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Abstract: The paper presents a 3D model for tire/road dynamic contact by using the Sneddon dual
integral equations. The tire tread is modeled as an incompressible elastic half-space and the road surface
is supposed to be a rigid rough surface.
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1. INTRODUCTION
The dynamic contact or impact is not a
continuous process over a finite interval of
time. The impact occurs in a short interval of
time and determines the slipping, sticking and
reverse motion after stopping. The interaction
tire/road expressed by forces distributed on the
tireprint is a dynamic contact which includes
brief duration of impacts, high forces, large
acceleration and decelerations and fast
dissipation of energy. Also, the compression
and restitution, rolling resistance, skid
resistance, wear and noise generation, are
important in the modeling of the interaction
between the tire and the road surface [1, 2]. The
impact may generate discontinuities in
geometry and the material properties [3, 4]. The
literature in the field of contact/impact analysis
is rich and broaches many subjects and
disciplines [5-7].
A 3D model for tire/road dynamic contact
by using the Sneddon dual integral equations is
presented in this paper. The tire tread is
modeled as an incompressible elastic half-space
and the road surface is supposed to be a rigid
rough surface with irregularities (See Fig.1).
2. BASIC THEORY
The contact between the elastic half-space
and the road surface is reduced to the following
Boussinesq equations [8]

δ = ∫∫
D

p(ξ ,η )(1 −ν 2 )

π E ( x − ξ )2 + ( y − η )2

dξ dη in D ,

(1)

where δ is the displacement at the surface of
the half-space, D is the surface of half-space,
p is the normal contact pressure, E the
Young’s modulus of the half-space and ν the
Poisson’s ration of the half-space.

Fig.1. The model of contact.
− P = ∫∫ p(ξ ,η )dξ dη ,

(2)

D

where P is the total load applied to the tire.
δ = hs ( x, y ) − ht ( x, y ) − Δ , p( x, y ) > 0 contact , (3)

with ( x, y ) ∈ Dc , where Dc is the contact area, hs
is the height of the road surface, ht is the height
of the tire and Δ is the total penetration
between the elastic half-space and the road
surface.
δ > hs ( x, y ) − ht ( x, y ) − Δ , p( x, y ) = 0 separation ,

(4)
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with ( x, y ) ∈ Dc , where Dc is the non-contact
area. The equation (2) represents the
equilibrium condition, and the unilateral
contact conditions (2)-(3) describe the nonpenetration and the separation outside the
contact area, respectively.
One way to solve the problem is to express the
pressure p from (1) as a function of δ and other
geometrical parameters that characterise the
unknown contact domain Dc , and to determine these
parameters, δ and Dc from (2)-(4). Finally, the
pressure p(ξ ,η ) is determined. For circular and

elliptic contact domains, the elastic contact
problem can be solved exactly [9, 10].
In this article, the surface of the unknown
contact domain Dc is described by the Lamé
curve [12]
n

n

⎛x⎞ ⎛ y⎞
⎜ ⎟ + ⎜ ⎟ = 1, n > 0 ,
⎝a⎠ ⎝b⎠

(5)

where a and b are the radii of the oval shape.
The parametric representation of (5) is
x(θ ) = a cos 2 / n θ , y (θ ) = b sin 2 / n θ .

(6)

By applying the Sneddon dual integral
equations for elastic contact problem [8], [11],
the solution of (1)-(4) can be written as
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When the tire runs along the rough surface
of the road, both longitudinal and bending
vibrations are produced. Impulsive forces that
develop at the asperities of the road have
components both in tangential and normal
directions. Assuming that impulsive contact
forces dominate over the friction forces, only
the normal components of the forces are taking
into considerations [15]
m

Fc = ∑ Fn sin ϕ n Π ( (nΔx − vt ) / b ) δ ( x − nΔx) ,

(10)

n =1

where n = integer( L / Δx) , m is the number of
simultaneous contacts of length b traveling
with the velocity v . The function Fn represents
the discrete impulsive point forces that appear
during the motion at an angle ϕn with the axis
of the road.
3. TIRE/ROAD INTERACTION
Two cases are examined for the tire motion
with the velocity v on a single bump road and
an irregular road, respectively. The initial
reference pressure distribution is used to
estimate the deformation of the surface of the
half-space, and also the pressure distribution.

, (7)

where H is the mean curvature of the contact

domain, ϕ = arcsin(1 − r ) , ϕ ≤

π
2

,

( nr%
k =

n

− 2b n )

1/ n

a

,

and F (ϕ , kr ) , E (ϕ , kr ) are the elliptic
integrals of the first and of the second kind,
respectively .
The maximum value of pressure is given by
a = max(a, b)

pmax
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The displacement δ at the surface of the
half-space is expressed as
⎡⎛ 3 ⎞ 2 (1 −ν ) 2 2 ⎤
P H⎥
δ = ⎢⎜ ⎟
2 2
⎣⎢⎝ 2 ⎠ 4π E
⎦⎥

1/ 3

(1 − k )
2

E

1/ 3

1/ 3

K (k )

(k )

.

(9)

where F (π / 2, k ) = K (k ) and E (π / 2, k ) = E (k ) are
the complete elliptic integrals of the first and of the
second kind, respectively

Fig.2. Displacements at the surface of the half-space for
the single bump road.
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The displacement δ at the surface of the
half-space is plotted in Figs.2 and 3 for both
cases. The road surface profile represented in
figures acts on the tire as exciting signals [14].
Displacements for both cases describe the
tire-road deformation and determine the final
contact pressure.
The final pressure p / pmax is plotted in
Figs.5 and 6 with respect to a reference initial
contact pressure p0 / p0 max .

Fig.5. Final contact pressure for the irregular road.

4. CONCLUSION

Fig.3. Displacements at the surface of the half-space for
the irregular road.

The pressure distribution on two simulated
road surfaces was evaluated in this paper,
together with the displacement of the surface of
the half-space which defines the tire tread.
The numerical results for road irregularities
show the effect of the uncertainty in the road
data upon the forces in the vehicle’s
suspension. This aspect is crucial for the
development of the road response simulator
which can be designed as a reconfigurable
haptic interface that includes real-time dynamic
contact simulators [15, 16]. The paper excluded
many other topics related to the interaction
tire/road as rolling resistance produced by
rotation and adherence of the tires to road, the
nonsmoothness of friction forces and torques,
generation of noise.
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Modelul 3D de contact dinamic roată/drum
Rezumat: Lucrarea propune un model 3D de contact dinamic pentru interacţiunea roată/drum cu ajutorul ecuaţiilor
integrale duale de tip Sneddon. Banda de rulare a cauciucului este modelată ca un semi-spaţiu incompresibil şi elastic,
iar suprafaţa drumului, ca o suprafaţă rigidă cu asperităţi.
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