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INVERSE AND DIRECT GEOMETRIC MODEL OF A NEW PARALLEL
ROBOT WITH SIX DEGREES OF FREEDOM AND THREE GUIDING
KINEMATIC CHAINS OF THE PLATFORM
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ABSTRACT: The paper presents a new parallel robot with six degrees of freedom and three guiding
kinematic chains of the platform. Starting from an initial solution with actuators on levels one and three,
a new configuration is proposed in order to position all the actuators on the fixed platform. The inverse
and direct geometric models are presented. While the inverse geometric model is obtained in closed form,
the direct geometric model cannot be solved in closed form, the direct geometric solutions being
computed using the Newton-Raphson numerical method. The robot can be used in assembly tasks and as

a module for minimally invasive surgical systems.

Key Words: parallel robot, six freedom degrees, kinematics chain

1. INTRODUCTION

A parallel manipulator typically consist of a
moving platform and a fixed base that are
connected together by several legs. Because of
the closed-loop architecture not all joints can
be independently actuated. In general, the
number of actuated joints is equal to the
number of degrees of the robot.

Though the serial robots possess a large
workspace, the positioning capability is rather
poor. So, where high load carrying capacity
and precise positioning is the prime concern, an
alternative is provided by parallel actuated and
closed-loop robots. Parallel robots provide high
structural rigidity, load carrying capacity, and
good positioning capabilities.

Various six DOF manipulators have been
considered in literature [6,9]. In [7] is
presented a 6 DOF manipulator consisting of
three inextensible links, one end of each link
being connected to a planar actuator using a
spherical joint and at the other end by a
revolute joint. In [8] the authors propose a
novel six degrees of freedom system — a tripod
structure with inextensible limbs actuated at the

base by two-dimensional linear stepper motors.
Similar 6 DOF manipulators having different
joint geometries have been considered in [3,
18, 19]. A tripod like manipulator with
extensible limbs and rotary motors at the base
was considered in [4]. A parallel manipulator
with three active revolute joints and three
active prismatic joints was proposed in [20].

In [1] and [2] are presented new architectures
of a six degrees of freedom parallel robot
suitable for micro-electromechanical systems
(MEMS) fabrication. The robots consists of
revolute joints for the passive joints, and linear
actuators located at the base for the active ones,
both being characterized by the fact that are
easier to manufacture in MEMS technology.

In [12, 13, 15, 16] the authors present several
parallel microrobots with six degrees of
freedom and two guiding kinematic chains
[15], three guiding kinematic chains [12], four
and five guiding kinematic chains [13] and
respectively with six guiding kinematic chains
of the platform [16] with linear active joints
(piezoelectric linear actuators) and elastic
passive joint. In [14] is presented a structure
with five degrees of freedom where three
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degrees of freedom are for general positioning
of the camera, the active couples being
mounted on the first level, module that is
similar to MOTBAT6 (structure presented in
this paper) mounting active couples and
connection between the rods of the each limb.
The robot structure is based on a registered
patent [17].

The determination of the inverse geometric
model is in the case of parallel robots,
relatively easy. Some general methods have
been developed in [11]. Due to non-linearities
in the equations, the direct geometric model is
rather difficult to obtain. Some numeric
methods, like Newton-Raphson, have been
successfully used [10]. In parallel robot
research area, the problem of Jacobian matrix
determination is an open and interesting
problem. Indeed, the inverse Jacobian matrix
computation is known [5, 10] but its analytical
expression remains relatively complex. Its
expression is generally obtained by a numerical
method using a classic algorithm of matrix
inversion or by a method based on a iterative
scheme.

The paper is organized as follows: Section 2 is
dedicated to the description and design of the
parallel robot with six degrees of freedom and
three guiding kinematic chains of the platform.
The inverse and direct geometric problems are
the subject of the Section 3. In the last section
are presented the conclusions.

2. DESIGN CONSIDERATIONS

A definite advantage of parallel manipulators is
the fact that in most cases actuators can be
placed on or near the base, thus imposing a
limited weight on the moving parts, which
makes it possible for parallel robots to achieve
higher speed and acceleration. In addition, by
using three limbs instead of six other benefits
such as lower possibility of mechanical
interference between limbs can be realized. For
the fact that all of the actuators are base-
mounted, higher payload capacity, smaller
actuator size, and lower power dissipation can
be obtained. Very often for spatial
manipulators, the joints that connect the limbs
and the moving platform are spherical joints.
More precisely, the inertial position of the
mobile platform center and the orientation of

this platform is defined only by the coordinates
of the three points Aj;Az;As.

As a conclusion of the above, starting from an
initial parallel structure (Figure 1) with 6 DOF
and three guiding chains of the platform with
the active linear joints placed on levels I and III
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Figure 1. Parallel structure with 6 DOF and three
guiding kinematic chains of the platform with active
linear joints on levels I and II1
in Figure 2b is presented a structure of a new 6-DOF
parallel robot with three guiding kinematic chains called
MOTBATG6 (active couples/ motors mounted at the
base).
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Figure 2. a) Geometric scheme of MOTBATG6; b)
Virtual prototype of MOTBAT®6 parallel robot

The moving platform has an equilateral
triangular form A;A>Aj3. The two platforms are
connected through three 2 DOF modules with
the active joints positioned on the base. The
connection of each limb to the base is achieved




by two prismatic joints at points D; respectively
Ei (i=1, 2, 3), and to the mobile platform by a
spherical joint at points A; (i=1, 2, 3). The
robot has six linear actuated joints mounted at
the base. There are also the following passive
joints: six revolute joints between the active
joints and each rod of each limb, and three
revolute joints between rods (10, 11, 12)
respectively rods (7, 8, 9). The geometric
parameters of the robot are represented by h, b,
8, 8,, 8,5, ¢, p,d (Fig. 2a) and the coordinates

of point E (Xg,Yg,Zg).
3. THE GEOMETRIC MODEL

3.1. The inverse geometric model

The inverse geometric model consist in the
determination of the active coordinates
(variables) q; and q;; (i=1,2,3) of the
mechanism when the position and orientation
of the manipulated object, respectively his
coordinates are known: X, Y,, Z,, y, 6, o.

Starting from the relationship that defines the
height of the equilateral triangle of the mobile
platform:

2
oH=1AH 3
3 6

Are obtained the A, (i=1, 2, 3)
points in relation with the oxyz system attached
to the mobile platform:

coordinate

o5 b,
XA T 0 My Za T
pV3 p
XAz_OH:T’ yAZ_z’ zp, =0
V3
XA3:p3 s YA3:07 ZA3:0’

And the point coordinates E to the same
coordinate system OX,,Y,,Z; (Fig. 2) are:

xg =0, yp =0, z; =—-d
With the notation for the equilateral triangle
sides:

AA; =AA; =AA =D
The variable radius on which the point A,
rotates will be: r, = \/(20)2 —(@i5-9;)* ,1=1,2,3

The angles between the oxyz axis system
attached to the fixed base and the OXYZ fixed
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system of the robot are given in the table

below:
Table 1.
ox oy oz
0X o o o
oY B B B
oz Y v v
Whose cosines are given by the table bellow:
Table 2.
ca'=cycp — co’ =—cysp— ca’ =syso
—sycOse —sycOse
cf'=syco+ B =—sysp+ cB" = —cysb
+cycOso +cycbee
cy'=sOsy ¢y’ =s6cy cy =cb

* Where s stand for sine and c for cosine.
From the Table 1 results the following

relations:

ﬁi :(XAi _XE)EO"‘
Exi :<XAi _XE);+(YAi _YE)3+(ZAi _ZE)k

i=1,2,3 (7)
Respectively, based on Table 2 are obtained the
relationships:

XA —Xg ca' co co’ Xa; —Xg
(D) Y, —Ye |=|cB cf’ cp” Ya —Ye p1=1,2,3
Zy, —Zg ey oy oy Zy, —Zg
2 2
@ ( ®
From which are obtained the coordinates of the
points A;, i=1, 2, 3 according to the
generalized coordinates of the end-efector:
Xa; Xg ca' ca' ca’ Xa; ~Xg
Yy, |=| Ye [+] B e’ cp’ Ya, —Ye pi=123
3) Z,, Zg oY’ oy oy | zu —zZg
9
The angles between the axes attached to the
fixed platform are:
2n 4n
6, =0; 62:T; 63:? (10)
(4Using (10) is determined fr¢#) (9):
X cd, —-sd 0 O X'Ai
Y. 8 ¢ 0 0],
D P S (a1
() |zy| |0 0o 1 hjz,
1 0 0 1| 1

(YAi - Yg )jo +(ZAi —Zg )ko
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Xy, =X, 08— Y, 85,
Y, =Y, 88, +Y, ¢

Z, =Z +h

i=1,2,3 (12)

va =LCQ; 2\/(20)2 —(Qis3 _(li)2 -COP
YAi =4q;
Z:A\i ="h8Q; = _\/(20)2 = (443 _Qi)2 ‘8@

i=1,2,3

(13)

And the coordinates XY Zys (=1, 2, 3) of

the point A; depending on the coordinates
XAi;YAi;ZAi > (1:1’ 2’ 3).

X, cd 88 0 0 [X,
Yy | _|=s8 & 0 0 Y, (14)

Zy| | 0 0 1 -h|Z,

1 0 0 0 1 1

From (14) results the coordinates:

X'aj = X5, €8, + Y, 83,
YA ==X, 88, + Y, ¢5, (15)

Zni =Zy, —h,
Where:

h, = b*/_ ,i=1,2,3 (16)

The equatlon of the mobile circle described by
the variable radius is written below as a
intersection between the variable

radius rj and the plane Y ai=-q;:

(X~ X)z( <o) - (17)
Alz_(h

X,, =0 =2 v, g (1)

{XAI—B%EJ +(Z, F =) ~ (@5 -a))

2,3 (19)

Using the relations (18) and (19) results the
equations for the active coordinates:
4 =-Yy, i=1,2,3 (20)

3 J ZF e

6

Qs =q; + [(20)° = X'

The coordinates of the A;, i=1, 2, 3 point are

determined in
systemO,X,Y;Z;:

relation with coordinate

, bv3
X, = OoH; +r,co; = T\/__H/(ZC)Z - (Ch+3 -q,)
Y/'\i =—q; (22)
Z;\i =-1;59; = —\/(2C)2 —(Cli+3 —Ch)z

z'A Zy,
u; =8¢; =—
R
. b3 b3 (23)
Xy —Tp Xa—g
W, =co; = =
T T
Using the relations (22) and (23) are
determined the ¢, angles:
o, =atan2(u;,w;),1=1,2, 3 (24)

Table 3. The inverse geometric model for the 6 DOF
and three guiding kinematic chains of the platform
parallel robot. Algorithm

Given: X, Yg, Zz, v,0,0
h,b, 5, 8,, 85 (3, +8,+8;=2mn), ¢, p, d;
Unknowns: q;, q;, q3, 44, qs> 96, (q; =1+6)
Variables: Solving equations:
3 _p
XAI _T’YAI __E’ZAI =0
XAi’ yAi’ p\/g p
fye |76 YT S0
o Nl
1 1,2)3 XA3 :_pT’yA3 :O’ZA3 :0
2 4
§,=0, 8, =", 5, =—
619 82 563 3 3
Xg, Yg» Zg | Xg =0, yg =0, zp=—d
ca'=cyep— col’ = —cyso —
sycOse | sychso ca'=sys0
cat's..,cy of'=syco+ : B’ =—S\|IS(p+ cB =—cys0
cycse : cycOep
cy'=s0sy 1 oy" =s0cy ey =cO
X | [Xe
Ya |=] Ye [+
N Z
XAi’YAi’ - Ai :
7 ca' co  co || X, —Xg
Aj , " " !
: cf' ¢ c -
=123 B' B B |l ya — Ve
of' oy oy | Zy 7




X'a; = X5 €0; + Yy, 86,

407

Using the expressions from the Table 1 of the

cosines o ,B,y,a .8,y ,a .8,y we obtain the
coordinates of the points A;:

Xap, Y'a; =X, 88, + Y, c3,
YA, Za; Z a; =Z,, —h;
1=1,2,3 o hi:%

6
qi»
1=1,2,3

q; :_Y'Aia 1=19 29 3

2
diss = t\/@cf —[—xAi —@j

Xa; Xg cycp—sychsp —cyse—syclep  sysO
Yy, |=| Ye |+|swe@+cycsp  —syso+eychep —oysh |-
Zy, Zy s0s@ sOce co
XA T XE
1ya-ve | =1,2,3 27)
Za; T Zg

Hence the following relations:
Xa; = Xg + (x5, =Xp)(cyco —sychse) +
(Ya; —YE)—CWsQ—syche) +(z,, —zg)sysO

Yy, =Yg +(x,, —Xp)(SWce +cychse) +

(Ya; = YE)(—SYs@+cychep) —(z,, —zg )oyso
Zp, =Zg + (x5, —Xg)80s0+(y,, —yg)sbcop+

(28)

(ZAi _ZE)Ce

Are introduced the equations of the point Aj;
(28) into the positional equations (25) .

Using the relations (26) are obtained from (25):

6
Gi3>
i=1,2,3 | (Vs +q,)
L
i=1,2,3 | 1 =20 - (q;,-,)’
Z,,
U.i :S(\Di =
\/(20)2 —(Qi+3 _Qi)2
u;, Wy XI _@
1:1’2)3 wi :cq)i =
G
o, ¢; =atan2(u,,w;)
i=1,2,3

(i _qi)2 -(20)° +(Xp;00; + Y, 80; _hi)2 +(Zy, _hi)2 =0
=X, 80; +Y,,¢; +¢; =0,

i=1,2,3 (29)

3.2. The direct geometric model

The direct geometric model of a mechanism
(DGM) called also as the direct positional
problem, consist in determining the generalized
coordinates of the end-effector depending on
the variable parameters.

Are known the active coordinates q;, and qj:3
(i=1, 2, 3) and the geometrical characteristics
of the robot: h, b, §,, 3,, &, ¢, p, d.

The unknowns are the coordinates that define
de position of the mobile platform: X, Y,

Ze, v, 0, ¢.

From the six position equations:
E (qi3,9 X5 Vi, Z, W6 B, 0) = (Q1y5 —4;)° = (20)° +
Xy, —h)?+(Zy,)* =0

Fi+3(qi9XE’YE’ZE’\Vﬂe’(p)Eszxi +q; =0, i=1,
2,3 (25)
where:
X, =X,,8; + Y, 85,
Yy, =—X,, 88, + Y, c8; (26)

Zy =Z, —h

From the relation (29) the expressions for the
functions F; ..., F¢ can be written as:

B (X, Yoo ZeoWsBL0) = (ay —a1)” =207 + X+, —xp)-
- (Yo —SyeBSQ)(Y 5, — Y )(—OSQ—SyeBop) +(z,, —z; JsysO)
08, + [V + (x5, —Xg)(SYep+oycdse) +(y,, —¥i)-
(—sysp+cycbop) —(z,, — 2 )(:\4156]s8l —h, }2 + [ZE +

(X, ~Xg 8050+ (y 5, — Y )s000+ (2, —2; )b, [ =0

By (X, Vi Ze B, 9) =05 — ) —(20)° +{X; +(x, —x)-
-(Cyep—syclsp) +(y,, — Ve )(CYsQ—sycbop) +(z,, —2g)-
sys0Jd, +[ Yy, +(X 5, —Xg JEYCQ+0YCBSE) + (Y, —Ve)-
-(=syse+cyebop) —(z,, — ZE)C\VSG]SS2 —h, }2 + [ZE +

+ (X py = Xp)S05Q+ (Y 1, — Y )8000+(z, —2;)00—h, ' =0

Fy (X, Ve Ze WoB.9) = (Q —03)° —(20)° + X +(x, =)
- (Cyep—syeBsp) +(Y o, — Ve )(—CWs@—sycdo) +(z,, —2¢)-

- sysOJod + [V, +(X 5y — X )SWEQ-+oyeOs) + (¥, — Yi)-

- (~sysQ+oycfop) —(z,, —7 JoysOhd; —hy | +[Z, +

+ (X —Xp)S08Q+(Y 5, — Y5 )S000+ (24, —27)e0—hy | =0
F,(Xg Yg, Zg, 1,0,0) = —[XE +(X 4, —Xg)cyop—sycdsp) +
+(Ya, —Ye)- (-ewsp—syebop) +(z,, —7;)sysOd, +[Yy +
+(Xp, —Xp)EWeQ+cyclsp) +(y,, — Yi)(SWse-+oychep) —
—(zAl —ZE)CWS9]661 +q,=0
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FSO(E,YEvZE»\Vaea(P)E‘[XE +(Xp, —Xg)(Cyop—syctsp) + ‘. = p\/g v = P,
L, Al RN YEAL T
+(Yy —Ye): (OUSQ—SYcBog) +(z,,, —2; J5ysORD, +[Y. + i f/_ 2
i 3
(X X )OYOP YD)+ (Y, — Y ) SYSP-+Y0) Ty = By =22, =0
—(2p, ~2:)oys0led, +q, =0 . “a NE)
=1,23 | x, ==y -0z, =0
By (X Yoo Ze 01 0,9) =—[X. +(X,, X ) (Oyrp—syechisg) + 3T 0 3
+(Y g — i) (COUS—SYBOp) +(z, 7 JSYsORS; +{Y +
h,,
(X py —Xg)OYOP+OYBSP) +(y 5, — Vi) SYSP+Cycon) - . 1‘ 5 | Mi=hy=h;= %
—(Z, _25)9“59]063 +q; =0 ?: )
(30) XE>
From the six nonlinear equations (30) are Ve, zg | Xg=0, yg =0, z;=—d
obtained the six generalized coordinates of the
end-effector X, Yz, Z., v, B, ¢ by applying 8,815 | 5 _o 5. _2% 5 _A4m
1 —VYs O =775 O3 =77
the Newton-Raphson method. 8, 3 3
XE Fl
Y F, (x| [x®] (5]
. . Z E
With notations: X=| ®|,F= F3 Yoo y® ()™
v 4 Zg’*'l) B 7® (F3 )(P)
0 F, = ~W(X)
g @ ||y ® AR
® Fe (p+1) ®) )
_ Lol LR] 0v | [0 (7,
5 on ol ] LR
E E E v ¢ o .
an an an ai ai ai ngerl)’ Where. p_O, 1, 2, 3 ..... And.
oX, oY, 0Z. oy 0 o¢ v, | (e YesZeowsBo) = (@is —a0)" (207 +
ok, oF; 0K % % 8& 7 (D) {[XE +(Xy; —Xp)eyep —syebsp) +(y,, —Vg)-
_| Xy 0Ygy OZgy Oy 00 O¢ 31 E+l ’ “(—oys@ —sycle) +(z 5, —zE)sq/se]céSi +[YE+
W=l o, oF, o, oF, oF,| OV v,
6X4 aY4 524 a_4 6_94 6_4 oeh +(X 5, —Xp)(SYCP+oyehse) + (v, —yp)(—syso+
v © ;
8F5E aFSE aFSE OF, OF OF o +oyebop) — (2, — g )oysOks, —h,  +[Z; +(x,, —
X, 0Y, 0Z, oy 0 op — X )S0SQ+ (Yo, = Vi )s00+ (2, — 75 )e0—h, ' =0
68;6 6856 68;6 a@i aaieé % Fi+3 (XEYE 5 ZE 5 W) es (P) = _[XE + (XAi - XE) :
=R E e v ¢ “(cyep —sycbsp) +(y 5, — Y )(—cysp —sycbeo) +
are obtegl:)ed. e o o 1o + (2, — 2 )SWSORS; +[Yi + (x5, —Xp)SYCO+
XPT =X -WEEEXT), p0, L, (;2) +eyeBse) +(y o, — Ve )(syse+cyebep) -
) ) —(z4 -2 )cws@]c?ii +q; =0
Table 4. The direct geometric model for the Mo
M=6 DOF and three guiding kinematic chains
of the platform parallel robot. Algorithm
Given: q,, q,, 93, 4, 95, 96, (q; =1+6),
h,b, 5,,5,, 5; (3,+5,+8;,=2n),¢,p,d CO‘ZCWC‘P_ co = —cysp— ' )
Unknowns: X., Yy, Zy» ¥, 0, ¢ SYeUse sycOse co=sys
Variabl N —————LHf A —-H EE i
es: Solving equations: off'=syep+ S ef =-sysp+: cf =—cysb
cychso : cycbeo '
C(x',..,cym _______________________________________________________
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MODELUL GEOMETRIC INVERS SI DIRECT AL UNUI NOU ROBOT PARALEL CU SASE GRADE DE
MOBILITATE SI TREI LANTURI CINEMATICE DE GHIDARE A PLATFORMEI

Rezumat: Lucrarea prezintd un nou robot paralel cu sase grade de mobilitate §i trei lan[Juri cinematice de ghidare a
platformei. Pornind de la o solullie inilJiala cu actuatorii pozillionalli pe nivelele I si III, se propune o noua
configurallie ce prezintd actuatorii montalli pe batiu. Este prezentat modelul geometric invers si modelul geometric
direct. In timp ce modelul geometric invers este obtinut in forma inchisi, modelul geometric direct nu se poate rezolva
in forma inchisd, fiind rezolvat utilizdnd metoda numericd Newton-Raphson. Robotul se poate utiliza in operalliile de
asamblare sau ca si modul pentru sistemele chirurgicale minim invazive.
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