtain:

2f, c@dV = [, (wiLiu+ @Lzu+

pLw)av + [, [uit;(w) + o;m;(w) +
dh(u)]dA. (23)
We will denote by u’ and u’’ two solutions of our
boundary value problem and consider

w0 = — w0 =, 0f, ¢°).
Based on the linearity of our problem, we have
u% € M and Lu® = 0 on B. Moreover, we have
ult;(w®) + )m;(u®) + ¢°h(u®) = 0 on 9B.
Above we assumed that e(u®) is positive
definite such that taking into account expression
(18) of e, from (23) we deduce that
g;j(®) = 0,p;;(w®) = 0,¢° = 0. (24)
Now, we take into account the geometrical
equations (4). First from (4)2 we deduce that



¢} = 0= ¢} = ¢; = constants,
and then, in view of (4)1, we have:
up; + gpp = 0 = u); = b;; = constants =
up = b;;jx; + a;,a; = constants.
Finally, if 0B; and 0B, are both non-empty, then
a; = 0 and b;; = 0, that is u°® = 0, such that u’ =
u'" and the proof is completed.

At the end of our study, we will
formulate the principle of minimum
potential energy for elastostatics of
Cosserat bodies with voids as a
counterpart of the similar principle of the
classical elastostatics. To this end, we will
denote by K the set of all admissible
processes u = (u;, ¢;, ¢) on B that satisfy
the boundary conditions:

u; =1; on B, ¢; = §; on 0B,, ¢ = P on IB;.

On the set K we define the functional A by
AW =EW) - [, (Fu; + Gip; +
H¢))dV - fan fiuidA - faBZC fﬁl(pldA —

Jopg hebdA (25)
for every u = (u;, i, p) € K.
This 1s necessary for the next results
regarding the minimum principle.

Theorem 4. Suppose that the internal energy
density (18) is positive definite. If we denote by
u* a solution for the boundary value problem in
our context, then the next estimate takesplace
A™) < A(w) (26)
forevery w € K and the equality holds only if u*
is equal to w up to arigid displacement.

Proof. Since u” is a solution for the above
boundary value problem, then we have u* =
(u;, i, ¢"),u" €K. Also, w =
(wi, Y, ¥*),w € K. We define u; =w;—
u;'k' (P{ = lpi - (p;kJ ¢, =¥ - Cl)*, that is,

u' = (u, e, ) u =w—u.

Based on the linearity of the problem, we
deduce that u' € M. Moreover,

u; =00ndB,;,p; =00n dB,, ¢ = 0 on dB;.
(27)

Taking into account relations (25), (21) and
(27), we deduce that:

AWw) = AW) +E@) + [, [(Liuw" — F)u,; +
Lssu" — GIp; + (Lyu' — H)$lav +
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fan[ti(u*) — T;Ju;dA + faBzc[mi(u*) — Ml dA +
faBg[h(u*) — h]¢ dA. (28)

But, since u* is a solution of the boundary
value problem, we deduce that all previous
integrals are zero, so that relation (28) becomes

®AW) = AW + E@W).

By hypothesis, the internal energy density is
positive definite so that the last equality
becomes

Aw) = A(u™)

that is, we obtain the desired inequality (26),

that concludes the proof of Theorem 4.

Remark. It is easy to observe that the
minimum principle demonstrated in Theorem 4
is a generalization of the minimum principle
proved by Wilkes in [10].
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O generalizare a principiului de minim al energiei pentru materialele Cosserat poroase

Studiul nostrum este o generalizare a principiului de minim pentru energie obtinut de Iesan si Quintanilla pentru
mediile elastice cu microstructura. Prin aceasta extensie ne-am propus sa acoperim mediile Cosserat cu goluri (pori). In
acest context nou noi am formulat problema cu date pe frontiera si am demonstrat printr-o metoda accesibila un rezultat
de unicitate a solutiei problemei formulate. In rezultatul nostru principal am demonstrat extensia principiului de minim.
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