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Abstract: The paper presents a method to simplify the calculus of the eigenmodes of a mechanical system 

with bars in order to obtain more information concerning the deformations and the loads in the elements 

of the system using a semi-analytical model. Finite element method, currently used in engineering 

applications offers a set of standard results and sometime is necessary to process the dataset to obtain 

useful results. The method is applied to a symmetrical structure, this kind of system being discussed in 

previous papers. In this paper we aim to study a symmetrical system of beams that presents vibrations 

perpendicular on the plane of the system. The determination of properties of such systems would decrease 

the computational time and effort and offers more information about system. 
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1. INTRODUCTION  
 
 A standard analysis of the vibration of a 
mechanical system with elastic elements 
consists in an eigenvalues and eigenmodes 
analysis. To obtains eigenvalues numerical 
procedures are well developed. To determine the 
eigenmodes is necessary only to solve a linear 
system. The models used for such analysis cause 
the form of the characteristic equations. In the 
case when we have a mechanical system with 
bars is possible to use an analytical model to 
obtain this characteristic equation. But to solve 
this equation is a very difficult tusk even in 
simple cases of a single bar. A numerical method 
as FEM (Finite Element Method) offers the 
eigenvalues and eigenmodes using simplifying 
assumptions. Unfortunately the results of the 
calculus are offered in a standard form and can 
be difficult to make a study of the system using 
these results. It can be necessary to make a new 
program and to use the output results offers by 
the FEM as input data for our own soft. The 
mechanical systems made of bars are frequently 
used in engineering practice and there a lot of 
applications using this kind of elements. We will 
focus on the systems with symmetries, studied in 
previous papers [1]-[6]. 

The basic idea of the paper is to use the benefits 
of analytical representations in a study of such 
system avoiding the disadvantages involved in 
calculating eigenvalues. To obtain the 
eigenvalues can be used a standard Finite 
Element software and, using these, to determine 
the eigenmodes using the analytical models. The 
formulas obtain are easy to use and is possible to 
obtain analytic representations as the variation 
of the forces and moments in the system’s 
elements.  
 
2. ANALYTICAL MODEL OF THE 

MECHANICAL SYSTEM WITH BARS 
 
We will present the method for a mechanical 

system composed of 2 beams, considered in the 
plane. The symmetry of the system can be useful 
to reduce the dimension of the problem [2]-[6].  

The transverse vibrations are considered to 
take place normal to the plane defined by the 
beams of the structure. Torsional vibrations will 
be also considered. Some coupling occurs 
between the torsional and transverse vibration, 
this being determined by the rigid link between 
the beams. 
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Fig. 1. A mechanical structure consisting of two identical 

beams 
 

Let us consider a mechanical structure (Fig.1) 
which consists of two identical beams, AB and 
CD, rigidly fixed at right angles (for example by 
welding or soldering in the case of an 
engineering system). The beams may present 
vibrations in a direction normal to the plan of 
bars and, at the same time, also torsional 
vibrations. A, B, C and D are clamped ends, and 
from this results that the displacement, torsion 
angle and tangential slope are zero (12 Boundary 
Conditions). For the point E we have several 
conditions. First, the displacement of the point E 
for all four bars must be equal (three conditions). 
Second, the tangential slope for the bar AE must 
be equal with the tangential slope for EB and 
with the torsional angle in E for the bars CE and 
DE (there conditions). Third, the tangential 
slope for CE and De in E must be equal and 
equal too with the torsional angle of the bars AE 
and EB in E (three conditions). Finally, if we 
consider the equilibrium of the point E, the shear 
forces, the bending moments and the torsional 
moments must be in equilibrium in E (three 
more conditions). We have together 24 
conditions to determine 24 constants for an 
analytical model presented in the following.  
 
3. EQUATIONS OF TRANSVERSE AND 

TORSIONAL VIBRATIONS 
 

In the following we will consider a 
continuous beam with constant section. For this 
situation, the transverse vibration of the beams 
are described, if there are no forces distributed 
along the length of the beam, by the well-known 
equations [7],[12],[13],[14]  
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In equation (1) we denoted with: v – 

deflection of the beam, A - the sectional area of 
the beam, ρ - the density of the material, E –
Young 'modulus, Iz – the second moment of the 
area with respect to the z axis in the center of 
mass and x - the distance from the left end of the 
beam to the point where v is the deflection. 
To solve the differential equation above we 
search for a solution like: 

)ptsin()x()t,x(v θ+= Φ                    (2)                                                     
If we set the condition that (2) verifies (1) at 

any moment in time, we obtain: 
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  We denote: 
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In this situation, (1) becomes:  
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where Φ  is the function which gives the 
deformed beam (the eigenmode) which will 
vibrate with the pulsation p. We have four such 
bars and we can write four such solutions: 
For the first segment, AE: 
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For the second segment, EB: 
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For the segment CE: 
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For the segment DE:   
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If we note:                    
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the solution to the system of equations of 4th 
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degree (5.1), (5.2) și (5.3) will be given by [8]-
[12]: 

xpchxpshxpcosxpsin)x( AEAEAEAE

AE 14131211 λαλαλαλαΦ +++=

 (6.1)  
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 (6.2) 
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 (6.3) 

xpchxpshxpcosxpsin)x( DEDEDEDE

DE 14131211 λαλαλαλαΦ +++=

 (6.4) 
 
The torsional vibrations of the beams are given 
by: 
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where ϕ  is the torsional angle of the beam, x is 
the ordinate of the point with the displacement 
ϕ . In order to solve the equation, we will 
consider the solution ϕ   in the form of: 

)ptsin()x()t,x( θΨϕ +=                             (8)                          
Bringing it into (7), we obtain: 
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where: 

E

ρ
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If we make these notations, the solution of the 
system of equations obtained by applying (9) for 
the beams AE, BE,CE and DE looks like: 
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The equations (6.1)-(6.4), (11.1)-(11.4) 

describe the free vibrations of the studied 
mechanical system. We observe that in these 
systems we have 24 constants of integration: 
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determined considering the Boundary 
Conditions. 
 
4. EIGENVALUES AND EIGENMODES 
 

The Boundary Conditions at the clamped 
ends A, B, C and D can be written as: 
For the AE beam:   
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For the BE beam
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For the CE beam:  
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For the DE beam:  
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so, in the end, we will have 12 conditions.  If we 
introduce these conditions in (6) and (11) we 
obtain: 
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The slope of the E point must be equal for all 
the four bars. It means that: 
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If we use the rel (2) and (6) it results: 
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214213212211 lpchlpshlpcoslpsin
DEDEDEDE λαλαλαλα +++=  

 
 If we note  �� the bending moment of a beam 
in the section x, T the shear force and S the axial 
force, in the following, we will write these 
conditions in analytical form. The bending 
moment, shear force and axial force can be 
written using: 
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By successive differentiations we obtain: 
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In E the tangent slope of the bar AE is equal 
(and opposite) with the tangent slope of the bar 
BE, with torsion of CE and opposite torsion of 
DE. We have: 
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In a similar manner we have In E the tangent 

slope of the bar CE is equal with the tangent 
slope of the bar DE and with torsion of AE and 
BE. It results: 
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The continuity of the moment offers us the 
condition that the bending moment in E of the 
bar AE is equal and opposite with the bending 
moment of the beam BE, with the torsion 
moment of the beam CE and opposite with the 
torsion moment of the beam DE. These means: 
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To determine the constants which provide the 

imposed end conditions we must solve the 
homogeneous linear system, in order to 
determine constants AE
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In the following, we will note: 
{ } [ ]TDEBEBEAEAEAEAEAEAE

621654321 αααααααααα L=  

being the vector of the integration constants. 
 

If we set the condition that the system should 
have a zero determinant, we will now get the 
natural frequencies (the eigenvalues) of the 
mechanical system [15]-[20]: 

 

������ = 	 �0�         (17)      
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The condition that the system should have a 
zero determinant is: { }C  
 
 det (S) = 0                                                   (18)      
 
and solving this equation will give us the 
eigenvalues of the system of differential 
equations (7.1)-(7.18). 

 
It is very clear that to solve the characteristic 

equations (18)   is practically impossible due to 
the complicated algebraic form of the equation 
(a very complex expression with the function 
cos, sin, ch, sh). To applied numerical procedure 
to solve the equation is very difficult because of 
the complex form of the eq. (18). On the other 
hand the solutions (6) and (11) are very useful in 
order to make a study of such mechanical 
structure. It is very convenient to have such 
simple and continuous form the solutions. FEM 
procedure offer us the eigenvalues and the 
eigenmodes but in a numerical and rigid form. 
But to determine the eigenvalues the FEM 
procedures have a long and strong validation. 
Consequently, FEM procedures can be applied 
to determine the eigenvalues and the obtained 
results can be introduced in the eq. (17) to obtain 
the constant vector { }C  and as a consequence the 
continuous solution functions express by the rel. 
(6), (11). 
 
5. CONCLUSIONS  

 
 In the paper a semi-analytical method to 
simplify the calculus of the eigenmodes of a 
mechanical system with bars is presented. The 
method is justified by the needs to obtain more 
information concerning the deformations and 
the loads in the elements of the system.  Finite 
element method, currently used in engineering 
applications offers a set of standard results and 
sometime is necessary to process the dataset to 
obtain useful results. The method is applied to a 
symmetrical structure, this kind of system being 
discussed in previous papers. In this paper we 
aim to study a symmetrical system of beams that 
presents vibrations perpendicular on the plane of 
the system. The determination of properties of 
such systems would decrease the computational 
time and effort and offers more information 

about system. In this way, a device or a machine 
used in industry can be designed and executed 
faster and cheaper. The paper examined the 
particular case of a mechanical system 
consisting of two beams in plane but can be 
extend to more complicated systems. 
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O metodă pentru studiul sistemelor mecanice de bare cu simetrii  

 
 Lucrarea prezintă o metodă de simplificare a calculului modurilor proprii ale unui sistem mecanic cu bare pentru a 
obține mai multe informații referitoare la deformările și sarcinile din elementele sistemului folosind un model 
semianalitic. Metoda cu elemente finite, utilizată în prezent în aplicații inginerești, oferă un set de rezultate standard și 
uneori este necesară procesarea setului de date pentru a obține rezultate utile. Metoda se aplică unei structuri simetrice, 
acest tip de sistem fiind discutat în lucrările anterioare. În lucrare ne propunem să studiem un sistem simetric de grinzi 
care prezintă vibrații perpendiculare pe planul sistemului. Determinarea proprietăților acestor sisteme ar reduce timpul și 
efortul de calcul și ar oferi mai multe informații despre sistem. 
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