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Abstract: In many cases, signal processing methods d¢ama@ircumscribed to existing models but
require some extensions of mathematical theoriger@ior theory, functional analysis) to enable the
widening of more general spaces or the modelinggusiore general functions but with fewer properties
satisfying theorems used in similar models.

In this context, one can expand the Hilbedcspl, to a locally convex space, sequentially complete,
extension required in terms of types of data thastrbe processed. Hence, there is a need to obtaire
medium ergodic theorems which can characterize aipes endowed with a certain type of limitation. In
1943, Dunford obtained ergodic theorems using aiedy calculation of the operational functions of a
complex Banach space operator. In 1974, M. Lin ddde equivalent condition to the uniform ergodic
theorem .In this paper, a study on some equivalenditions for T (where T is a multiplier on a Idlga
convex algebra A which has a closed range) is peréal.
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1. INTRODUCTION indexation depends on multiple parameters. 3D
environment is illustrated by blocks of data
In signal and image treatment, input data ardield or 3D imagery such as geological, seismic,

generally finite samples of the form: medical, radar, fluid dynamics, etc.
{x1,...,xn}e C (1 — D case) Mathematically, these multi-dimensional
(x(6,)), (e (1,1),...,(mmn)(2 — D case).  data are generally treated as a function of one

In addition to stationarity in a broader sense, iof more discrete or continuous variables -

is assumed that the ergodicity hypothesis iProper indexing parameters. The classes of
satisfied and thus the statistical moments up t§0dels vary depending on the type of data and
second order in probability space can bdnformation considered relevant to these data as

addressed by their equivalents calculated in theart of various applications. .
space of achievements. Many areas of According to these, models and associated

application today require treating a growingestimation techniques_ are based on differer_lt
volume of digital data that appear important inareas of mathematics, such as harmonic
a raw form or indexed by one or moreanalysis, probability theory, geometry and
parameters. These index data are subject t@fferential equations.
very general topics, including signal Three-dimensional coronary bypass models
processing, field image or volume, with manyOf the aortic-right coronary bypass systems are
applications in medicine and industry. constructed  using  computational  fluid-
Depending on the number of parameters ~ dynamics software. A larger framework to
used in the natural description, these data can Study flow dynamics at specific time instants of
be classified as mono-dimensional (1D), wherethe cardiac cycle is the power-boundedness
they depend on one parameter, or techniques for operators from special types of
multidimensional (2D, 3D and nD), where the
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algebras which generalizes the Banach 2. PRELIMINARIES
spaces case to the locally convex ones.

The general view of the stochastic context is All locally convex spaces will be assumed
to look at these not as scalars, but as a randortausdorff and over the complex field. A
variables in probability space. calibration for the locally convex spageis a

As measurable functions, these variables aréamily P of semi-norms generating its topology,
assumed to have mean zero and finite variande the sense that the topology of is the
which means that they can be viewed as vectorsoarsest with respect to which all the semi-
in a Hilbert space.,. This approach allows the norms inP are continuous. A calibratioR is
use of the hilbertian theory, namely operatorsharacterized by the property that the sets
under the hypothesis of stationarity in theE(p,e) = {x eX: p(x) < €},e = 0,pe P
extended sense. constitute a neighborhood sub-base at 0.

In addition to stationarity in a broader sense, We denote byX, P) a locally convex space
it is assumed that the ergodicity hypothesis is< with a calibratiorP.
satisfied and thus the statistical moments up to A locally convex algebra is algebra with a
second order in probability space can bdocally convex topology in which the
addressed by their equivalents calculated in thenultiplication is separately continuous. Such
space of achievements. algebra is locally m-convex (Imc) if it has a

In this context, expanding the Hilbert spaceneighborhood base at 0 such that eadh [1U
L. to a locally convex sequentially completeis convex, balancedly/ U for |A] < 1) and
space required in terms of types of data thagatisfies the semi-group property’/ U. Any
must be processed, there is a need to obtainagebra with identity will be called unital. A
theorem which can characterize ergodicunital Imc algebraA is characterized by the
medium operators endowed with a certain typexistence of a calibratioR such that each’ P
of limitation. is sub-multiplicative (p(xyx p(x)p(y)) and

In 1943, N. Dunford [6, 7] obtained certain satisfiesp(1) = 1 We recall that the dua of
ergodic theorems using operational calculus g |ocally convex spac¥ is endowed with the
for analytic functions of an operator on atopology of uniform convergence on finite
complex Banach space. In 1974, M. Lin [17]subsets ofX, denoted bys(X', X). We also
added an equivalent condition in the uniformmention that U° denotes the polar ofU.
ergodic theorem. Papers dedicated to the studiXccording to V. Ptak [22], a locally convex
of the class of universally bounded operatorspacex is B-complete if a linear sub-spae’
acting on a locally convex space have beerx” is (X", X) closed whenevernU® is closed
elaborated by R.T.Moore [19] in 1969, for each 0-neighborhoodl/7 X. Let A be a
A. Chilana in 1970 [4], G. Joseph in 1977 [12], complex algebra of functions. By a locally
F. Pater and T. Binzar in 2010 [20]. This Classmultiplicative convex algebra (Imc) we
of operators was also taken into considerationnderstand a topologically algebra whose
by J.R. Giles, G Jose_ph, D.O. Koehler, B. S'msiopology is given by the family of sub-
[8] and by A. Michael in [18]. multiplicative semi-normsg,}, i.e.

In 1958, V. Ptak in [22] introduces the B- e (2y) < p, (p, ) forany x,y e Aand a € .
completeness of a locally convex An algebraA is called proper if only the

space, that allows an extension of the,erg element annihilates the whole algebra
fundamental principles of functional analysis & if xA = Ax = {0} thenx = O. It is obvious

to such spaces. For such an extension, a resyfai any semi-simple algebra is proper.

property of a barreled space is needed. algebra. Then from [9] a multiplier
Based on some known results obtained by is a mappingT : A — A which verifies

Allan [1], F. G. Bonales and R. V. Mendoza . v = x - Ty forall x,y € A. We denote the

[2], [3], develop a version of spectral theory for ¢at of all multipliers o\ by M(A). We observe
bounded linear operators on barreled spaces. hat the identity - Ty= T(xy)= Tx - yholds for

somex, ¥ € 4 and thus the rang€A and the
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kernelker Tof T are both bilateral ideals of A. Proof. First, we show that(X) is closed in

Using the above identities it can be shownthe topology ofX. By hypothesi = TX Uker

easily thatM(A) is a commutative algebra T js aB—complete, barreled space. Moreover,

having an identity element (i.e. the unitijt js easy to verify thaffX is a B—complete

operator) (see for instance [10]). It is well parreled space, endowed with the topology

known that eaclfeM(4) is a continuous and generated by the family of semi-nornfg,}

bounded operator ([16] Corollary 2.3). given by

Moreover,M(A) is a closed sub-algebra of the 4, (y)= p.(y) = inf b (x) -

algebra of all continuous, linear and bounded " " 0K y=Te

operators endowed with the strong operatof e N. Furthermore, sincep,(y) < on(y) for

topology ([15] Theorem 2.4). somey e TX, the canonical injectioiX — X

Laursen and Mbekta [16] determined, in thejs continuous.

context of Banach algebras some necessary and Definey: TX x ker T— Xo by w (y, X) =y +

sufficient conditions for a multiplier, to have x. Thusy is a continuous bijection and from the

closed range. open mapping theorem (see [9]) we obtain that
Our objectives are to study this problem iny is bi-continuous and thueX =y (TX x {0})

the context of locally convex algebras. Also, wejs closed inX,, hence it is closed iX.

will investigate some equivalent conditions for \We’ve obtained thaf has a closed range.

a closed range multiplier of a certain type on Becauseker TN TX = {0}, ker T =ker T, it

a locally convex algebra. Moreover, we will results thaker T" = ker T, for alln € N.

prove thatTA [0 ker T=A if and only if there Now we can complete the proof by an

exist a generalized inverse which commutesnductive reasoning. " has closed range for

with T. These conditions are equivalent Withﬂ,E N. then becauseX Jker T=TX Uker T"

the existencclze of a factorizatidn= Ps, where is closed, from hypothesis we get that

P is an idempotent operator and is an n+ly _ —n B

invertible multiplier. Now, we address the | X=T (T>.( Hker T) = T(TX Hker T)

problem to a more general caseTiis a linear Is closed. This completes the proof.

and continuous operator on a barrel®&— oy, -

complete spaceX, then there exists a _Remlarké%.Z. I.th X |shclosed, theI_TX * :fel’r\ T.

factorizationT = PB, whereP andB commute, Idsirgc(t)z(zrr’l without the assumption ot having

B is invertible, P is idempotent anK = TX Indeed. i .f t it # is closed and

Oker T (see also [9], [11], [13], [14], [15], .de€€d. N T1act, T 17 IS closed and Suppose

[21]). Moreover, ifX is a decomposable space ;f'” :b”T_) ':’f wherr]e b;?]s Ifertr{’ then i
in this mode, theiX is necessarily closed. n €, SO Trom nypothesis there exists
xeX such that Te = T*x. If we put

z=¢—TxekerT we obtain

3. SOME CHARACTERIZATIONS FOR ¢ = Tx + zeTX + ker T. Now the proof is
CLOSED RANGE MULTIPLIERS ON Iimmediate followingl heorem 3.1. These leads
LOCALLY CONVEX ALGEBRAS to the following result.

Let X a barreledB—complete space, such that Theorem 3.3. Let T {1 C(X) with the property
the co-dimension oT X is ¥, with the family ker T N TX = {0}. Then the following
of seminorms{pn}, v generating its topology assertions are equivalent:
and letT € C(X). ConsiderT € C(X), whereTX (1) TX+ker Tis closed;

and ker T denote the range, respectively the(2) TZX is closed for alh € N,
kernel ofT. (3) T°Xis closed;

(4) The mapping T: X/ ker T— [IX/ ker T

Theorem 3.1. Suppose thatX N ker T= {0}  has closed range. _ _
and TX + ker T is closed for an§ ec(x).  Proof. Using theTheorem 3.1 it remains to

— X/ ker Tbe the canonical surjection. Then
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T° (X/ ker T)=7 (TX + ker T)
and thus we have
x T (X/ ker T) = TX + ker T. So we have
obtainedT’ (X/ ker T)is closed if and only if
TX + ker Tis closedo

4. CONCLUSIONS

Most of the computing processes that occur
in the medical field, as in many other fields,
require  the existence and  efficient
implementation of parallel processing.

Modern imaging methods: classical
radiography, CT scan, MRI, ultrasounds have
the shortcoming of two dimensions limitation,
often providing insufficient information in
complex  deformation cases. Modern
tomography offers three-dimensional models
but these are static, do not permit operations o
them, can be analyzed only from standarc
angles, do not emphasize several tissue
simultaneously, do not permit virtual dissection F
and especially do not permit their further use in Fig. 1. — temporomandibular joint modeling-right
specialized software, on usual computers. joint ankilosis
Appealing to computer modeling and 3D
graphics based on multipliers techniqueg
(described in this article) as main algorithmic
tool, this domain of information technology
which is practically the core of modern
CAD/CAM software engineering improves the
medical act of facial reconstruction in all its
aspects: preoperative investigation, study mode
in  surgery preparation, modeling of
osteosynthesis and bone replacement implant
analysis method of the postoperative results.
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Proprietatile multiplicatorilor in spatial algebric cu aplicatiein prelucrarea semnalelor

Rezumat: Tn cele mai multe cazuri, metodele folosite Tn pcedrea semnalelor nu pot fi
circumscrise unor modele deja existente, ci, esteesaii aplicarea unor extensii ale teoriilor
matematice (teroia operatorilor, anadiZuntionali) pentru a generaliza fie spatiile fie modelele,
folosind functii mai generale dar cu mai putine prietati satistzcand teoreme folosite Tn modele
similare.

in acest context, spatiul Hilbert;lpoate fi extins la un spatiu local convex secatmmplet,
extensie necesain termeni de tipuri de date care urméazfi prelucrate. Astfel, este nevoie s
obtini teoreme ergodice de medie care pot caracterizaadpgi cu anumite tipuri de limitri. Tn
1943, Dunford a obtinut teoreme ergodice folosiradcalul analitic al functiilor operationale
asociate unui operator care actiongage un spatiu Banach complex. In 1974, M. Lin &duagt o
conditie echivaler teoremei uniform ergodice. In aceasticrare, se studiazconditii echivalente
pentru T (T fiind un multiplicator pe o algeblocal convei A cu range inchis).
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