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Abstract: Problem launching new products on the market can mathematically model the problem of
optimal control with a minimum of time. In this paper we solve such a problem in the initial and final
conditions are not fixed. This reached an optimal control problem with the "extreme mobile. After
applying transversality conditions we concluded that such a problem cannot have both ends mobile, that
it makes sense only if more than one end is mobile. limit ourselves to resolving cases in which one end is
fixed and a mobile, because if both ends are fixed is solved in detail in works [1] and [2].
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1.INTRODUCTION

Mathematical modeling of the process to
new products market launching process can be
shortened by several mathematical theories.
Such models are: optimal control theory,
nonlinear mathematical programming,
stochastic theory. We will limit the given
model approach "optimal control" that the
theoretically is more laborious but provide
efficient numerical methods and easier to
interpret in terms of applicants.

We deal therefore necessary condition of
existence, condition formulated as
"PRINCIPLE OF MAXIMUM
PONTREAGUINE" [16] which leads to an
algorithm that determines the optimal control
analytic solution.

In the presence of optimal control problems
it is necessary to study several issues,
including:

- The existence of transfer strategies

- Existence strategy (strategies) optimal

- Uniqueness of optimal strategy

- Methods for determining the optimal strategy
- Methods for approximating the optimal
strategy if the exact determination is difficult.

Pontreaguine's maximum principle gives
necessary conditions for a strategy to be
optimal.

The  mathematical model originally
developed based on optimal control theory to a
minimum, model, due to the complexity and
variety release process of factors involved in
this process we considered appropriate to
reflect in a real importance as opinion
consumers about the new product launched (the
"function of good impressions") and how to
invest in this process. (the cost function)

The main research methods used in LPN
(new product launch) in this case are: economic
statistical methods, optimal control theory and
minimum time problem.

In the LPN we used a mathematical model
using optimal control theory minimum time.
For this purpose we assume there is provided a
time frame within which to achieve the new
product launch. We considered a time
proposed, but the problem this time
mathematics was thus minimizing pair status
(good impression, investment in the process),
go through optimal trajectory, ie the optimal
release have evolved.

In this formulation x (t) is "function good
impressions" which is validated by the
processes of economic statistics survey also
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function y (t) represents the "cost function", ie
the number y (t) represents the costs incurred
by a firm release for the new product by the
time proposed. We noted with t"minimum time
determined by the principle of Pontreaguin,
which managed to launch the new product, ie
the minimum time this process for a category of
products.

In these circumstances, we consider some
initial data at t = 0, ie at the beginning of the
final data release and certain. At the initial time
t = 0, professionals advertising campaign
appreciates  the percentage of "good
impression" on the category of new products to
be launched in value. Value is determined also
by survey method.

* In the LPN, the cost function is controlled by
another function u(t), which is intended to
represent the rate of expenditure at the
time. This control function is determined by the
"Principle of the Hamiltonian Maxim"
axiomatic that it goes through a process, a
process that depends on all the data involved in
the mathematical model governing the LPN
process.

* Non-autonomous system state equations
which define the optimal control problem of a
coercive process play an LPN. These equations
form a system of two differential equations in
general nonlinear, three unknown functions: x
(t), y(t) and u(t). Formally, this system of state
equations are not within the classical theory of
systems of differential equations, such as
discussed above, his equations representing
only restrictions optimization problem.
* This optimization problem is very optimal
control problem LPN attached to a process
which is expressed as follows: to determine the
control function u(t) and optimal trajectory
determined by the state vector (x (t), y (t))
which end up through the minim time. In this
work we have studied if defined mobile
extremities and good impression and promotion
budget at a timeare fixed, when driving real
axis interval or browse intervals parallel to the
axis. This case leads to an optimal control
problem with mobile extremities.

The New Product Launch Problem can be
solved in several ways, such as linear or
nonlinear mathematical programming, or a

stochastic approach, but the most suggestive
and appropriate way is given by the optimal
control theory [1] and [2].

2. THE FORMULATING OF OPTIMAL
CONTROL PROBLEM WITH MOBILE
EXTREMITIES

Extremities status issue launch new products on
the market will be those given in [I].

X'(t)+c-x(t) =b-u”(t)
y'(t)=u(t)-e™
where « € (0,1), b, ¢, p >0.

The function x(t) is the goodwill about the
products launched on time t €[0,T], and y (t)

represents expenditure until the time of
t€[0,T], u(t) is the function of control which

represents the rate of spending time t € [0,T].

,1€[0,T] (1)

Solving the problem arises if the system
equations of salt (1) and add conditions at
baseline t = 0 and the final time t=t" <T.

In our case the two conditions is formulated as
follows:

At time t = 0, (X(0),y(0)) € A, where a variety
defined by: A,  R* is given positive numbers
1 X, < X,'So that

A ={(%y) e R*/x €%, %],y =0} ()
For the final time t=t"<Twe define the
variety B, — R*, which is defined as: are given
positive numbers X and Y < Y'

B ={(x,y)eR*/x=X,y e[V, V'] 3)

Finally the problem of optimal control with
movable extremities attached market launch of
new  products is the date by:

X+C-X=Db-u(t)

y'=u(t)-e ™, te[0,T]

(x(0),y(0)) € A, 4)
(X(t"),y(t")) e B",a €(0,1),b,c,p >0

X,y € C'(0,T)

The problem (4) requires to determine the
minimum time noted by t,0<t ' <T and

optimal strategy S:{t",["'] where the path is



defined by the functions of state x(t) and y(t)
which verifies the equations of state (1) and has

ends on A, respectively B”(fig.1).

3. SOLVING OF THE PROBLEM (4)
USING THE PONTREAGHIN MAXIMUM
PRINCIPLE

For this purpose it is necessary to maximize the
Hamilton function, which in our case is given
by:

HEx yu=lout)-cxO P HEHe™ U EOLEAT] (5)
Where (¥,,¥,) is the solution of Hamilton’s

system given by:
LT
,te€[0,T] (6)
e

If account is taken of (5) the system (6)
becomes:

Y'(t)=c- Yt
=0 o) )
Y, (t)=0
Integrating the system (7) we obtain:
Y (t)=C, e
{ 1 1 (8)
¥, (1) =C,

In this case C, and C, are arbitrary integration
constant C,C, e R.

The Hamiltonian given by (5) is now the form
Hu)=A-u“"+B-u+C 9)
where
A=C,-b-e*;B=C,-e™;C=-C,-c-e” (10)
It should be noted that maximizing the
Hamiltonian is done in relation to the variable
"u", reason was given as 9).
More than this maximization will lead to
determining the control function u(t). It will
now use transversality conditions.

In the case of varieties A and B from R have
the property that the tangent plane at any

coincides with the very point of the variety of
variety, see Fig 1.

111

<| <l <
>

o Xo  Xo X
Fig. 1. The geometrically picture of the mobile
extremities A and B”, with the optimal path T""

If we note by T,and T~ the tangential planes
A and B’ in paragraphs

(X(0), ¥(0)) € A respectively (x(t"),y(t")) € B’
then the transversely conditions are:

< P(0),W, -V, >0,VW, € A, =T, (11)
Respectively:
<P0),W -V >0,YW T =B (12)

Where < -, >is the inner product of R* and the
vectors involved in (11) and (12) are given by:
PO =)+, (0) ] (13)
Vy = X(0)-1 +y(0)- J = x(0)-T,x(0) e A, (14)
Vi=x®) i +y) j=Xi+y- LyelVy] (15)
W, =5-1,5€[X), %', W, =T, (16)
W=xi+l-J,le[y,yLW T (17)
With these specifications (11) and (12) become:

(S—X,) ¥, (0)=0,Vs e[X,,X%,'] (18)
Respectively:

(I-y)- ¥, (1) =0,Vs €[y, y'] (19)
From (18) we deduce the cases:
Y, (0)=0 or s=x, (20)
respectively (19) provides:

Y,(t)=0 orl=y (21)

If we take into consideration (8 ) ¥,(0)=0
C,=0and W,(t)=0

C, =0, which means the vector ¥ =0 , what

involved involve

leads to a contradiction with the Maximum
Principle of Pontreaghin. Consequently optimal
control problems with extreme mobile of the
new products launch on the market we have the

sum of the form:
A =[X%.%'] and B" ={(X,y)} (22)
Respectively:

B =[y,y'] and A={x} (23)
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All of (20) and (21) is also obtained an optimal
control problem with fixed extremities t=0

results X(0) = X, and y(0)=0, respectively t =t
results X(t')=X and y(t' )=y, problems
studied in [1] and [2].
For problems (22) and (23) it can give a

geometrical picture as is show in Fig 2 and Fig
3.

)X

Fig. 2 and Fig. 3 The geometrically picture of the
semimobile extremes and their optimal paths

In this paper we solve the problem defined by
conditions (23).

From (23) we deduce that C, = 0so

H(u) = A-u” +C that increases in [[0,u,] if
A>0 equivalent with C, > 0, in this case

max H (u) = H(u,) so the optimal control
function is:

u(t) =u,,t€[0,T] (24)
With this results the state equations are:
X'+C-X=Db-ug
(25)
y'=u,-e"

By integrating this system we obtain:
x(t)=K,-e™* +E- ug
C

U (26)
yt) =K, —?O-e‘p't

where K,and K, are constants of integration
which will determine the initial condition t = 0,

which leads to:

b
K, =%, ——-Ug
c

27)

K,="
p

In consequence, the path which leaving from
(X,,0)1s;

x(t)=(xo—%-u3)-e'°“+9-ué’

r. C  tefo,T1(28)
y(t) = “ﬁ-(l —e P

From the condition (x(t"), y(t")) [V, ¥']it will
result the minimum time and the optimal path
F*

K= 04— o) e+ g
r . ¢ € tet) (29
y' (t)=-2-(1-e")
p
If:
p >t (30)
y
It is obtained the minimum time “t™” given by:
t' = l . mM (31)
Y Uo

Assuming that X(t) = X condition equivalent
with:

oo (L PY oy (32)
P-y—-Ug p Uo
It is noted that equation (32) can be seen in

unknown p or c.

4. CONCLUSION

The second case is given by using the
control function of a two-spline functions. One
such issue is still possible because the four
parameters.

* Determination of the splines is as follows:
it starts with a command and determine a
trajectory passing through, but do not ask to go
through. Next take the other command and
control function require that appropriate path to
go through, but do not ask her to go through.
Denote by and the two paths, two developments
that appropriate release process.



* Finally, we conducted a study to the LPN
with mobile extremities. The approach of this
study was entirely possible because the optimal
control theory there is such a problem called
optimal control problem with mobile
extremities or "optimal control problem with
transversality conditions".

The practical value of the mathematical
model is to provide complete and thorough
information companies interested n
commercial success of a new product and to
provide an overview of very well defined on
the whole process of release. Also, specialists
in new product development are able to decide
when they can to stop investing in promotional
or longer allocate the amounts necessary for the
success of the new product have planned.

Extensive coverage due to problems of
optimal control problems attached LPN we
appreciated that research conducted is
sufficiently complete. This statement is the fact
that a company wants to introduce a new
product category at baseline t =0 did any
expense, iey (0) = 0.

Analysis and use of numerical models and
graphs obtained from them is natural if one
takes into account the significance of functions
x(t) and y(t) for a control function u(t) that
generates the state vector (x(t), y(t)) of the new
products to market. Each simulation we present
can give the wuser (proprietary companies
products to be launched on the market)
information on how the proposed project is
developing a specific marketing specialists
budget effort and time that will be launched.
Finally, a schedule determined by a "model
number" given may lead to a decision to stop
the launch before it is finished, depending on
how it evolves x(t) or the period by changing
the control function u(t) and the maximum
period for launching budget if the graph
indicate that good impression x(t) has an
unsatisfactory behavior.

We note that the problem with mobile
extremities does not make sense in general.
Analyses of cases that make sense and were not
treated in detail in this work are presented in
the thesis of the author. We note, however, that
these compatible cases lead to the problem of
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control with a single command that presented in

[2].
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Aplicarea problemei controlului optimal cu extreme mobile asupra noului process de lansare a produsului

Rezumat: Problema de lansare pe piata a produselor noi poate fi modelata matematic cu ajutorul problemei de control
optimal cu timp minim. In aceastd lucrare vom rezolva o astfel de problema in conditiile initiale si finale care nu sunt
fixate. Acest lucru determina o problemd de control optimal cu extremitati mobile. Dupa aplicarea conditiilor de
transversalitate am ajuns la concluzia ca o astfel de problema nu poate avea ambele capete mobile si are sens numai in
cazul In care doar una dintre extremitati este mobila. Ne limitam la cazurile de rezolvare a problemei in care un capat
este fixat si un capat este mobil, acest lucru deoarece cazul in care ambele capete sunt fixate este rezolvata in detaliu in
lucrarile [1] si [2].
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