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Abstract: The main objective of this work is the developing of new formulations about the kinematics of
the mechanical multibody systems. In order to achieve of this goal will be applied a kinematic study, in
matrix form. The approaches in the paper, about new formulations in kinematics of the mechanical
multibody systems, are linked to the expressions of the rotation parameters as absolute angular velocity
and absolute angular acceleration. Hence, by using the exponential form to express the rotation matrices,
it will been developed the generalized expressions for the angular velocity and respectively for the angular
acceleration. In view of the meaning of the symbols with respect to the rotation axes, by substituting the
expressions of their angular velocity and angular acceleration, there will be obtained the twelve sets of
orientation angles, and their corresponding matrices of rotation, respectively the angular velocity and angular
acceleration, which are expressing the absolute rotation motion, from kinematic point of view.
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1. KINEMATIC ANALYSIS

In this section, will be presented in matrix
form, a geometrical study concerning the
structure of multibody systems [1]. As shown
in Fig.1, there will be considered a linked
system of bodies, denoted (S;), where

i=12,..n=1->n.

Fig. 1. Sequence form a mechanical robot structure (MRS)

Assuming, that the (n) bodies would be free,
the whole system would have 6-n degrees of
freedom. The, geometric and kinematic study
of each (S;) body, is made using a reference
system, invariably linked to the body with its

origin, in an arbitrary point of it. There is
entered the hypothesis that mechanical system

consisting of (n) rigid bodies is covered in the
direct sense from (0)—>(S,). For the
geometrical study, also is considered, the
sequence of two bodies (S,_;)—(S;) connected,
having attached the reference frames {i—1}
and{i}. Since the connections between the
bodies that composing the mechanical system
are allowing translations and/or rotations to the
body (S, ), besides (S, ;) is characterized by the

number of degrees of freedom called, in
analytical mechanics, generalized coordinates.
They can be linear and/or angular coordinates,

symbolizedq;, and are included in the symbol
6., having, according with [1], [2], the

signification of a column vector:

— . T .

0, =(q;, j:(Ni_1+1)—>Ni) , i=1-n(1)
— . T
6=l i=1-i] 2)
where, according to matrix algebra, T means
the transposed of a matrix, and €, is a column
vector which characterizing the degrees of
freedom the same (S;)body, with respect to the

fixed reference system. There is introduced the
operator A, having two possible values:
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A; =1, for rotation; A; =0, for translation  (3)

1.1 Orientation of the system bodies

Taking into account the issues covered in
works such as [1], [2], [3] the orientation of the
body(S._;), with respect to the fixed reference

system is defined by the orientation matrix:
Li(R)=R |:§i—1A (t)] 4)

which is a matrix function of the column vector
0_, () components,  represented by
independent angular coordinates:

0. O=[0, i=1>i-1] ()

where gjj—m :[qm Ay, m :(Nj—1 +1) - NJ] (6)

Therefore, the orientation of (S;) body, with

respect to {i—1} and {0} frames is:

C(RI=R[a;4;, [=(N+ ) SN ()

"R)=1(R)T(R) (8)

The previous expression is rewritten as:
"R)= R R) AT R=TTIR) (9
j=1

For i=n, the orientation of each axis of {n}
frame, attached to (S,)body, with respect to {0}

fixed reference frame, is expressed with the
rotation matrix:

2(R)=_r"y1(R>=2_1(R)-21<R)=
= (R)(9;-4;, j=1-k)

According to [1], [2] the orientation of the (S,)

rigid body is expressed by a set of three
independent orientation angles as:

(R)=R(a =B - 7c),
A:{X,y’z}, B :{y,Z,X},C = {Z’X!y}

where A, B, C is the type of axis around which
is performed the rotation. For orientation, there
are known 12 sets of angles, one of these, being
the set of Euler angles, included in the

(10)

(11)

orientation vector: (g)z[v// 0 (p]T : (12)

1.2 Position of the system bodies

Knowing the position vector, between the
{i} —{i—1} frames, projected on {i—1} reference
frame, symbolized with 'p,_,, and the rotation

matrix (8), the position of {i} frame with respect
to the fixed frame {0} is:

i—1(0)

i_15“-1 = Pisgto i_15“-1 (t) (13)

Pis zio(R)'i_15ii—1 (14)

ﬁi :zpjj—1 :2?—1(R)'j_1ﬁjj—1 (15)
j=t ]

where the operator o;={1;0}, has the
signification: (1,if "', =""p (t)), respectively
(0,if g,y =cst.).

Going through the

(S)m-(S))m-(S,) in

replacing i=n in (15) results:
P =P = 2R Py :ﬁn[qj (t); j=1_>k:| (16)
i it

the position of {n} reference frame, affixed to
(S, ). regard the fixed reference frame.

system of bodies:
direct sense, and

1.3 Angular velocities and accelerations

According to [2],[4] the starting expression
in determining of the angular velocity and
acceleration is:

"‘R)="R)D-TR) (17)

There is applied the property )(R)-'(R)" =(@ x),
representing the skew symmetric matrix
associated to angular velocity vector. On the
expression (17) there are applied the absolute
first order and second order time derivatives. By
successive transformations, there are obtained
the definition expressions for absolute angular
velocities and accelerations of the (S;) rigid

body as follows:

B =+ YAy (18)

g =8+ LA (B x B+ EL)  (19)
=1

where @,and g, are expressing the absolute
rotation of the fixed frame, having the values:



@, =0, & =0, while the vectors @; ,, &_, are

i1 “i
characterizing the relative rotation of (S, )body
with respect to (S,_;).

The projection of @ and & defined with (18)
and (19), on its reference frame axes{i}, are

established by the following expression:

@=1R"a 'Z=1R"&F (20)
Going through the cinematic chain of the system
bodies: (S,).....(S).....(S,), namely for i=1—n,
the expressions (18) and (19), turns into:

a_) :a_) Zn: W4 (21)

& +i (a) Xa)l 1+‘9|| 1) (22)

Therefore, the absolute rotation of the frame
{n}, attached to the (S,) body is completely
defined by the rotation matrix (10), respectively
by the absolute angular velocity (21) and
absolute angular acceleration (22).

1.4 Linear velocities and accelerations
In order to establish the definition expressions
for absolute linear velocities and accelerations,
according to [5]-[8], the starting equation is:
ﬁ(t):ﬁ_1 (t)+ 5“—1 (t) (23)
On the expression (23) there are applied the
absolute first and second order derivatives with
respect to time. By successive transformations

there are obtained the absolute linear velocities
and accelerations of (S, ) body, as:

Vi =V, + Z[ i 1><p” 110 V” 1] (24)

i
i:a*+z( ot X Py + Oy X Dy XDy 1)
j=1
i (25)
+.1 (2w><vu1+a”1)
j=

where V; , and a; , are representing the relative

linear velocity and acceleration of the origin
0, e{i} with respect to {i—1} reference frame.

The Kinematical parameters V, and a  from

(24) and (25), are characterizing, alongside
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oyand &,, the absolute motion of the fixed
frame, having the values: v; =0, a_g =0, and in
the studies concerning the dynamics of the
material systems a; =z-g-k,, representing a
vector, equal in modulus and in opposite sense
of the gravitational acceleration (r =+1). [1]

In order to project the vectors V,and g
defined with (24) and (25), on its {i} reference

frame axes, there are established by the
following transfer matrix expression:

=RV a=iR)-a  (26)
Going through the cinematic chain of the
system bodies: (S;).....(S).....(S,), namely for

i=1—>n, the expressions (24) and (25), turns
nto:

vy :V0+Z(E}|—1X5ii—1+o-i "Tii—1) (27)
i=1
+§(‘€| 1><p” 1+a)| 1><a)| 1Xp|| 1)

(28)

a, =a,

+Zn:Ui '{2(_0 +ZI:AJ 'a_)J‘HJX\Tim +a—‘ii1:|
i=1 j=1

Therefore, the absolute rotation of the {n} frame,

attached to the (S,) body is completely defined

by the position and orientation parameters, by

the angular velocity and acceleration (21) - (22),

respectively by the linear velocity and
acceleration, defined by (27)-(28).

2 MATRIX EXPONENTIALS

The kinematical parameters, developed in
previous section, can be expressed, according
to [3], by using of matrix exponential functions.
First, there is expressed the rotation matrix and
between {j} and

the position vector

{0} reference frames as:

RJOJ_ {eXp {ZJ1 o Mi}} Rip = 29)
~Iew{{r®aa - /Y

) qk.Ak}}.Hi (30)

_ i =
D, =Z{6Xp{2 {u
= k=0
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where Rj(g) corresponds to initial configuration of

the multibody system. The column vector b,
from the expression (30), according to [1], is:

Ej ={|3'qj i {u—j(o)x} [1—cos(qj 'Aj):|+ (31)
+u_j(0) .u—j(O)T .[qj —sin(q,- .Aj)J}.\Tj(O).

In the previous equations, are used the symbols
U, ={%:7,;Z,} and ¥ ={p,x]T;-A;+(1-4,) T,
together expressing the screw parameters or the
homogeneous parameters of the oriented axis {j}
around or along which are achieved the
generalized coordination. In accordance with [2],
the defining expressions for angular velocities

and accelerations (18), (19) can be established on
the basis of matrix exponential thus:

{é{exp{i{ ()x}qkAk}}Ui(O)ini}; (32)

{ZJ:{Mexp{ 6 +Mexp{ V] }q} i(O)Ai}(33)

i=1

-
(I\SAXIE)(V“) = eXP{::ZO{Ui(O) x} q; - A } (34)
ME {V,,} = 1_1{ev1*}{u_i(0)x} G A, {eV2 }
i=1
where V" :f{i(o)x} 65,4, G

The velocity v, and the acceleration a; are

expressed as:

where \/1*—mz{uf< X}qk5 Ay

RN

(36)

QD

m=1

Sleofi ]}

i=1

3 - dt{i:{g{exp{v;}}{ﬂﬁ) X}qum {exp{vz*}}}+
} where
v :mf{ K X>qk S Vo :lzjzm{R'(O) X}QQAU

k=0 _
Vg = 'i{ak(o) X} Ok - Ay

(37

& ={(0i>j-1),(ti<j-1}, 4,
where b, ={I3 +{Uj(°) x} sin(q; A, )+
+{U_j(°) X}2[1_cos (qj -A,-)]}'\TJ-(O) 4.

The using of matrix exponentials apparently
seems to be complicatedly, has the advantage
of not wusing reference systems. This
observation is visible in the above equations, by
the occurrence of homogeneous coordinates,
specific to initial configuration.

e ={(0m>j);(tm<j)}

3 THE ROTATION MOTION

The analysis sections
revealing the fact that the absolute rotation of

the frame {n} attached to the rigid body (S,)

from previous

is defined from kinematic point of view by the
rotation matrix (10), the orientation vector (12),
respectively by the angular velocity (21), and
angular acceleration (22). But, according to [1],

[2], orientation vector Q(t) is substituted in
expression (1), which becomes:

| [Pa® B0 P ()]
(e, A1 O]

0% (1) = {pn(t)} { ila(®-55i=1— n]}T (39

(38)

j=1—>6

a,(t) fo(ai(D)-A; i=1ok)
Be () [=| fs(ai (D)-A;; i=1—>k) | (40)
7e®) (g 0)-A i =1k)

In keeping with [1], [2], it is observed that
the resultant rotation can be defined from

Q(t)=



kinematic point of view by any of the twelve
sets of orientation angles, leading to the twelve
sets of matrices. As a result, the expression (11)
can be rewritten in the following form:

2[R]ZR[aA(t)—ﬂB(t)_7c(t):|: 41
=R[ A2, (0 ]-R[B; g (O ]-R[C;7c (D]
In the matrix expression (41), occurs the unit
vectors of the axes around which the simple

rotations are performed. The significance of the
unit vectors is in concordance with:

(n)OK {(n)O .(M0=. (N0 },

Y,

ol ol )

y;(n)oi;(n)oi} :

] -

(n)06 _ {(n)Of;(n)OY;(n)OV} .

(n)Og _ {(n)o

)

el ) of

Applying some properties, according to [2], the

simple rotation matrix, components of the

expression (42), are determined as follows:
R[ A, ()] =exp[ (Ax)- e, (D) ] =

=ly-clan )]+ (43)

+Axs[a,(0]+A- AT [1-c[a,1)]]=

I, +K><s[aA(t)]+(K><) [1-c[a, (O]]
R[B:4 (1) | =exp[ (Bx)- g, (1) ] =

=ly-c[ B (1) ]+ (44)
+Bxs[ B ()] +B-BT - [1-c[ 5 (1]]=

l;+B xs| S (t)]+(I§X) -[1—0[,35 (t)ﬂ
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R[C_l;;/c (t)] = exp[(éx)wc (t)} =
=|3.C[7/C(t):|+ (45)

+Cxs[ e () ]+C-CT -[1—0[7(; (t)]] =
o +Cxs[ 0]+ [1-c[rc (V]

The transpose of the resultant rotation matrix
(41) 1s:

tRTT =R [z, (- (0 -7, ()] =
"[Cire W] -RT[B: g O] R [ Ay (]

The matrix components of (46) is:

R'[ Az, ()] =exp| ~(Ax)-a, (1) ] =

(46)

:exp[(KX)T-aA(t)}=|3-C[aA(t)]— 47)
Axs[a, (0] -A- A -[1-c[a,®)]]=

l,—Axs|a, (t)]—(ﬂx) '[‘I—C[aA (t):H

RT[B:4;(0]= exp[—(gx)'ﬂs (t):l =
:exp[(gx)T-ﬂB(t)]=| <[40~ | 4s)
—Bxs[f(1)]-B- [1 C[ﬂs(t)]]

l,—Bxs[ 5, ()]-(B %)’ [1=c[ 5 ®]]

RT[Cire (0] =exp[ ~(Cx) ¢ (1] =
- exp[(Ex)T Ve (t)} =ly-clyc (D] (49)
Cxs[re (t)]_c‘.a .[1—c[7c ]]=

Iy — st[yc(t)] [1 C[Vc(t)]]

Substituting (43)-(45) in (41), and (47)-(49) in
(46), there are obtained the exponential

expressions of the resultant rotation matrix and
it's transpose as:

1=R[a, ()~ B0y (D] =
= exp[i (k=)o } R =

i=1

o {(Ax) a, () +(Bx)- ﬂB(t)ﬂ
+(Cx)- 7e(®)

(50)
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ox p{(Ax) ca, (1) +(B x)- /;B(m}
+(Cx)- 7 (t)

={exp[@x)-aA(t)]}'{exp{(Bi>-ﬂB <t>+}}

+(C %) (1)
y (|§><).,BB(I)+ -
{e pL((Tx)-yc (t)}_
={exp[(ﬁx)-ﬂs<t>}}~{exp[(5x)-7c(tﬂ}

RT0 R() exp{ {Z |:k(0) ]

:expl(cx) 7c(t)+(B><
+(A><) OKA(I)
exp[(éx) o 0+(E) ﬂB(m} )
+(K><) .aA(t)
{exp[(c_:x)T e (t)]}-{exp[(gf) .TﬂB (t)ﬂ}

+(Ax) -, (1)

p[(Bx) ,BB(t)+]
+(A><) a,(t)
:{exp[(E_;x) fs (t)]}-{exp[(Ax)T 'aA(t)]}

where Rg%) is the resultant rotation matrix in

B, (t)ﬁ

initial configuration, which supposes that
q;=0, i=1->n.

The expressions (21) and (22) consecrate the
absolute angular velocity with projection on {0}

frame. These are generalized by taking into
account the notations (40) and (42), as follows:

(n)Oa—)n = di, (t)- (n)OK(t)_’_ )
+/BB (t) (n)Og(t)+ }}C (t) (n)o(_:(t)

The matrix form of the expressions (52) is:
M0, =, (1)- MAD) +
{+/&’B () ™B(t)+y. (1)-"C (t)}:
i, ()] 53

_J[ ™A@ B@) MCwm)]. ﬂs(t)

7 (t)

(n)05n

=0, (0-[a ) AHO 7 O] (54)

The angular transfer matrix from (54) is
expressed as:

Vo={A + B : C} (55

B=R[A,(1)]-B=
{z {exp[(ﬂx) ‘o, (t)]} . g} (56)

°C=R[Aa, (V] -R[B;A ()] -C= .
= {exp[(ﬁx)-aA (t)+(Bx)- 3, (t)]} -C

respectively "3, (t)={"A : "B : C}(58)

AR [Crw]R[BAOIA- |
={exp[(5x)T Yo )+ (Bx) S (t)}}.ﬂ

"B=R"[C;y.(1)]B= (©0)
= {exp[@x)T Py (t)]}ﬁ

Taking into account (55) and (58) the absolute
angular velocity of (S, ), projected on {0} and

{n} is expressed as:

A Q)

‘@, = R[Aa,(1)] B -{ﬁs(t) (61)
R(Aa,®]-R[B:i4(1]-C| L7c®]
R'[CocWIR[BAW]A] 4 (0]

"@, = R'[Cie(1)]-B | &) |(62)
C 7o (t) |

Applying the first order derivative with
respect to time on expression (54) is obtained
the absolute angular acceleration of the body

(S;) as follows:
+
}(63)

M0z, = ™03 (0)-[, () A () 7c(t)T
™50 [a,0) AHO O]
The time derivative of the angular transfer

matrix is determined as:



%, (0 ={A: B C| (64)
where A=(0 0 o) (65)
8 = < {R[Rie, (0] B} -
(66)

-2 {ow[(Rx)-ay(0)]) ) -

=[(A)- 6, ]-{exp[ (Ax)-a, O ]}-B

R[ A, ] =[(Ax)- 6,0 ]-{exp[ (Ax) -, 1) ]}
R[B:8 0] =[(B)- 4 () J{exp[ (B)- 5, (1) ]}

oc :i{R[ﬂ;aA () ]-R[B; 4 (1] '6} =
dat (67)

%{{GXP[(KX) 2, (1) +(B )-S5 (t)]} '6}

=[(Ax)-¢, (0 ]-R[ A, ()] -R[B; 8, (D]-C
+R[Aa, ][ Bx)- 4 ®]-R[B:A41]-C

Observations: The orientation angles and their
time derivatives, including the notations (42)
substituted into generalized expressions are
(53) and (54) according to the meanings of
symbols from [1] and [2]. As a result of these
generalized transformations there are obtained
twelve matrix expressions for the angular
transfer matrix, and the absolute rotational
angular velocities. Depending on the set of
orientation angles used any of the twelve pairs
of matrix are expressing the absolute angular
velocity and absolute angular acceleration. To
these are added the resultant rotation matrix (11)
together characterizing in a generalized form the

absolute rotation of the body (S, ) component of
the multibody mechanical system.

6. CONCLUSIONS

The main objective of this work was the
developing of new formulations about the
kinematics of the mechanical systems. The
achieving of this goal required initially a
laborious kinematic study, in matrix form,
applied to multibody mechanical systems. In
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this study were highlighted relations concerning
the position and orientation of multibody
system and generalized defining relations for
linear and angular velocities and accelerations.
An important aspect was the using of matrix
exponential functions, whose undeniable
advantage to classical transformations, refers to
not using of reference systems, which is the
effect of applying specific homogeneous
coordinates of the initial configurations of
mechanical systems. The new formulations in
kinematics, developed in the paper are
expressing the rotation parameters as absolute
angular velocity and absolute angular
acceleration. Using the exponential form to
express the rotation matrices, it have been
developed the generalized expressions for the
angular velocity and respectively for the angular
acceleration. In view of the meaning of the
symbols with respect to the axes of rotation, by
substituting the expressions of their angular
velocity and angular acceleration, there have been
obtained the twelve sets of orientation angles, and
their corresponding matrices of rotation,
respectively the angular velocity and angular
acceleration, which are expressing the absolute
rotation motion, from kinematic point of view.
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Noi formulari asupra cinematicii sistemelor mecanice

Rezumat: Obiectivul principal al acestei lucrari este dezvoltarea de noi formulari cu privire la cinematica sistemelor
mecanice multicorp. Pentru realizarea acestui obiectiv, se va realiza un studiu cinematic in forma matriceald. Abordarile
din lucrare, cu privire la noile formulari in cinematica sistemelor mecanice multicorp, sunt legate de expresiile
parametrilor ce exprima rotatia absolutd, precum viteza unghiulard absolutd si acceleratia absolutd unghiulare. Prin
urmare, utilizdnd forma de exprimare exponentiald a matricei de rotatie, se vor dezvolta expresiile generalizate pentru
viteza unghiulara si respectiv pentru acceleratia unghiulara. Tindnd seama de semnificatia simbolurilor cu privire la
axele de rotatie, prin substituirea lor in expresiile vitezei unghiulare si acceleratiei unghiulare, se obtin cele
douasprezece seturi de unghiuri de orientare, matricele de rotatie si corespunzatoare lor, vitezele unghiulare si respectiv
acceleratiile unghiulare, ce exprima miscarea de rotatie absoluta sub aspect cinematic.
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