W

627

TECHNICAL UNIVERSITY OF CLUJ-NAPOCA

ACTA TECHNICA NAPOCENSIS

Series: Applied Mathematics and Mechanics

Vol. 55, Issue II1, 12

FORMULATION ON THE PRINCIPLES OF ANALYTICAL MECHANICS
Tuliu NEGREAN, Claudiu SCHONSTEIN, Kalman KACSO

Abstract: The differential and integral principles of the analytical mechanics are based on fundamental concepts of
newtonian mechanics, in keeping with differential character and the linking type between the component bodies of a
mechanical system. Among the fundamental concepts, with an essential role, is the kinetic energy as a central function
in the Lagrange-Euler type equations, Hamilton equations, and variational principles. But differential equations of
motion for mechanical systems with several degrees of freedom can be determined using acceleration energy, as central
function, whose implementation in differential and variational principles will be the main objective of this paper work.
To develop equations of motion with the above mentioned concepts, the paper will contain as sections: kinematic study
of multibody systems, matrix exponential function, the expression of the general definition for acceleration energy, and
its implementation in differential and variational principles of analytical mechanics
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1. KINEMATIC ANALYSIS

In this section, will be presented in matrix
form, a geometrical study concerning the
structure of multibody systems. As shown in
Fig.1, there will be considered a linked system
of bodies, denoted(S, ), where i =12,.n=1-n.

Fig. 1. Sequence form a mechanical robot structure (MRS)

Assuming, that the (n) bodies would be free,
the whole system would have 6-n degrees of
freedom. The, geometric and kinematic study
of each (S;) body, is made using a reference
system, invariably linked to the body with its
origin, in an arbitrary point of it. There is
entered the hypothesis that mechanical system
consisting of (n) rigid bodies is covered in the
direct sense from (0)—(S,). For the

geometrical study, also is considered, the
sequence of two bodies (S,_;)—(S;) connected,
having attached the reference frames {i—1}
and{i}. Since the connections between the
bodies that composing the mechanical system
are allowing translations and/or rotations to the
body (S, ), besides (S, ;) is characterized by the
number of degrees of freedom called, in
analytical mechanics, generalized coordinates.
They can be linear and/or angular coordinates,
symbolizedq;, and are included in the symbol

6., having, according with [1], [2], the

signification of a column vector:

81=(0,, i=(N+1)—>N), i=1>n(1)

g=[6. i=1-i] @)
where, according to matrix algebra, T means
the transposed of a matrix, and 6 is a column
vector which characterizing the degrees of

freedom the same (S;)body, with respect to the

fixed reference system. There is introduced the
operator A, having two possible values:
A; =1, for rotation; A; =0, for translation  (3)

1.1 Orientation of the system bodies
Taking into account the issues covered in
works such as [1], [2], [3] the orientation of the
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body(S, ), with the fixed

reference system is defined by the orientation
matrix:

respect to

L(R)=R[G4, (V] (4)

which is a matrix function of the column vector
6_.,,(t)  components, represented by
independent angular coordinates:

i— 1A(t) [ ji—1A 1_1_>|_1]T (5)
where 0,_,, = [qm' m> m=(Nj-1+1)—>Ni] (6)

Therefore, the orientation of (S;) body, with

respect to {i—1} and {0} frames is:

:_1(R):R[qj' oY :(Ni—1+1)_)Ni:| (7)

"(R)={4R)T'(R) (8)

The previous expression is rewritten as:

'(R)= (R)- " (R)i " (R)=TT]'(R) (9)
=1

For i=n, the orientation of each axis of {n}

frame, attached to (S, )body, with respect to {0}

fixed reference frame,

rotation matrix:

is expressed with the

"(R) = ﬁ:1(R) " (R)"(R) =
n(R)(qJ J’ 1_1_>k)

According to [1], [2] the orientation of the (S,)

rigid body is expressed by a set of three
independent orientation angles as:

(R =R(a, == 7c),
A:{X,y,z}, B= {y,Z,X},C = {Z,X’y}

where A, B, C is the type of axis around which
is performed the rotation. For orientation, there
are known 12 sets of angles, one of these, being
the set of Euler angles, included in the

0 9] . (12)

(10)

(1)

orientation vector: (3?21) =[y

1.2 Position of the system bodies
Knowing the position vector, between the
{it —{i—1} frames, projected on {i—1} reference

frame, symbolized with ''p; ,, and the rotation

matrix (8), the position of {i} frame with respect
to the fixed frame {0} is:

i~y _ i-15(0)
Pii = P toe

FL0 (13)

Pis zio(R)'i_15ii—1 (14)

P :Zl;,pjm 22?_1(R)' j715”_1 (15)
i= j=

where the operator o,

={1;0}, has the
signification: (1, it =" (t)), respectively
(0,if g,y =cst.).

Going through the

(S)m-(S))monr(S,) in

replacing i=n in (15) results:
pn ZF_)M - ||—1 _pn|:ql

the position of {n} reference frame, affixed to
(S, ). regard the fixed reference frame.

system of bodies:
direct sense, and

 j=1-k] (16)

1.3 Angular velocities and accelerations

According to [2], the starting expression in
determining of the angular velocity and
acceleration is:

"‘R)="R)D-T'R) (17)

There is applied the property '(R)-/(R)" =(&, %),
representing the skew symmetric matrix
associated to angular velocity vector. On the
expression (17) there are applied the absolute
first order and second order time derivatives. By
successive transformations, there are obtained
the definition expressions for absolute angular
velocities and accelerations of the (S;) rigid

body as follows:

B =dy+ YAy (18)

& i ( X @ 1+5“1) (19)

where @,and &, are expressing the absolute

rotation of the fixed frame, having the values:

@y =0, & =0, while the vectors @, ,, & , are

characterizing the relative rotation of (S, )body

with respect to (S,_;).



The projection of @ and & defined with (18)
and (19), on its reference frame axesf{i}, are
established by the following expression:

3=1R"a; 'F=1R)F (20)
Going through the cinematic chain of the system
bodies: (S,).....(S;).....(S,), namely for i=1—n,
the expressions (18) and (19), turns into:

0, =@y + ) A - (21)

E =8+t 1A (O x@ 4+ ) (22)
i=1
Therefore, the absolute rotation of the frame
{n}, attached to the (S,) body is completely
defined by the rotation matrix (10), respectively
by the absolute angular velocity (21) and
absolute angular acceleration (22).

1.4 Linear velocities and accelerations
In order to establish the definition expressions
for absolute linear velocities and accelerations,
according to [2], the starting equation is:

p () =p O+ p; (1) (23)

On the expression (23) there are applied the
absolute first and second order derivatives with
respect to time. By successive transformations
there are obtained the absolute linear velocities
and accelerations of (S;)body, as:

v, =V, +Z|:a_)j,1 XﬁjjJ O, .\711*1] (24)

|
S S
i =3 +Z}(51—1Xpu—1 D)X XDy )+
J=
| L (25)
*. o -(2:0, XV +a )
where V; , and a; , are representing the relative

linear velocity and acceleration of the origin
0, e{i} with respect to {i—1} reference frame.

The Kinematical parameters V, and a; from

(24) and (25), are characterizing, alongside
oyand &,, the absolute motion of the fixed

frame, having the values: v, =0, a_; =0, and in
the studies concerning the dynamics of the
material systems a;, =7-g-k,, representing a
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vector, equal in modulus and in opposite
sense of the gravitational acceleration (z =+1).

[1]

In order to project the vectors Vv,and g,
defined with (24) and (25), on its {i} reference
frame axes, there are established by the
following transfer matrix expression:

V=RV  &a=iR\a (26)

Going through the cinematic chain of the
system bodies: (S;).....(S).....(S,), namely for

i=1—>n, the expressions (24) and (25), turns
into:

Vo =Yy +Zn:(a_)|—1 xPiatoiViy) (27
i1

a, =a, +Z(£i—1 XPig t @4 XD, Xﬁii—1)+
T (28)
+).0; '{2(5)0 +ZAJ 'CT)jj—1JX\Tii1 +5ii1:|
i=1 j=1

Therefore, the absolute rotation of the {n} frame,
attached to the (S,) body is completely defined

by the position and orientation parameters, by
the angular velocity and acceleration (21) - (22),
respectively by the linear velocity and
acceleration, defined by (27)-(28).

2  MATRIX EXPONENTIALS

The kinematical parameters, developed in
previous section, can be expressed, according
to [3], by using of matrix exponential functions.
First, there is expressed the rotation matrix and
the position vector between {j} and

{0} reference frames as:

Rjo = {eXP{ZJ {u_i(O)x} ini}} : Rj(g) =
i=1

' (29)
=T (o} aa |- /Y

B =2 {en| 2 00 a-af}B G0

i=1 k=0

where ng) corresponds to initial configuration of

the multibody system. The column vector b,
from the expression (30), according to [1], is:
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Bj={|3-qj+{aj<°> x| [1-cos(a;-,) ]+

—(0) —(0) . —(0

+uj( )-uj( ) -[qj —sm(qj -Aj)]}-vj( ),
In the previous equations, are used the symbols
U ={%;7,;7,} and V, ={p,x}U-A+(1-4,) T,
together expressing the screw parameters or the
homogeneous parameters of the oriented axis {j}

(1)

around or along which are achieved the
generalized coordination. In accordance with [2],
the defining expressions for angular velocities
and accelerations (18), (19) can be established on
the basis of matrix exponential thus:

= {izj;{exp{ii{ﬁk(o) x}qkAk }}Ui(o)ini} : (32)
"% {i{Mexp{ Vig} G +Mexp| ,1}qi}ﬁi(°)Ai}(33)

ME (V)= exp{i1 {H(O) x} q -Ai} (34)

i=0

i1

where V," = Z{u_k(o)X}-qk Ok -Ay; (35)

k=0

The velocity Vv, and the acceleration a; are

expressed as:

i{g{em{w*}}{ Un x} Gy {exp{v;}}}+
+Zjl{exp{ }} .

i=1

where V," = g{Uf<)><}qk A (36)
A =.|_er:n{a| )X}Q|5|A|;
-5l an
5 -y E{ oot} oot
+iZJ1:{exp{V3*}} 5, } where

8 ={(0i > =N, (Li<i-1}, &y ={(Om>])i(tm< )}

where b, ={I3 +{Uj(°) x} sin(q; A, )+

+{u_j(0) ><}2 I:']_COS (qj ’Aj ):I}\T](O) qJ .

The using of matrix exponentials apparently
seems to be complicatedly, has the advantage
of not wusing reference systems. This
observation is visible in the above equations, by
the occurrence of homogeneous coordinates,
specific to initial configuration.

3 THE ACCELERATION ENERGY

The dynamics equations for a mechanical
system, having (nd.of.), subjected to olonomous

or nonolonomous links can be determined by a
central function in dynamics, known as
acceleration energy, as shown in [1], [2] and [4]-
[6]. In Fig. 2, there is considered a rigid body,

denoted (j), divided into an infinity of
elementary ~ masses  (dm),  continuously
distributed in all body volume.
_ Mit  Element j
"% G S
f"??t— i
,\ / 5 ' \ J*} ——
\ _ 'r
\\___ '_OFCJ' \
i} _
—_—{
P

Fig. 2. The element j belonging to a MRS

The position of elementary mass (dm) with respect
to its reference frame having the origin in the center
of masses C; is given by position vector J'r_j .

According to [1],[2], [4], the starting expression for
acceleration energy is:

e, = [z an=1[07 5 anf o9

Nt PN I O P
where: 'v; = Ve, + '@ x T+ 0y X (@) <T; (39)

:a'j+§(§j_1

XPya+ @4 X XPy )+



In above equations, the parameters {'vCJ,'a) ]a)J}

are the acceleration of the mass centre, the
angular velocity and acceleration, which are
expressing the absolute rotation of rigid body.
Substituting (39) in (38), the acceleration energy
in integral form is written as:

1 e e i
= ZE'I(JVCj + o< T+ 1)

N A L
+'a)j><'a)j><rj) (Ve +loyx 't + @ x lao T |-dm
, j < j j <0

By performing some differential and integral
transformation in (38) there is obtained the
acceleration energy corresponding to a rigid
body, in performing of a general movement:

Eﬁj\(qk;qk 2l k=1—>j)=
1-A 1 N
—(—1)M .M 2T LY
=(-1) 13, {2 M; - Ve, vcj}+
+AL, {; o {JI o +[ @ x I - } }+ (42)

1 m o e
+—-'a)-T-['a)-><‘I--Ja)-]+
PR (RO I

+%E)JT[‘5)]T -Trace(jlpj)""j @ -l - J JE)J}

where A4, is an operator which express the

following types of motion for a rigid body:
A, =(—1general; 0 translation; 1 rotation ) ;

I is the inertial axial-centrifugal tensor, and 'l

inertial planar-centrifugal tensor; the both tensors
belonging to the (j) rigid body are established
with respect to {j} reference frame, applied in
the mass center C, .

4 FORMULATIONS CONCERNING THE
DIFFERENTIAL PRINCIPLES

It is known that the Lagrange-Euler
equations can be determined by differential
calculus applied to D'Alembert-Lagrange
principle, or by integral calculus based on
variational principles [1], [6]. By similarity of
the issues above, further, in order to implement
the accelerations energy in the equations of
motion, according to [1]-[6], there is considered
the D’Alambert-Lagrange principle for system
of bodies, whose general form is:

631
Zn:Mi-iiCi -5@ +2( rCI xM, -
F @) g‘z
T+ )60,

°°I
SI

(43)

According to [1], [2] the virtual variation of the
position vector T, corresponding to the mass

center and the orientation vector ),

symbolized by (12), is expressed as follows:
=k [a0]; Q=Qa)-A] =15k (44)

ST, z@; -54;, 5%, ZA Jh- gq‘-(sqj.(45)

j=1 j

where J, is the angular transfer matrix between
the time derivatives of the orientation angles (eg

Euler angles), included in O and the
components of the angular velocity vector @ on
the axis of the fixed reference frame. The

vectors J'l?j and JN , according to [1], [2] are

the outside forces and moments of the outside
forces, with respect to the system having the
origin in the center of mass, vectors exerted on
each body, belonging to the multibody system.

On the left side of (43), in accordance with
(45) there are performed a series of matrix and
differential transformations, which finally
leading to the expression:

Comparing with (42), it can be seen that in
the left side of (46) is found the component of
acceleration energy specific to current

movements (there aren't the q* components).

The right side, after transformations takes the
following definition form:
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where
N =T an =T o i
Q=2M;-§ 5 n 0 =8 =70k (48)
j=i i
Thus, the equation (46) takes the final form:
OE, i i
—A+Q' =Q! 49
P Q, =Qy (49)

In concordance to [1], [2], results the identity:

o - d(0E.) O _OE,
vodtl oG ) o o,

(50)

where Q| represents the inertial generalized

force. In conclusion, according to (0.49), the
partial derivative with respect to generalized
accelerations of the accelerations energy for
olonomous mechanical systems, is equivalent
to Euler-Lagrange equations.

5 FORMULATION CONCERNING THE
VARIATIONAL PRINCIPLES

The dynamic study of multibody mechanical
systems, generally evidenced by differential
equations of motion, can be reduced to the
calculation of variations, namely of the values
for that the integral of a particular function has a
stationary value (it is minimum). The principle
which leads to the calculus of the variations is
called Hamilton — Ostrogradski variational
principle [7]. For the interpretation of this
principle, according to [1], is considered a
discrete system of (n) material particles M, , (see

Fig.3), subjected to a number of (p<3-n) ideal
linkages. The system is characterized by the
masses (m; ), the position vectors (T) to a fixed

reference frame, and (k=3-n—-m) degrees of

freedom. The external force (F) is acting on the

material particle, causing the particle movement
on the trajectory (I;), in finite time interval
[to t]. The movement of the material system,
(see Fig. 3, is expressed by the generalized
coordinates included in @ (t):(qj (t);] :1—>k)T
by the velocities (V;)and accelerations (& ). The
imaginary point (M) is defined by the position

vector (F+6T) at the (t+6t). To imaginary

point (M/) is associated a velocity (V) and an

acceleration (&).

M, (t)

\><

e (),

M i (t1 )
Fig. 3. System of material points (actual and virtual state)

For the two extremities of the material point's
trajectory, (beginning and end of movement),
are imposed the conditions:

(67), =(oT), =0: (dt), =(d1),

By a series of matrix and differential
transformations, according to [1],[4]-[6] results
the integral principle in differential form:

0 (51)

Y n _ . n _
j{EEC +>F -5ﬁ—(EC +>'F -\Tij-ﬁt}-dt:O(ﬂ)
0 i=1 i=1
In the case of olonomous systems, the integral
principle (52), takes a particular form, due to
the restrictive conditions St =0, as seen:
Y n
j(éEC+ZFi-5f)-dt:O, ot=0. (53)
to i=1
By integrating this principle, there are obtained
the Euler-Lagrange equations for olonomous
mechanical systems, known in literature as:

d (o€, ) (oK, .
a4 | %, |=0,j=1>k. (54
dt{aqu (aqj +ij = GY

Taking into account (50), it can be seen that the
acceleration energy, as central function is of
interest in differential equations of motion only
by components which are containing the
generalized accelerations (q|) By performing

differential and integral transformations, on



identity (0.49), according to [1], finally results
the expression between kinetic energy and
acceleration energy, as:

3 )=32 oqt
n-1 n aZEC
* + 55
i;i—m@qiaqj di -4 (55)
nJ 82EC n aEC .
- _ e
IZ::MZ:%an@qJ g ql anl q

To implement the acceleration energy in the
integral principle, there is established the
virtual variation for a system as:

L\ OE k OE, d
SE, (4 e ]
A( J) JZ:aq JZ:an dt J

d (E, d (o, ©6)
NS EEREE M

On this expression is applied the time integral
on the finite interval [ty;t,], taking into account

the boundary conditions (51):

jaE (G )dt_ZJ'_A i dt_2£ZE j&qJ (57)

) =1 to i j=1

Further, the expression (57) is integrated as:

¢
I[ME (i )dt} dt_ZfaEA .54, dt =
to =ity 04
10E oE, %)
j A5G, dt = ——2- 50,

i
The expression (58) 1is integrated again.

Therefore, after the previous differential and
integral transformations, there is obtained:

Tl:tf[tjcSE (4 )dt} dt]dt:
| fo . . (59)
:_z(qu jZEA -dt=[SE, -dt

to j to

The second term from the left side of (53) is:

M/n_ _k n—5_r -
I(Zﬁﬁn)'dt_;{r{{? o, 5qut} (60)

IO iz[jQ -5 - dtJ_Z(IQ dtj 59,

=1\ to

where Q, represents the generalized force.
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As a result, the integral principle for
olonomous systems and synchronous running
ot =0, takes the form

k [U 8E
5

Applying the conditions:

} }5qj =0, 5t=0.(61)

(80; #0,j =1-k);(5q, #0i =1-k,i =), results:

d [1] oE
— || ——=~+Q, |-dt;=0;
dt{t{[ o4, J} } (62)

OE,
e

i=1-k

Thus, by integral calculation there is
obtained the identity (0.49), shown in previous
section, on the basis of differential approach.

df %) ok _0E, (63)
dt an qu 8qJ

The final expression of integral principle is
written below as:

Yl Yy n
j{j(]aE dtj dt+zﬁ 5@ dt=
t1‘0 to\ o o (64)
=j(5EC +2Fi-§ﬁ)-dt:0, where 5t =0
to i=1

Expression (64) highlights the integral
principle based on the acceleration energy as
central function. By integrating this there is
obtained, finally, the moving differential
functions, of the form (50).

6 CONCLUSIONS

The main objective of this work was the
implementation of the acceleration energy as a
central function in differential and integral
principles of the analytical mechanics. The
achieving of this goal required initially a
laborious kinematic study, in matrix form,
applied to multibody mechanical systems. In
this study were highlighted relations concerning
the position and orientation of multibody
system and generalized defining relations for
linear and angular velocities and accelerations.
An important aspect was the using of matrix
exponential functions, whose undeniable
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advantage to classical transformations,
refers to not using of reference systems, which
is the effect of applying specific homogeneous
coordinates of the initial configurations of
mechanical systems. Expressions which are the
basis of the kinematic study were used to define
acceleration energy in explicit form, specific to
general movement of a body. After applying
the  differential  principles  D'Alambert-
Lagrange, specific to multibody systems, it's
been shown the implementation of acceleration
energy as central function in differential
equations of motion. As is known in analytical
mechanics, the equations of motion can be
established by applying of the variational

[2] I, Negrean, Mecanica. Teorie si aplicatii, Editura
UT PRESS, ISBN 978-973-662-523-7, Cluj-Napoca,
2012.

[3] Negrean 1., Negrean, D. C., “Matrix exponentials
to robot kinematics”, 17™ International Conference on
CAD/CAM, Robotics and Factories of the Future,
Vol.2, pp. 1250-1257, Durban, South Africa, (2001).

[4] Negrean, 1., Negrean, D. C., The Acceleration
Energy to Robot Dynamics, International Conference
on Automation, Quality and Testing, Robotics, AQTR
2002, Cluj-Napoca.

[5] Voinea, R., Voiculescu,

Didactica si Pedagogica, Bucuresti, 1983.

Mecanica, Editura
[6] Valcovici,V., Balan, S., Mecanica teoretica, Editia a
2-a. Editura Tehnica, Bucuresti, 1963

[71 Rumyantsev, V., “Forms of Hamiltons’s Principle
for nonholonomic systems”, Mechanics, Automatic

Control and Robotics, Vol. 2, No.10, (2000).

[8] Negrean, 1., Schonstein C., ” Formulations in
Robotics  based on  Variational  Principles”,
Proceedings of AQTR 2010 IEEE-TTTC, International
Conference on Automation, Quality and Testing,
Robotics, ISBN 978-1-4244-6722-8, pp. 281-286,
Cluj-Napoca, Romania, (2010).

[9] Ardema, M., D., “Analytical Dynamics Theory
and Applications”, Springer US, ISBN 978-0-306-
48681-4, pp. 225-243, 245-259, (2006).

[10] Park, F.C., “Computational Aspects of the
Product-of-Exponentials ~ Formula  for  Robot
Kinematics”, 1EEE Transaction on Automatic
Control, Vol. 39, No. 3, 1994.

principles. As a result, the last part of the work,
it has been presented the implementation of
acceleration energy in the integral principles,
specific to olonomous systems, and the
equivalence of the two principles based on
kinetic energy and acceleration energy.
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Formulari asupra principiilor din mecanica analitica

Rezumat: Principiile diferentiale si integrale ale mecanicii analitice se bazeaza pe notiuni fundamentale din mecanica
newtoniand, tindnd seama insa, de caracterul diferential si de tipul legaturilor dintre corpurile ce compun un sistem
mecanic. Printre notiunile fundamentale, cu un rol esential, se afla energia cinetica ca functie centrala in ecuatiile de tip
Lagrange-Euler, ecuatiile Hamilton, precum si in principiile variationale. Dar, ecuatiile diferentiale de miscare pentru
sistemele mecanice cu mai multe grade de libertate pot fi determinate utilizdnd energia acceleratiilor, ca functie
centrald, a carei implementare in principiile diferentiale si variationale, va constitui obiectivul principal al acestei
lucrari. Pentru dezvoltarea ecuatiilor de miscare cu ajutorul notiunilor mai sus amintite, lucrarea va contine ca sectiuni
principale: studiul cinematic al sistemelor multicorp, functiile exponentiale de matrice, expresia de definitie In forma
generald a energiei acceleratiilor, iar apoi implementarea acesteia in principiile diferentiale si variationale ale mecanicii
analitice.
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