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THE DYNAMIC STUDY OF TRTTRR1 MODULAR SERIAL ROBOT
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Abstract: The dynamic equations of TRTTRRI modular serial robot are established in this paper, using
Lagrangian formulation. After the description of the robot’s structural kinematic scheme and of the used
geometric, kinematic and dynamic amounts, starting from the robot’s base, the kinetic energies
corresponding to the robot’s modules and to the gripper are successively determined. The whole robot
kinetic energy is obtained by summing up the kinetic energies of the modules from the robot’s structure.
Following the robot’s structural kinematic scheme, the virtual elementary displacements from the joints
are determined as well as the elementary virtual work and the generalized driving forces. Using
Lagrange’s equations of the second kind and the determined mechanical amounts (kinetic energy,
generalized forces), the differential equations of TRTTRRI robot are established. Three optimisation
variants of the construction and operation of the robot are specified, based on solving the inverse

problem of the dynamics of this robot.
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1. TRTTRR1 MODULAR SERIAL ROBOT
- DYNAMIC STUDY

1.1 The Dynamic Equations of TRTTRRI1
Robot Using Lagrangian Formulation

The dynamic modelling of robots is
frequently  achieved using  Lagrangian
formulation. Fig. 1 presents the structural
kinematic scheme of TRTTRR1 modular serial
industrial robot. Starting from the robot’s base,
the following parts can be mentioned:

- the module 1 (MTB) is the translation
module from the robot’s base;

- the module 2 (MRB) is the rotation module
of the robot arm;

- the module 3 (MTV) is
translation module;

- the module 4 (MT) is the translation module
of the gripper (DP);

- the module 5 (MR) is the rotation module
from the arm structure;

- the orientation module (MO) 1is the
orientation module of the gripper.

In the robot’s structural kinematic diagram,
according to [1], the following notations are
used:

A;, i =1+6 — motion axes;

the wvertical

A7 — axis parallel to robot’s arm rotation axis
A, passing through the mass centre C; of the
gripper;

k = 1+6 — degrees of freedom;

4:-9:-9, — generalized coordinates, velocities

and accelerations;

lo, I;, i = 1+7 — constructive parameters of the
robot; m;, i = 1+7 — masses;

O, i = 1+6 — origins of the mobile frames
coincident to the mass centres of the modules;

G., i = 1+7 — gravity forces of the robot’s

l

modules and of the gripper;

F,, F,, F, —driving forces;

M - M. 5> M, ¢ — driving moments;

Oy — measuring base (zero reference point);

Ogpxgyozo — fixed Cartesian reference frame;

Oixyiz;, i = 1+6 — mobile Cartesian reference
frames, rigidly fixed to the mobile parts of
the robot’s modules;

Cx7y7z7 — mobile reference frame, rigidly fixed
to the gripper, having the origin C; into the
mass centre of DP;

Jg)— mechanical moment of inertia of the

mobile part of MRB module, determined
with respect to A, rotation axis;
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Fig.1. The structural kinematic scheme of TRTTRR1 modular serial industrial robot,
used for the dynamic study

sz) — mechanical moment of inertia of MTV
translation module, determined with respect
to A, axis;

Jij) — mechanical moment of inertia of MT
translation module, determined with respect
to O4z4 axis;

st) — mechanical moment of inertia of the
mobile part of MO orientation module,
determined with respect to As rotation axis;

J S) — mechanical moment of inertia of MO
module, determined with respect to Os zs
axis;

J S) — mechanical moment of inertia of MO

module, determined with respect to Oezes
axis;

J)(:) — mechanical moment of inertia of MO

module, determined with respect to Ogxs
axis;
Jfé) — mechanical moment of inertia of MO
module, determined with respect to Ag axis;
J)((Z) — mechanical moment of inertia of the

gripper, determined with respect to Crx;
axis;

Jﬁ? — mechanical moment of inertia of the
gripper, determined with respect to C7y7
axis.

The motion differential equations of the
robot can be determined according to [2] and

[3], using 2™ kind Lagrange’s equations:



i[a—f_kj—%=g€,k:1+6. (1)
dt\ oq, aq,

The following notations are involved in
equation (1):
Ec —robot’s kinetic energy;
4.-q, — generalized coordinates and velocities;

Oy — generalized forces;
k —number of degrees of freedom.

According to [2], the kinetic energy of a
module i from the robot’s mechanical structure
has the expression:

E, :lMl,(vf +v; +v22)l_ +

1 2 i=1+7, (2)
+ E(Jxoai +J,0) +J 0 )i ,

Cartesian

where o ,0 ,0, are the

components of the angular velocity, v_,v ,v

x? "y’ Tz
are the Cartesian components of the mass
centre velocity of the element i, and J_,J , J,

are the principal axial moments of inertia of the
element 7.

In order to express the kinetic energy of an
element with the relation (2), the mass centre
has to coincide to the origin of the reference
frame Oxyz, such that x, = y. = z. = 0 and the
frame Oxzy must be the principal frame of
inertia, i.e. J,, =J, =J_ =0.

Starting from the robot’s base and following
fig.1 and the relation (2), the kinetic energies of
the robot’s modules and gripper can be
successively determined as follows:

- for the modules MTB, MRB, MTV and MT,
the expressions of the kinetic energy are
determined with the relation (2) and they
are:

1
E =—myqg’,
q 2 1ql
1 L1
E, =2 mi + EJﬁ)qi,
N
E, =5m3(qf+q32)+5J£?q§ : 3)

1 ) . )
E, =5m4(qf 12 gl)s
+%[JS) +m4(l4 +Q4)2]422 +

+m, [(14 +4q, )Cqu.qu + qu%qét];
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for the rotation module MR, the kinematic
parameters that describe the motion are:
o, =qs, o, =0, o, =q,;

Vo, =4+ X g+,
R=L+q+ L+, +q,+1,
q;zxa:q;zx(iz1+q4+is)ﬂ 4)
‘705 :q;1 +‘?2 ><(14 +‘74 +15)+q;3 +q;4’
vo, =i +(L+ls+q,) 43 +d: +4i +

+ 2(14 +15+4q, )C%qllq'z +25¢,4,49, »
the other terms of the expression being zero,
because they are dot products of pairs of

perpendicular vectors, and the principal
mechanical moments of inertia are:
st - Jiss) ? Jys - J)(Z) ? JZ5 - JS) ’ (5)

The kinetic energy of the rotation module,
considering (2), (4) and (5), is expressed as:

E, = mili +d3+d)+

+%[JS) +mg(ly + 1+ q4)2]q§ *

(0)
1 . ..
+ EJE) g: +ms(ly + 15 + 4, )cq,4,G, +
+mssq4,4,9, -
- for the orientation module MO, the

kinematic parameters that describe the
motion are:

mxb :q'S? (’Oyﬁ :q.6’ (’Oz6 :q.Z’
Vo, :q;l +q;2><’76 +‘73 +C74~
Following fig.1 and fig.2, the below
relations can be written:
T :l_2+‘73+l_3+l_4+q4+l_5+l_6:

g, X7 :q;zx(l_zt"'l_s"'l_s""ﬂ)’

Fig.2. The velocity of the point Og



Va, :qlz +(14‘”5 +1 +‘14)zq.§ +Q32+‘ﬁ+

+ 2(14 +l+1+q, )C%q.ﬂz +259,9,9,

because
q;3'[q;2x(l_4+[5+l_6+q4)]:0a ‘71"7320,

q;3-q4=0, q;4-[q;2><(l;+l_5+l_6+§4)]=0,

the respective vectors being perpendicular (fig. 2).

The principal moments of inertia
corresponding to this module are:
J, =0 g, =J0, g =% (©®)

The kinetic energy of the orientation module
MO is obtained by replacing into the relation
(2) the notations from the relations (7), (8).
Therefore,

B, = malii + i +d)+

1 )
+E[J§f)+m6(l4+ls+lé+q4)2]q§+ ©

1 ) 1 )
+§J$)%2 +§J§i)95 +
+ me(l4 +l+1+ Q4)0924142 +mgsq,4,9,

- for the gripper, the kinematic parameters
that describe the motion are:

O, =45, ®, =4, O =4,

Ve, =4+ o X Ty + @y + 4y + G <1,
R=Ltq+l+l+ g+l + I+,
672><;77:672><(I_4+Z_5+I_6+I_7+q4),
o= ixlinh e g

s+ G+ G %1y,

V027 =4y +(l4 +is+ 1+, +Q4)2q'22 +q; +
@i G2l v+ + 1+ q,)

“4,9,¢q, +25¢,4,9, — 21,454,

azx(h 1+ 1 +1, +q4)

36 ><I7

Fig.3. The velocity of the mass centre C,

because the dot products

‘71'63’ q;l'(%Xl7)’%'[%x(l_4+l_5+l_6+l_7+q_4)]’

G+ L+ I+ 1+ 7, ),
[qix(ll+i5+l_6+l_7+q_4)]~(q;6><17),

@54y q;4-(675><l7)
are zero, the respective vectors
perpendicular (fig. 3).

The principal moments of inertia for the
gripper are:

being

J,=J0, g, =g, g =0 1

X7 X7 7 7

Considering (2), (10) and (11), the kinetic
energy of the gripper has the value:

B, =l +di +d)+

)

+%[JS) +m, (L, +1+1 +1, +q4)2]q2 +

+%J§)q§ +%[J§j) +m,l2)g2 + (12)
+ m7[(l4 +ls +le +l7 +Q4)CQ2‘21‘22 +

+5¢,9,9, — 17‘?3%]'

By summing up the kinetic energies of the
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component modules, the kinetic energy of  obtained:
TRTTRRI1 robot is obtained. Considering (3),
(6), (9), (12), the following expression 1is

7 3 .
:%[Zmqulz +%{ZJXZ) +ng) +J£77) +m4(l4 +q4)z +m5(l4 ‘l, +q4)2 N
= i=2 i=4
;
+m6(l4 s+ +q4)2 +m7(l4 +i+1+1; +(]4)2]‘?22 +%(ijq32 +
i=3

(Zm }14 +—{ +2J } %[Jg?uﬁju%zj]qh (13)
[m4(l4+Q4)+m5(l4+ls+q4)+m6(l4+ls+16+Q4)+
7

+ m7(l4 +ls+1+1, +Q4)]092Q1Q2 +(Zmijs%‘21‘24 —myl1q5q; -

i=4

The following notations are used in (13):

(-

Z[ZJ +ZJ + IO+ my( +q, ) +ms(l+ 1 +q, ) +mg(l, +15+1 +q,) +

i=4

,
+m(l,+ L+, +1+q,) =c,, (Zm]—q, (zml—j=c4, (14)

i=4

[ +ZJ }_cs, 1[J +m7l ]—06»

[m4(l4 +Q4)+m5(l4 +1 +Q4)+m6(l4 +15+1 +Q4)+m7(l4 +i+1+1, +Q4)]CQ2 =Cp,
7

[Zmijqu =Crys —Maly = 5.
=4

Using the above notations, the robot’s kinetic energy becomes:
E = Cqu +Czé22 + qu.32 +C4q'f +Cs‘)52 +Cs‘?62 +C2419> + €1ud19s + 36439 - (15)
Observing the equations (1), (14), (15), the following specifications are achieved:

oE, OE, Oc,

.. Ocy ..
%%"’ﬂ%%:_[m4(l4+Q4)+m5(l4+ls+q4)+m6(l4+ls+16+Q4)+

c =0, Lo
0q, oq, 0Oq, oq,
! OF oE  oc oc
+m,(l, +1 +1 +1 +q,)|sq,4,6, +| > m, |cq,g,q,, —<=0,—<=—2¢> +——12 =
7(4 s Tlg Tl 94)] 9.9.9» (;‘, zj 9,994 oq, o4 8q4q o4, 4,9, = (16)
:[m (Z +Q4)+m5(l4+ls+q4)+m6(l4+15+16+Q4)+m7(14+15+lﬁ+l7+Q4)]Q22+

oF oF

.
+ m. |cq,q4,94,, —==0,—<=0;
[Z J e 045

i=4 aqﬁ
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d ([ OEc . dc, . ..
Z 2, =20G,+— =4, + ¢4,

dc,, . .. a ..
+_tQ4 tCuq, = (Zmiqu +[m4(l4 +Q4)+

i=1

+m5(l + 1 +q4)+m6(l +1+1 +q4)+m7(l +I+1 +1, +q4 cq2q2 (Zm quzch

—[m4(l4 +q4)+m5(l4 +1 +Q4)+m6(l4 +s+1 +Q4)+m7(l4 +hi+1l+1 +Q4)]SQ2% +

;
+ 2(2 mijC%%% )

i=4

d [ OEc

dr\ o,
3 6

-Cqyiiy + {Z JO+Y T+
i=2 i=4

j = [m4(l4 +q4)+m5(l4 +1; +Q4)+m6(l4 +15+1g +Q4)+m7(l4 +l+1l+1, +q4)]'

A77 +’"4(14 "'Q4)2 +m5(l4 +1 +q4)2 +m6(l4 +15+1 +Q4)2 +

+m7(l4 +hs+lg+1; +Q4)Z]Q2 _[m4(l4 +Q4)+m5(l4 +1; +Q4)+m6(l4 +15+1 +Q4)+

7
+ m7(l4 +I+1 +1, +q4)]sqquq2 +(Zml)cq2q'lq4 + 2[m4(l4 + q4)+ ms(l4 +1+ q4)+

i=4

+m6(l4 +1s+1g +Q4)+m7(l4 +ls+1+1; +Q4)]q.2q.4;

dt\ oq,

=3

dt\ oq,

i=4

Virtual displacements are performed, such
that the parameters ¢, will modify with

84, 895, ...,
in order to determine the generalized forces
corresponding to the six robot’s modules, after
that the virtual elementary work is determined.
According to fig. 1, the virtual work
corresponding to the external forces and
moments and to the -elementary virtual
displacement compatible to the robot’s
connections has the following expression:

dq5,0q, , respectively, one by one,

d (| oEc .. .. 2
—| = |=2¢:q; + ¢34 = (z j —m;l;q;

d [ OEc . . dcy, . d
— | = :cl4q1+204q4+7;4q1 :[th (

d 8E.c +ZJ, i OEc [J
dt\ 0q;, dt 6‘(]

(17)
) 542G, + s + 261G, );
+ml ]q6 m,l,q .
0L = Fidq, + M ,0q, +(F3 -G, oq; +
+(F, +G,)-80,0, + G, - 50,0, + as)
+MSq, + G, - 80,0, +
+M8q, + G, -80,C, .
Considering that:
=l +q+lL+L+g,+L+1,+q,,
80,0, =98q, +0q, +0q,
0 :l_()+‘71+l_1+l_2+‘73+l_3+l_4+a4+l_5,
00,05 = 8q, + 8q; +dq,
0,0, =1, +q,+1+1,+q, +1,+1, + 19)

+q, +l_5 +l_6, 80,0, =98¢q, +90q, +0q,



the expression (18) of the virtual work reaches
the form:

oL = (Fl +F4SQ2)6‘]1 +M,d0q, +

7
+(F3 —ZGJS% +F8q,+  (20)

i=3

+Mdqs + M dq;.

The generalized forces, according to (2), are
obtained from the relations:

_ oL

= , k=1+6. (21)
8q

Qx

If the robot has holonomous connections,
these connections do not explicitly depend on
the generalized velocities and, consequently,
they do not depend on displacements also. For
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this reason, the elementary displacements are
independent, therefore they can be considered
zero, with one exception. Thus, if 8¢, # 0, then
8q, =0q; =...=0q; =0q, =0, if 8g, =0q; =...
...=0q; =98¢, =0, then 3¢, # 0, and so on.
Considering this approach and the relations

(20 and (21), the generalized forces are
obtained and their expressions are:

O =l +Fsq,, 0,=M,,
Q3=F3—Z73:Gp 0, =F,, (22)
O, =M., O,=M,.

The robot’s differential equations are

obtained from (1), after substituting the
relations (16), (17), (22). Therefore,

7
(zmzj% +[m4(l4 +q4)+m5(l4 +15 +Q4)+m6(l4 ++1g +Q4)+
i1

7
+m7(l4 +il+1lg+1, +CI4)]quq'2 +(zmi

i=4

js‘béﬁ _[m4(l4 + Q4)+m5(l4 +1 +‘]4)+

;
+m6(l4 +1+ 1 +q4)+m7(l4 +is+1+1, +CI4)]S%‘}§ +2(Zmijc%q'zq'4 =F +F,sq,

i=4

[m4(l4 +q4)+m5(l4 +1 +Q4)+m6(l4 +15 + 1 +q4)+m7(l4 +l+1l+1 +Q4)]C%é1 +

3 6
7{2&) +ZJZ(f) +m,(l, +q, ) +m(l, +1,+q,) +m(l, +.+1 +q,) +

i=2 i=4

+mo\ly + 15+l +1; +Q4)2]‘j2 +2[m, (1, + )+ my(ly + 1+ )+ mg(ly + 1+ 1 +q,)+

+m7(l4 +l+1+1 +‘]4)]7244 =M,

7 7
(Zmlj% -myl,G, = F, _ZGI
=3 =3

i=4
7

(23)

,
(Zmij(s%ql +q, +CQzQ1QZ)_[m4(Z4 +Q4)+ ms(l4 +1+ Q4)+m6(l4 +15+1 +Q4)+

+m7(l4 +ls+1g+1; +Q4)]Q22 _[Zmijc%%% =F,

i=4
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— by + O+ IO w2 Jii = M,

Y1

The differential equation system (23) of

TRTTRR1 robot was determined with the
assumption that all the movements take place
simultaneously.

3. CONCLUSION

By solving the inverse problem of the

robot’s dynamics, it results:

1.

an optimal way to arrange the modules from
the robot structure, in order to have minimal
energy consumption;

an optimal way to choose the motion laws in
each robot joint, such that the energy
consumption to be minimal;

a way of choosing the modules actuation
engines, considering their composition and
the whole robot dynamics.
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STUDIUL DINAMIC AL ROBOTULUI SERIAL MODULAR TRTTRR1

Rezumat: In aceastd lucrare se stabilesc ecuatiile dinamice pentru robotul serial modular TRTTRRI,
utilizdnd formalismul lui Lagrange. Dupa prezentarea schemei cinematice structurale a robotului si
precizarea marimilor geometrice, cinematice si dinamice utilizate, se determind succesiv, pornind de la
baza robotului, energiile cinetice corespunzatoare modulelor robotului si dispozitivului de prehensiune.
Energia cineticd a intregului robot se obtine insumand energiile cinetice ale modulelor componente.
Urmarind schema cinematicd structurald a robotului, se determind deplasarile elementare virtuale din
cuple, lucrul mecanic virtual elementar si fortele generalizate motoare. Utilizdnd ecuatiile lui Lagrange de
speta a II-a si marimile mecanice (energie cinetica, forte generalizate) determinate, se stabilesc ecuatiile
diferentiale ale robotului TRTTRRI. in final sunt enuntate trei variante de optimizare a constructiei si
functionarii robotului, rezultate din rezolvarea problemei inverse a dinamicii acestui robot.
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