509

TECHNICAL UNIVERSITY OF CLUJ-NAPOCA
ACTA TECHNICA NAPOCENSIS

Series: Applied Mathematics, Mechanics and Engineering

Vol. 57, Issue 1V, November, 2014
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Abstract: In this article is studied the singularities of type I and type Il for the 3RRS manipulator with 3
degrees of freedom. The calculation of singularities is based on the cancellation of determinants for the
Jacobian matrix [A] and [B]. Also, the singularity points of type Il were plotted in the manipulator’s

workspace.
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1.INTRODUCTION

The figure 1 shows the kinematic scheme of
the 3RRS spatial parallel manipulator having
three degrees of freedom and three identical
kinematic chains [1], [2], [3].

Fig.1 The kinematic scheme of the 3RRS manipulator

Only an arrangement of the kinematic chains
in the three joints according to fig. 1 leads to a
spatial parallel mechanism with three degrees
of freedom in translation [1], [2].

Generalized coordinates of the mechanism
(articular coordinates) are: qi - displacements of
the driving joints, i = 1,2,3 and generalized
coordinates of the mobile platform (operational
coordinates) are: Zp , 'V, 0, that is elevation of
the point P of the center of gripping device
relative to to the fixed system OXYZ, precession
and nutation Euler angles of the two components
(mobile and fixed).

By varying the the coordinates qi, i = 1,2,3,
the manipulated object can be positioned in
space according the phases of manipulation
operation.

2. DETERMINATION OF THE
JACOBIAN MATRIX EXPRESSIONS
FOR THE 3RRS MANIPULATOR.

For the 3-RRS manipulator as shown in [2],
the independent variables are ¥, 6 and Zp, the
other three ¢ = f(¥), Xp = f(¥.0), Yp =
f(‘P,0),being functions of the independent
variables. It is noted that in some point of the
workspace the mobile platform will have some
well-defined orientation [4], [5].
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It is starts from input - output equations of
the manipulator, deduced in [1] and [2]:

2Hl(XA’ - X, )cos 0, + (YA’ -Y, )sin é‘iJsin q,
—2Z,H cosg, -I'+H’ +Zj[_ +
[(XA‘_ -X, )cosé‘i +(YA‘_ -Y )siné'i]2 =0
=F(y.6,Z,)

relations in which Xg;,Yp; are known quantities

and Xai, Yai, Zai have the expressions
established in Article [2]:

(D)

X, (W,Q): Xp+oax, +a,y, —ash
Y, (W’Q): Yo+ fBx,, + by, — Bih (2)
Z, (ZPa‘//’e): Zp+ Xy 72V —Vsh

It has also been established the following
relations [2]:

p=-y (3)

V3 .

Y. \w,0)=— f-1

P(l// ) 3 acosgz/smgz/(cos ) @
—hcosysind
a3

X, (v,0)= 1-2sin’w [1—cos@

A7 ) 6 ( '//X ) )

+ hsin@siny

The directional cosines between fixed
system oxyz and mobile system OXYZ, taking
into account (3) becomes:

o, = Cosy cos@ —siny cosdsin @

o, =—cosy sin@ —siny cos@cos

a, =siny sin@

B, =siny cos@ + cosy cos@sin @

B, =—siny sin@ + cosy cosdcos @ (6)
B, =—cosysinf

¥, =sin@sin ¢
¥, =sin@cosp
¥, =cos0
In the input-output equations of the

manipulator, the variables ¥, 0, Zp and q; are
functions of time. By derivation of equation (1)

gives three equations that can be put in a matrix
form (7).

4} -

In (7), ¢
articular velocities and ¢, is the column
matrix of operational velocities having
expressions given by equation (8). The matrices
[A] and [B] is called Jacobian matrix, their
expressions being given by the relations (9).

[ k5 » (7)

is the column matrix of

q, 2
qg = q , qg p = 0 (8)
q- 3 Z P
% 0 0
a%
[4]=| © 9y
a‘]z
0 0 %
L s |
) . )]
oF oF o,
oy 00 0Z,
[B]: oF, OF, OF,
oy 00 0oZ,
oF, OoF, OF,
| Oy 00 0OZ, |

The partial derivatives that appear as

elements of the matrix [A] is obtained
immediately:

o _ 27 ,Hsing, +

aq,

o K= Xudooss, 1 1)
(YAi - YBi)Siné; l

where Xai, Yai, Zai is calculated by (2); sin q;
and cos qi is calculated with the relations
established in article [2].

To calculate elements of matrix [B] is
necessary to calculate some partial differential
whose expressions are shown below:



= 2siny cosy(cosd —1)

W
2 c 2
(cos W —sin le—cosH)
—smﬁcosy/
P _ =(1- cos&’)(cos w —sin W)
oy
%:2sinl//cosz//(l—cos¢9)
oy
%:sim//sinﬁ
oy
%z—sinecosw, %z—sinﬁsinl/j
74 0
%20, %z—sinzl/jsinﬁ
oy 00
S, . oo, .
=siny cosysinf), — =siny cosé
00
L =siny cosy sin 6, %=—coszt//sin9
op; 07 :
——2 =—coslcosld, ——=-sinycosl
26 v 26 v
%=cos6’cosy/, %z—sinﬁ
0 06

oX

p 23

asiny/cosw(cosé’ - 1)+ hsin@cosy

oy 3
82(9 \/_ (1 2sin’ y/)sm49+hsmy/cos6’
o, \/_ a(cos 6 - l)(cos w —sin 1//)
oy

hsm@sim//
aa}; \/_acosy/sml//smﬁ hcosy cos@
0Z, —o, 0Z, _0
oy 06
ox siny cosy —ﬁa—Zx +
—4i = (1-cos@ 3 .
oy

Vi (cos2 w —sin’ 1//)

oY,

Ai

00

Ai

oy

+ ), siny cosy

+2y,.siny cosy

2
— V4 COS Y

= —sinH(xAi cosy +y,, sinl,u)

OF, _
oy

—4Lcos S, +

%sin@
oy oy

— Hsing, +
(XP +a,x, +a2yAi]+
—oh— Xy,
CosOY, + Bix+ By .
(_ﬂ3h_YBi JS

oz (
OW \+ 72V —73h

—Hcosq, +Z, +yx,

oF, _2(
0Z, + 7V~ Vsh

—Hcosq,+Z, +yx,

! ( ﬁ j
cosysiny| x,; 5 ¢

|

4 —gin %a(l—%in2 c//)—xAi sin’

T2 — cosf(—x ,siny + y ,cosy )+ hsin@

no,

1
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. V3
vy, _ (1—cost (sm2 W —cos’ V/{?a —X,
oy

Using all of these partial derivatives in
determining expressions of the matrix elements

[B] is obtained:

(11)

j (12)
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oF Table 1 Some values of det [A] at different points of the
—L = workspacefor the 3RRS manipulator.
00 Date de intrare Date de iesire
0 a Val
X, oY, . A ,
—4Lcosd, +—4Lsing, ?g ﬁg 8 g o | an detA
o0 o6 1| [ a3
r 7 -1065,37
-6 -5 | 72 | -46 10 2.61 27141830
Hsing; + 972636’171
X 6| 5 [72]46 | -10 166’5 37 27141830
+ax,+a,y, -0,
) ( p T Xy, 2)’A;j+ + (13) 976371
- h _X : _ _ _ _2,61
3 Bi 1 8 | 72 14 10 9763,71 27141830
o Bt A, e
i _ﬂ3h_YBi ! -1 8 72 | 14 -10 976371 27141830
-2,61
aZAi (_HCOS% +Zp+ 71xAij 1 | -12 78| 4 14 _73927(’)60 -613149347
00 \+ 7.y, = y3h 18979.18
U2 78| 4| s | 20 ] 613149347
Thus the. relations (11), (1'2), (13) provide 18979.18
the expressions of the matrix elements [B]. 420
. . . 4 | 8 |60]-26] -10 ’ -613149347
Having matrix elements expressions [A] and 18979,18
g p
[B] and implicitly the determinants, can be -7697.60
analyze singularities of the mechanism. 4 | -8 60|26 | 10 1269379’612 -613149347
4,20
The singularities of type I appear when 12114,75
! . 51 8 [60]-34| -10 y -427460712
detA=0. In this case the manipulator loses 9434.,57
degrees of freedom, and the mobile platform 94247‘;_7
remain fixed when the engines is running. 5| -8 | 60| 341 10 | S| 427460712
-3.74
Wlth a special program was checl'ied' in 71 16 |76 | -16 | 18 | 943457 | _n7a60712
which of the workspace point the determination -3,74
of the matrix [A] is zero (or has very low 333;2
value). 7 |-16 |76 | 16 | 18 _3,7;‘ -427460712
9434,57
Covering work'sp‘ace with the smallest step 1l 14 |76 | -a4 | -18 2,72 324162934
on all three axes, it is observed that the values 6651,77
of the determinant of the matrix [A] not in the 167685819’7877
range ( —10 ~% 10 ~ %), as shown in Table 1, I} -14 | 76 | 44 | 18 2’7’2 324162934
therefore there is no question the emergence of 17889.87
this type of singularity. 3 . 6651,77
typ gularity 22| 39 | 68| 24 | 40 | oo | 324162934
It also observes that if an element of the main %;g
diagonal of the determinant [A] has little value 22| -39 | 68 | 24 | 40 173%9,37 324162934
(i.e. close to 0,5), the other elements on the main 6651,77
diagonal are very highfinally obtaining very high 23| 39 | 68| -36 | -a0 | 1086488 | 14045035
values for det [A]. 16_0188(’)76




10864,88
-1,00
16089.76

23 | -39 | 68 | 36 40 -174045235

3. GRAPHICAL REPRESENTATIONS OF
SINGULARITIES OF TYPE II IN THE
WORKSPACE OF THE 3-RRS
MANIPULATOR

The singularities of type Il appear when
detB=0. In this unwanted situation the mobile
platform earn degrees of freedom and can not
take the forces or moments in one direction —
when the engines are blocked.

A special program was checked in which of
the workspace point the determination of the
matrix [B] is zero, or has very low value (10"
2107%).

These points were retained, they even
determining workspace’s OZ axis, colored as
illustrated in Fig. 2. These singularity points
were obtained by following up workspace with
the lowest possible step on the three axes. If
they work one step greater the possibility arises
loss of these points, they can be skipped.

b :h

o
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Fig. 2 An indication of singularity in the workspace of
the 3RRS manipulator

4. CONCLUSIONS

The conclusions that detach from the study
of parallel manipulator with 3 degrees of
freedom 3RRS can be summed up as follows:

* Was devised a program for graphical
representation of points of singularity (type II)
in the 3D workspace, thus obtaining a clear
view of workspace areas to be avoided.

» The expressions of Jacobian matrices
elements [A] and especially [B] are very
complicated and must established multiple
computing intermediary relations.

* The singularities of type I does not arise
because det [A] has very high values in every
workspace’s points (Table 1).

* The singularities of type II even arise along
the Z axis, i.e. narrow zone connecting the two
symmetrical parts of the manipulator
workspace. Therefore, the manipulator will
work either in one or the other of the plane Y =
0 (taking into account how has been chosen the
fixed reference system OXYZ), which is a great
disadvantage (fig. 2).
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Analiza singularititilor manipulatorului paralel spatial 3RRS

Rezumat: In acest articol se studiazd singularitdtile de tipul I si Il ale manipulatorului 3RRS care are 3 grade de
libertate. Calculul singularitatilor se bazeaza pe anularea determinantilor matricelor Jacobiene [A] respectiv [B]. De

asemenea, punctele de singularitate de tipul Il au fost reprezentate grafic in spatiul de lucru al manipulatorului.
Cuvinte cheie: manipulator paralel, matrice Jacobiana, singularitati, grade de libertate.
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