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Abstract: The dynamical study of the current and sudden motions of the multibody systems (MBS), as example the
mechanical robot structure, and in accordance with differential principles typical to analytical dynamics of systems, is
based on the advanced notions, such as: generalized forces, kinetic energy, acceleration energies of different orders
and their absolute time derivatives of higher order. Advanced notions are developed in the direct connection with the
generalized variables, also named independent parameters corresponding to holonomic mechanical systems. But,
mechanically, the advanced equations of dynamics contain on the one hand advanced notions from kinematics and their
differential transformations, typically to absolute motions, and on the other hand mass properties and generalized forces.

By means of the especially researches of the author, within of this paper will be presented reformulations and new
formulations concerning the advanced kinematics parameters, as well as polynomial interpolating functions of higher
order. In the following of the paper a few reformulations on fundamental theorems of dynamics and differential
generalized principle of analytical dynamics will be presented. But, the fundamental aspect of this paper will consist in
the fact that the author of the paper will propose generalized differential equations of higher order for any sudden and
transitory motion. These equations contain acceleration energies of higher orders in generalized mathematical form.
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1. INTRODUCTION

The advanced equations from dynamics of
the current and sudden motions of the multibody
systems (MBS), example Fig.1 the mechanical
robot structure, and according to differential
principles from analytical dynamics of systems,
are based on the advanced notions of dynamics,
as: generalized active and inertia forces, kinetic
energy, acceleration energies of various orders
and time derivatives of higher orders [6] — [18].
Advanced notions are developed in the direct
connection with generalized variables which are
univocally characterized for holonomic systems.
The advanced equations of dynamics contain on
the one hand advanced notions from kinematics
and their differential transformations, typically
to absolute mechanical motions, and on the other
hand mass properties and generalized forces.

Based on especially of the author researches,
in the fourth sections of the paper reformulations
and new formulations on the advanced notions
of kinematics and advanced dynamics equations
are presented according to [6] — [15]. As result,
first section of paper is devoted to the advanced
kinematics for any current and sudden motion.

In the view of this, time derivatives of higher
order are performed on kinematical parameters.
The second section is devoted to reformulations
concerning fundamental theorems of dynamics.
After a few transformations about theorems, the
differential generalized principle of analytical
dynamics is obtained. In the third and fourth
sections of paper, author presents formulations
concerning generalized active and inertia forces.
But, the fundamental aspect of the fourth section
consist in the fact that the author of the paper
proposes generalized differential equations of
higher order for sudden and transitory motions.
These equations contain acceleration energies of
higher orders in generalized mathematical form.
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' Fig.1 Mechanical Robot Structure (MBS)
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2. ADVANCED KINEMATICS OF MBS

The kinematical and dynamical study from
this paper [3], [4], [7] is oriented on mechanical
structure with opened kinematical chain, where
the kinetic ensembles i=7-—n are physically
linked by driving joints of fifth order. (Example
robot mechanical structure, see Fig.1 and Fig.2).
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Fig.2 Sequence of Kinetic Ensemble
This is characterized by (n d.o.f.), according to:
66", 6(t)=[q(t); i=1->n], (1
where q;(t) is the generalized coordinate from

every driving axis. But, considering the current
and sudden motions, the generalized variables
of higher order are developed as follows:

(m)

{é(t); a(t); 6(t);: 0 (t)}:

i=1—n m>1

m 3 @
={q,(t>; 6 (0:6, (1)1 (t)}

and (m) represents the time deriving order. The

main objective of this section consists in the
establishment of the parameters of the advanced
kinematics, typical to mechanical system (MBS)
characterized by current and sudden motions.
Within of the advanced equations applied
in kinematics and analytical dynamics, the time
derivatives of higher order for position vectors
and rotation matrices must be used as follows:

3)

=1 9gq,
i k=t = (k—p) d° d 0(’”) (k-p B
: p! dt* s[RI, 6
j=1 r=1 aqj
(m)
9 (o ()
=2 { <m>{s[R]}'A/‘ q!}-i-
=10 ;

S :1(k_p) pl-m! 9 o) (k=p)
2 Rl
=1 =1 p! (m+p)! aén_
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k>1, k={1,2;3;4;5;.....}
and @
m2(k+1); m={2,3;4,5;...}
where the symbols: (k) and (m)are the orders

of the time derivatives concerning (3) and (4).
The advanced notions and equations from
analytical dynamics [9] — [18] requires angular
accelerations of higher order, as well as linear
accelerations of higher order, corresponding to
mass center for every kinetic ensemble, Fig.3.
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Fig.3 Sequence of Kinetic Ensemble
According to papers [7] and [18], expressions of
definition for angular velocities, and then angular
accelerations of higher order are established as:

OE)f(t):O@i—7(t)+Ai'di(t)'oEf(t); &)
(k) (k) dk . —
@,()= @, (1) + A, G, (1)- K, ()] ©)
k=1 k={1,2,3,4,5;..} is time derivative order,
and %, (t) is the unit vector to each driving axis.
The following property is according to [7] — [9]:



[@()x]="[R]t)-RT ().

According to Fig.3, first of all, the position of
the mass center is defined in the classical form:

% () =B+ [RI()- P ®

Applying the time derivative on (6), the linear
velocity of the mass center is obtained, thus:

Ve, (t)=vi()+ @ (t)xpg (1) (O
Linear and absolute accelerations of higher order
corresponding to mass center are below defined:

W gk
vc,-(t)=vf(t)+d7[w,-(t)><pc,(t)]’ 10)

where u=1{@,%;p, }; v={p, ;@ v=u; X={uv}:

;tkk [@(t)xp; (1) ]= Z{(Z)~v}+§. Z{(ku1)~v}

{u;v} © {uv}

+(k=a,) [k=(j+1-4,)] z{(kuz)v}csk

{uvy

ke k-(2-4)] 3 {(kﬁz).(é)}@k

{uv}
(k=1) (k=)
+(k=1)[k=2-(1-84)]- D4 u - v -4,
{uv}
Position of terms from (10) must be respected,
in the case of the time derivative of order (k),

and 1<k<8; &, ={(0; k<4(6)); (1 k=4(6))}
A ={(1 k= 2/) (0; k#2-j), and j>1} '
According to [10] — [18], angular and linear
velocities, as well as the accelerations of higher

order (5), (6), (9) — (10) can be also established
by means of the following vector time functions:

Fz?c[qj(t); j=1-k"=n,t]; (1)
vO=[a(t) B(t) %®]: (12

OJ’[O’A —Bs (1) -7 ( ]: )
{ A R(A;e,)-B R(Aa,)R (E,-ﬁs)-é}}’(m
(t)

Vi =% I:‘ZA —fs (t) 7C(t):|'l;i(t): . (14)
_y/,.[qj(t) a; j=1-k=nt] [’

:{(0 for g, —linear); (1 for g, —angular)}(lS)

where (11) is identical also with (8), and (14) is

named the orientation vector for every kinetic

ensemble, whose component (13) is known as

angular transfer matrix defined as function of set

of orientation angles. Considering (11) and (14)
it observes that they are functions of generalized
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variables (2), taking into study the operator (15)
devoted to character of the generalized variable.

Using researches from [10] — [18], on vector
functions (11) and (14), differentials properties
compulsory applied in advanced kinematics and
dynamics have been developed as below follows:

%, o 08 0% O _ 0%
dq; dq; 9G; dg; IG 9q,

) _ . (ﬂ)
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dg;  9g; 9 9q 99,
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dt{ dq; | dq, 0q;\ moq,
a(ﬂ—ﬂ (m+1) ’ (18)
1 a. 1 It
_m+1. ("C’l)_m+’|. (’:’),m_o
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:m1+1 a(g”;) m1+1 a:/’:; M=
aqj aqi
(3 a(mik—ﬂ
- “Nml 9 T
; (acj <(k 1k) T)" o @0
7 (9, , \_ (k=1)km! a(m%k,._a) A
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_(k=1)Im! 3,

- T m 7
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k>1, k={1,2;3;4,5;....},
. (22)
m>(k+1); m={2,3;4;5;....}
The symbols (22) highlight time deriving orders.
Using (11) — (22), the next expressions become:

(m)
(=0T, =0T,
7, ()= () 4,(t) = ’c 4,(1)(23)

=1 aq; f =1 qj

k=ndly () . k= 1 dr (t) .
Tz Cy(m) 'q/(t)+z_' Cy(m) 'q/(t)

= m+1
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(m)
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J=1 aqj
a (ni))
_ N oy (t .
E()=a ()= —5—A,-G()+
#=t aq/ ; (26)
’ k*:na(nt”
mz E/:') A,Q,(t)=17,(t)
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I L AN NI S AT
: 20
The expressions (23) and (24) are identical with
(9) and respectively (10), and they are referring
to the linear velocities and linear accelerations
of higher order, corresponding to mass center.
The others, (25) and (26) are identical with (6)
and (7) representing the angular velocities, and
accelerations of higher order of kinetic ensemble.
When(i=n), the kinematical parameters of the

last kinetic ensemble from MBS are obtained.
They are operational velocities and accelerations:

(0 (m) _m
[6(1‘) 9(1);-- (t)J= _
(m) (m)
:W"R (0 X[ (1):8();- 5(0} 3 27)
(m-1) _(m)
e vn [ (1);8(t 'ﬁ(t)J
(m—1 _(m)
" @, [9(0 o) 9(0}
0
ong_|RI7 10D, (28)
(6x6) [0] O[R](T)

The above expressions (27) represent the linear
and angular velocities as well as accelerations of

higher order(m) corresponding to motion of the

last kinetic ensemble of MBS, with respect to
absolute Cartesian frame [7] — [17]. To these, the
locating matrix (28), for(i=n), is also added.
According to [4] and [7], Jacobian matrix,
also named velocity transfer matrix, sometimes
matrix of the partial derivatives of the locating
equations is applied in kinematics and dynamics:

Vi(t)
[ (t)]= "J,(t):[.._...... } i=1—-nl|t: (29)
2

/()
oo OB,(t)
=50 || <m0 4 +(1-4)-% 0
Qt:olztAl = 0 .......... az ...................
(=% 02 70] 4
(n)OJ[g(t)] OY-% (O)HJ[g(t)]; (30)

The components from (29) are corresponding to
transfer matrices for angular and linear velocities
and accelerations respectively, and (30) are the
transfer relationships from one to another frame.
The inverse of Jacobian matrix is determined as:

°(6) :[OJ@)T.OJ(@)]".OJ@)T SN GI))
0J(§)”=0J(§)T-[OJ(E)-OJ(é)T]71. (32)

When the mechanical robot structure (Fig. 1) is
dominated by sudden motions, generalized and
operational accelerations of higher order are also
developed. Considering researches [7] — [14], in
this paper the following expressions become:

, (m)

X(t)= J[ (t)]-0(t)+
m—1 (k) [m—k] .
+kz1:k’(m k= 1) lemlem= ¢ G
n (k=) [m=(k-1)]
;( ), "J[a(t)]. o(t

where (m) is the order of time derivatives, the

(m)
symbol °X(t) represents the column matrix of

the operational accelerations of higher orders,
(m)

while 6(t) is the column matrix of generalized
accelerations of higher orders, according with:

(m) o
o(t)="d[a(t)] -°X(1)-



Considering the mathematical models from [7],
the Jacobian matrix (29) can be also determined
with matrix exponentials. But, the components
of (33) and (34) are based on rotation matrices
and position vectors, according to (3) and (4).
Their time derivatives of higher order show as:

(k) (k)
WO(t)]=] U6 (1)] where i=1—n|; (35)
(6xn) (6x1)

Analyzing all above parameters of advanced
kinematics, it results that they are functions of
generalized variables (1) / (2), as well their time
derivatives. So, according to author researches
they can be developed as time functions, using
polynomial interpolating functions [3] and [7].
It proposes following functions of higher order:

(m-p) p (Ti_f)pH )
q/l( ) ( 1) t,.~(p+1)! ql’—1

p+1 _
T—1T (m) p p—k
+M . qji+ 5p . v 'ajik
t.-(p+1)! = (p—k)!
where p=0—m
m —deriving order, m>2, m=2,3,4,5,...
8, ={(0,p=0);(1:p21)}
j=1—n degrees of freedom—(d.of.)
i=1—s intervals of motion trajectories
T —actual time variable
t; =7, —7,_, (time to each trajectory interval)

; (36)

; (37)

(m)
(aj ) for k=1->m; and {qj”] for i=2—ss
(38)

where (a;, )—integration constants, and

(m)
(q i1 ] — generalized accelerations of (m)order

(m-p) (m)
(TO)j qu’ p:0%m" (Ts)j qjs! qjs

()
q;—generalized accelerations

(m=p) (m=p)
{qﬂ (T+) =0 (T_): p=0 %m}

(39)

continuity conditions
all conditions are applied to each (;)
where i=1—>s-1

For every trajectory interval (i=1—s), number
of unknowns is(m+1), and significance is (38).

The determination the unknowns (38) requires,
in accordance with [3] — [7], application of the
geometrical and kinematical constraints (39).
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Finally, the results (36) will be substituted in the
advanced notions of kinematics and dynamics.

3. ADVANCED DYNAMICS THEOREMS

The fundamental theorems, corresponding to
Newtonian Dynamics, are: motion theorem of
the mass center (momentum theorem), theorem
of the angular momentum and theorem of the
kinetic energy in differential and integral form.
These are according to scientific literature, for
example [7] and [8]. Applying the notions from
advanced kinematics, see previous section, the
main objective of this section consists in a few
reformulations of the fundamental theorems, in
consonance with the general motion of MBS, and
considering the mechanical aspects from Fig.3.

So, the motion theorem of the mass center is
characterized by means of the next equation:

M;-a, :Mf'V;cf :Mf'?r':f :E*, (40)
where IE, " is the resultant vector of active forces

applied on the kinetic ensemble (i), see Fig.3.

Substituting the linear acceleration of the mass
center with (23), the theorem (40) is changed as:

a(m) a(rl+1)

z[of, . 1 9k .| =
Z (:7) g+ m+1' (,(,371) q; :F/ . (41)
j= q/ aqj

The theorem of the angular momentum, relative
to mass center (Euler’s equation) is defined by:

=N". (42)

I' & +i(l,*)-cT)- =I"E+axI -B
dt

Substituting angular velocity and acceleration

with (25) and (26), the theorem (42) is changed:

(m+1)

= 81//, .1 0w
I Z (m) Af'qf+m1 (m

719, 9

qu

(43)

i .Aj.Ap.qj.qp:N,*

|

) :{(0’ 9 €T (1 G ‘/7')} (44)
and N,-* 1s the resultant moment of active forces,
while [
the both are in relation with the mass center.

where A i

is inertia tensor axial and centrifugal,
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The theorem of the kinetic energy in differential
form is considered the most general theorem of
dynamics. Its equation of definition is written as:

dEL=dl,  YdE,=d'.  @45)
i=1 i=1

The components from (44) have the expressions:

~ k'=n or.
dE; =2Mf‘5cT, .a_Cf.dqj+
B !  @7)
k'=n _ _ 81/7
+> (- g+mxI @) —Ldg;-A,
= 9q;
dl =F'T-d, +N;T-dig, =
k=n_ _ I, K O ; (48
F’*T.i dqj+ZN’,*T.% d] A] (“8)
j=1 aq} j=1 aq!

where (46) and (47) are Konig’s theorem and the
differential expression of the kinetic energy, and
(48) elementary work. Expressions (46) — (48)
are corresponding to general motion of MBS.
Substituting (16) and (17) in (47) and (48), and
left member from (41) and (43) in (47), theorem
of the kinetic energy, under the differential form
(45) finally is mathematically reformulated.

In the case of the multibody systems (MBS),
with holonomic mechanical significance, a few
conditions are applied on (45), (47) and (48):

#0, dg, #0, j=1—>n
{q'q, q,#0, j=1- } 49)

=0, dg; =0, i=1T—>n, i#]
They are referring to independent parameters in
in the both finite and elementary displacements.
After a few transformations on the differential
of the theorem of the kinetic energy it obtains:

o-${lF-m ) 3

(50)

aq;
According to author researches [7] — [18], for
the multibody rigid system, expression (50) is
considered the differential generalized principle
(generalization of the D’Alembert — Lagrange
principle) in analytical dynamics of systems.

4. GENERALIZED DYNAMICS FORCES

According to [3], [4], [7] and [17] on every
kinetic ensemble (i=71-—n), belonging to the
mechanical robot structure, as integrated part
from MBS, are especially applied a system of
external and active forces, manipulating loads,
as well as complex friction forces, see Fig.4.

elementul i

Fig.4 Generalized Forces in MBS

In function of (static or dynamic) behavior in
every physical link (driving joint of fifth order)
generalized static or driving force is developed.

Using, among of these, the author researches
[4] — [17], the main objective of this section
consists in the presentation of the expressions
of definition for the generalized forces due to
gravitation and manipulating loads, as well as
due to inertia property typically to MBS (Fig.4).
So, considering [17], the expression of definition
for generalized gravitational force shows thus:

Q,(8)=[Q) =" -5, ; i=1-n] . (51)

. (= —\T Cox— i i
E()nlfng)}[Qg(e)JzoJ(e) -I\/(I?th)x["o X /—1en],
where "F, = ZM - "R] g

j=i

(n)ONX, _ Zn:M] ) (0)2 [R]T |:( OFC/- -p, )X§:| - (52)
J=I1

(n)o _[mogr ot T
0 Xj _|: FX" NX/':|
(6x1)

_ — -
e e e
k,="91 |°g], k, —vertical unit vector € {0}

The column vector (52), expressed with respect
to Cartesian space, is mechanically equivalent
with reduction torsor of the gravitational forces

in [i;n] interval in relation with the {n} frame.

This is applied in the geometry center of the
last driving joint belonging to MBS (Fig. 4).



In keeping with the same paper [17] generalized
manipulating force is below characterized with:

.
Qy(6)= [Q’ = (moyr. (g /—1%n} (54)
=(n)0J(§)-()O o
0.~ = =77
where (ow)g :[OFI( ONH -
(3x3) . n+1
[ [RY B, 2R fR] L e

Cartesian column vector (55) is mechanically
equivalent [4] — [8] with the reduction torsor of
the manipulating load with respect to {n} frame.
Considering the aspects from [6] — [18], in
the case of the dynamical behavior of MBS, in
every driving joint, besides the active forces (see
above expressions), are developing generalized
inertia and driving forces. Finally, the expression
of the generalized inertia force becomes thus:
Q, |8(1):6(1);6(1) |-
(=) ; (56)

Diag| Q,, (8)]=

(nxn) (6xn)

where °6 % [OFT

OFX‘j:zj[R]. 'E;

ONx—z{( -5, )%’ [R]'Fi+[R]- N }

Column vector (57), expressed with respect to
Cartesian space, is mechanically equivalent
with reduction torsor of the inertia forces from
[i;n] interval in relation with the {n} moving

.(57)

frame, applied in the geometry center of the last
driving joint from MBS (see Fig.4).

Comparing (51), (54) and (56) it observes
that they have unique character. The generalized
active and inertia forces are mathematically
identical as form of expression. This aspect has
important advantage, in the establishment of the
dynamics equations of motion, corresponding to
every kinetic ensemble of mechanical system.

The generalized driving force from every
driving axis from MBS is finally obtained thus:
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Q) ()= 42-[ 4-Q} (1)+0}()]+ .
ot 4;% NOREE
0 (5)=""J7 (1) 1
~ E 1[ - ; (59)
400 (t>]+(—) o <")"ax<t)}

[ M,)]; (0;SU); (1: M,)} )
¢0J [0 {5;5}:0”

A, ={(—1,‘Am =—1),-[0,-A =(0:1)]:(1:Q;)} 61)

, 4 1- .

! —(— f i 2. N 2

QU (1) =(-1)* 50U () 404 () 02

where A, highlights: gravitational loads by (M, )

and manipulating loads by the symbol (SU); 4
highlights the loads by 4, and the influence of

the complex frictions; A, shows the behavior of
mechanical system (0 — statics; 1 — dynamics).
As a result, (62) for (i=1-—n) constitutes the

system of (n) generalized driving forces. They

are identical with dynamics equations of MBS,
in which the both generalized active and inertia
forces, and the complex frictions are founded.

5. ADVANCED EQUATIONS OF DYNAMICS

In the case of mechanical systems (MBS)
dominated by sudden motions, as well as by the
transitory motions, on the basis of the author's
researches [6] — [18] it demonstrates theoretical
and experimental existing of the accelerations
energy of higher order. They are substituted in
the advanced equations of higher order from
analytical dynamics. As a result, time variations
of generalized forces, presented in the previous
section, are obvious. So, considering the aspects
from [17], generalized forces are time derived:

() (k

; (63)
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D itkmony B} = 1569

S (k—1)! 0, (g)t (gxi__m] .
S B0 = (. 69)
k (k-1)! (m-1) [k . 1]

“Zm-ie-my L0

The s1gn1ﬁcance of the terms from (63) — (65) is
well defined in the previous sections of this

paper, and (k>1) is the time deriving order. But
considering dynamical equations, instead of (k)
is written(k—1). When(k=1), then (63) — (65)
are degenerated in: (56), (54), and last in (51).
Taking into study the differential generalized

principle (50), generalized inertia and driving
forces (56) and (58), dynamics equations are:

Qiit') (t) = ZM:' '§CT .
i=1

+zn:(/?‘-§.+a—).x/i*-c7).)r-%-A.: . (66)

n _ JA n o
where Y F'T.—-+>'NT o, A=
o 09 S dg; ©7)
1-A,

Qg (1)

According to Lagrange’s equations of second
kind, generalized inertia forces are identical as:

d[0E ) 2
5 (1) 68

(m)
aff)—(mﬂ)-aai
aq, 9

=0 (1). (69

SREN

Expression (69) represents Tsenov — Mangeron
formulation, and (m) is the time deriving order.

Considering acceleration energy of first order
[1] — [20] and time derivatives of higher order,
generalized inertia forces are also identical with:

(m-2) ) ) (m)
%{Eﬁ” [é(t);é(t);é(t);---; 6 (tﬂ}:

g, . (70)
) (2
=Q) [e(t) 8 (t); a(tﬂ

0)
where EV) =E() j=1—n k=1

m=[(k+1)=2], and (k) are time deriving orders

where according to [1] — [20], (70) is named
generalization of Gibbs — Appell’s equations.

Using the author researches from [4] — [18] in
the following of this section are presented the
motion differential equations of various order.
At beginning, time derivatives of first, second
and third orders are applied on expression (66)
and (67). After transformations they become:

(1) . (m)

Qs [5(t);§(t);---;§(t)}= (71)

b

or_ . (m)
Q% [a(ﬂ;e(ﬂ;-qa(n}= (72)
(m-2)
Cd|oEY | 9E? 1 oEY
Tdt] L [TT® +§' n
aq, E)qj E)qj

(m=3)

m—1
. )[2 E? (E“))}

m+1
{A Q,’0 (t)}
QSU( )

'1+3A

; (73)
+(=1)™

@r_ . _m)
Q% [9(t);e(t);---;9(t)]= (74)



where  j=1—n, k=3 m2[(k+1)=

}

)
Qs

=0g -
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i

(0)
and Ey) =EJ)

(2) (2)

m=4,5,6,...

(2)
Qn (1)

1-A, 52}

1+3-A,

+(=1)"-

3)
Q;

(t)

[5(1‘);5(:‘);---:5(?;)} =

G:dWa )= JE

(m-5) (m-3)

0Q;

j
2-3
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(77)

; (78)

“m+D)-(m+2)-(m+23)

and j=1—n, k=4, mz[(k+1)

(0)
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=5] .
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®) (3) (3)
0L (1)=% | 80l (+01(1) |+
. (80)
3)
a, 1=4A, 1-A,
o a0l ()

The dynamics equations of order(m>2): (72),
(75) and (78) contain the acceleration energies
of higher order (1< p <4), whose expressions of

definition are presented in the papers [6] — [18].
Following the application of time derivatives of
higher order (m) and(k), the equations (69) and

(70) are changed in new differential expressions:

mdt 5g 9 | Ly (8D
(k=N . _(m)
Q) w0503
m2) (k1)
k-1 m
:tk_7 E o, law:awia]. 82
aq;

According to [9] — [14], sudden and transitory
motions of MBS are represented by dynamics
equations, and the central function is highlighted
through acceleration energies of higher order. As
result, considering acceleration energies of first,
second, third and fourth order, and applying the
time derivatives of higher order (m) and(k), on

(72), (75) and (78), the dynamics equations are:

_ -3 -1
NLANCE P
m+1 gt (mbtT TA A I
9q; : (83)
kNr_ (m)
=Qj [e(t);e(t);m;é’(tﬂ
(0)
EZ =EY, j=1-n, k=2 m=[(k+1)=3]};
a9 [ (m(—34)) (m(—22)) (T’))}
aqj
kN _ (m)
=QJ [e(t);a(t);---;e(t)] (84)

©
where 8y, (see (79)), E5

k=3, m=[(k+1)=

=EY, j=1-n
4], m=456....

b
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{a%

{ and j=1—>n, k=4, m>[ (k+1)

dk—1 b) (m(—5)) (m(—3)) (m(—1)) (m(+;7))
4 3 2
WW|:9EA +5'EA +2'EA +EA =

g,
(H)[_ P _(m)]
=Q; L0);6(t);0(t);--;6(t)]; (85)
(k=1)!m!
where &5 —( Y (see (79)) »

)=5]
m=5,6,7,... and Ej;” =EY
Acceleration energies of first, second, third and

fourth order are defined in papers [10] — [18].
Author has proposed [13] — [14], the generalized
differential equations of higher order in the case
of the mechanical systems (MBS), dynamically
characterized by sudden and transitory motions:

dk 1| n _ aFC
k 7|:ZM T aq

J

(k-1)

q, Lawama)=

(m+k)—(2-p+1)
(k—1)!-m! 0 k (p)
=i T 2 & | EX
H aq] p=1

(k—1)!-m! ) K (m+k)—(£)2),p+1)
(m+k=1)] - DA |- E
S g, L\

, (86)
(kN[ . _(m)
=Qj [e(t);a(t);---;a(t)J
. (p+1)
where Eﬁ(’)—E,(f’)[ﬁ(t);é(t);---;é)(t)}

.(87)

The necessary conditions in (86) are following:

C(k=tEml &, mekcn
" (m+k— 1)' ’"ZM".Q BCEN
9g; '

(m)

_ _, (mk=1) n_(k-1) o
+xXM-g" - 7 -Aj}rZrC’xM,»gT{ %)~Aj]+

i=1 aq

i

+80 150y (m)zf“rc”xM q ('”;—ﬁf’.A,} . (89)
aq; =
k—2)!-m!
where &y, = (k- 1)m,
where p=1, k=1, {p; k}={1,2,3,4.5:....},
m2(k+1); m={2,3,45;...}
p21; 8y =[(0.for k<2); (1,for k>2)]
g=7-g-ky, T=Fk] -k,
and k, =g 1|°g|, k, —vertical unit vector e {0}

As a result, the advanced dynamics equations
of higher order, defined by generalized driving
forces from MBS are written as below follows:

= _ m
Q, [6(t);9(t);--~;o9(t)J:

(k=)

0 e
=A2 -[AH-Q{E, (t)+Q (t)} (90)
(k-1)
6, 1=4,
+(=1) 113 A_ qu( )

Generalized differential equations (86) contain
acceleration energies of order(p>1). Using the

aspects from Fig.3, starting equation shows as:

(k=g (p+k)
Eg")[e(t)'e(t);---;e(t)J: (91)
(p+k)
T dm+

p=1—=k; & ={{0;p=1}{1;,p>1}}
and k>1;, k={1,2;3;45....} b.(88)
m=(k+1); m={2;3;4,5;....}

=— ZTrace{ i[RI U T

Considering (58), (73), (76) and (80), besides
generalized inertia forces (72), (75), (78), (86),
dynamics equations of higher order also contain
the generalized gravitational and manipulating
forces (64) and (65). According to [6] — [17],
generalized gravitational forces of higher order
are also determined with the next expression:
(11{—1; k (k—=2)! 0 (”79;7)t O[f‘_:m]
Q0= iy L0} 6 s -

1 n T dk—1 |:(;i-1)
- races——| p;
2 Z‘ o - P
p+1)

n k=1 | (
1 ZTrace d {
2

(p+

dt
+— Trace [
2 z { dtk 1 p/

o (p+k)
+’Fcf-’FCfT-J‘dm]-e[R]T +
(p+1)

[/+M

1) (p+1)
piT M,




where p>1, k=1, {p; k} ={1,2;3;4;5,....},

or . (p+k)
and Egm[e(t);e(t);--.;e(t)L . (92)

. (p+1)
e 50:8(0:80)

The author has demonstrated in various papers,
for example [10]-[18], generalized expressions
in the explicit and matrix form, for acceleration
energies of various orders, considering general
motion of the multibody rigid systems (MBS).

6. CONCLUSIONS

The currently paper was devoted especially to
presentation a few essential reformulations and
new formulations concerning some notions from
advanced kinematics and dynamics. These are
compulsory included in dynamics equations of
higher order, corresponding to the current and
sudden motions in the case of multibody systems
(MBS), for example mechanical robot structure.

So, unlike the classical models the author has
presented in first section of paper reformulations
and new formulations regarding the parameters
of advanced kinematics. So, the time derivatives
of higher orders were applied, concerning linear
and angular accelerations of higher order. In this
section, important differential properties have
been developed concerning position of the mass
center and orientation vector. They are also used
for determine the same linear and angular
accelerations of higher order above mentioned.
According to author researches, the parameters
of advanced kinematics have been developed as
time functions with the polynomial interpolating
functions of higher order, defined in this section.
The main objective of second section was a few
reformulations of the fundamental theorems, in
consonance with the general motion of MBS:
motion theorem of the mass center (momentum
theorem), theorem of the angular momentum
and theorem of the kinetic energy. After a few
transformations was obtained the differential
generalized principle in analytical dynamics.

Unlike the classical approaches, in the third
sections of this paper, the author presents
formulations concerning generalized active and
inertia forces. It observed that they have unique
character namely they are mathematically
identical as form of expression. These aspects
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have important advantage, in the establishment
of the dynamics equations, corresponding to
every kinetic ensemble from mechanical system.
In the fourth sections of this paper, the author
presented the expressions for the generalized
inertia forces of higher order. They are included
in dynamics equations, whose central functions
are the acceleration energies of various orders.
But, the fundamental aspect of the fourth section
consist in the fact that author has proposed the
generalized differential equations of higher order
for the sudden and transitory motions of MBS.
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Sciences and Innovation, Technical Sciences

ECUATII AVANSATE iN DINAMICA ANALITICA A SISTEMELOR

Studiul dinamic al miscarilor curente §i rapide ale sistemelor multicorp (MBS), spre exemplu structurile mecanice de
roboti seriali si in conformitate cu principiile diferentiale specifice dinamicii analitice a sistemelor, se bazeazd pe notiunile
avansate, cum sunt: fortele generalizate, energia cinetica, energiile de acceleratii de diferite ordine si derivatele absolute
in raport cu timpul a acestora de ordin superior. Notiunile avansate sunt dezvoltate in conexiune directa cu variabilele
generalizate, de asemenea, denumite parametrii independenti corespunzatori sistemelor mecanice olonome. Dar, sub
aspect mecanic, ecuatiile avansate ale dinamicii contin pe de o parte notiuni avansate din cinematica si transformarile
diferentiale ale acestora, iar pe de alti parte proprietdtile maselor si fortele generalizate. In special pe baza
cercetarilor autorului, in aceasta lucrare se vor prezenta reformulari si formuldri noi cu privire la parametrii cinematicii
avansate, precum si functiile polinomiale de interpolare de ordin superior. In continuarea lucrdrii se vor prezenta
reformulari asupra teoremelor fundamentale ale dinamicii si principiul diferential generalizat al dinamicii analitice. Dar,
aspectul fundamental al acestei lucrari va consta in faptul ca autorul lucrarii va propune ecuatiile diferentiale
generalizate de ordin superior pentru miscarile rapide §i tranzitorii. Aceste ecuatii contin energiile de acceleratii de ordin
superior in forma matematica generalizatd.
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