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Abstract: This paper is devoted to the presentation of new formulations on the energies of higher order
that are used in the dynamic study of mechanical systems. Integral part of these mechanical systems is the
mechanical robot structures, on which an application will be presented in order to highlight the
importance of the energies of higher order regarding the dynamic behavior.

All this leads to a more precise control on the transitory motion phases.
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1. INTRODUCTION

The first one, this paper, is focused on the
acceleration energies of higher order. Known
aspects, but also new ones are presented about
them. Acceleration energies of first order and
of second order are given in both explicit and
matrix forms. It is important of mentioned that,
this application regarding the theoretical and
experimental aspects, presented in this paper,
are based on the differential equations of arm
motion for a 5R serial robot FANUC, that
equations are not presented here.

2. ADVANCED SYSTEMS KINEMATICS

2.1 Forward in Advanced Kinematics

Based on new formulations by the first
author, regarding matrix exponentials in
according to [1], [2] and [4], in the following
are defined the forward geometry and the
kinematics equations. There are considerate the
aspects from variation principles, applied in
advanced dynamics of the mechanical system.

Therefore, the matrix exponentials [1] and
their associated transformations are included in
the Algorithm of Matrix Exponential in
Forward Kinematics (abbreviated MEK),
whose main steps are described in the
following section.

2.2 The Algorithm of Matrix Exponentials
The matrix of the nominal geometry [1], [2],
corresponding to the initial configuration of
MBS (Fig.1) with the screw parameters, also
named homogeneous coordinates, is completed as:

M i ([T 7 v.<o>],-:1%n+1}r )

[(n+1)x9]IL"" ! !
where M9 - represents the nominal geometry
matrix; {ﬁi(o)T:[x, i z,-]T} is the position

vector of the origin of the system {i} with
respect to {0} frame; {l?,-o;v,(o)}- screw
parameters or  homogenous  coordinate

corresponding moving axis; |Zi(°) represents the

unit vector corresponding to each driving axis,
i=1—n, while:

70 {.5,-(0) X} KO A +(1-4,) k9 @)
A={(Lifi=R);(0,ifi=T)} is an operator which
marks out the type of joint:

(R-rotation; T-prismatic joint), according to figure 1.
- the matrix of the screw parameters A (rel. (3)) is
unchangeable for any MBS configuration. This

property is an important advantage in the
kinematical study of a multibody structure (MBS).
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Fig. 1 Sequence from a MBS (MultiBody System).

The expression for this screw matrix is:

A= [{E’(m }A’V(O)] 3)

000 | 0

Throughout the paper, the following notations
are implemented:

E3
Qijkm Dijhkm =% jkm »

(a7 )=cos(af ):o(a7 ) =sin(0}) (@)
and g; - angular coordinate in the driving joint;

6=(q;,fori=1—>n)", which defines the column

vector of the generalized coordinates, expressing
the configuration space, according to analytical
mechanics.

The exponential of the rotation matrix is
defined of the following expression:

R(l?, ; q;ﬁ):exp{{/?,-(o) X} .q}“}:lS .c(q7)+
+{Ei(o) x}s(qi‘)ﬂ?,-(o)"?f(o” [1_0((77)]

where {lZ

()

©) x} is the skew-symmetric matrix

associated to the unit vector belonging to every
kinematical axis. In the position study based on
matrix exponentials, a new column vector is
established, according to [1] and [2]:

3=fa {19 [1<f]J
k(0 07 .[q, _s(q;kﬂ}.vi(m

where 15 represents the unit matrix.

The exponentials for the locating matrices
(homogeneous transformation matrix), which
define the position and the orientation of the
frames{n} and {n+1}with respect to fixed

frame {0} are given us by relation (7)-(12).

(6)

The b - represents the exponential function
colon vector.

X Ry, P L (0)
Ty :HTH—1:|: 0 }: {He Iql}T =
0 i1 000 1 i1 %o

i Aq; n
=gl .T)Eg) = {exp{ZA,-q,}} : T)S(?) (7
i=1
where x ={n,n+1}
T71 :ll‘['l'“# — R:O _RIO I_) —
x0 L ii~1 000 1 (8)

_ 1 _ 1
{{ TV TTexe(-A-0)={7) 1-exp{—ZA,- m}}
where T ; TX_01 - represent the exponential

expression that characterized the position matrix
and e - is rotation exponential matrix.

Ry = {exp{é |:Ei(0) X] qi 'Ai;}' R%) = 9)
:ﬁexp{[lz‘(o) X] qi 'Ai}' R%)
R, = (RO V' .exp{_{iin [k x} ini}}(lo)

where RXO;RIO- represent the exponential

expression that characterized the rotation matrix,
and p - position vector reported of the fix system.

(11)

—Ry-p = —exp{—{i [l?,-(o) x}- q,-A 1}}5(0) -5, (12)

and 5, ={{0; x=n};{t; x=n+1}}

The previous results are further used to
determine the forward kinematic equations for
any robot structure [6]. In the following, a few
expressions from the matrix exponentials
algorithm in kinematics [7] (MEK) are presented.



First, an external loop(i
this yielding to:

ME (V)= exp{j O{ <°>x}~q;f} (13)
geo-[n] a0 a9
{é\i’gﬁ\g(sn)ifm[’\/”f(\/i;l) ME(\/:'§2) ME( :33)} (15)

Inside expression (15), the terms have the
following meaning:

=1-n) is opened,

Bl0af| | ao

(V)

o 5, o

Applying a series of matrix transformations, it
could obtain the following exponential expressions:

(66) [0]  ME{Vy}

(- {ME{ o O]

[o] kK

[uettr o] )

(17)

ME {J;3}
(9x{12+3(n—)]}

0] &

L= 8777
Miye = N .;?,(O)T (19)

Equation (19) contains the column vector of
screw parameters, as well as the position and
orientation parameters of the robot’s end-
effector. They are included [2] in the Jacobian
matrix (rel. 21), according to the expressions:

0/la P
RALOIS {28 (1)]. i=1->n} (20)
where every column is defined as follows:
[0 (t)]{ME{J ) Tl }} @)
3
where °J;[8;(t)]- represents the Jacobian matrix

of the {i} system reported of the fix {0}
system.
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2.3 Kinematical Parameters

The absolute values for angular and linear
velocities and accelerations, corresponding to
any kinetic link (i=1—n) from a MBS (Fig. 2)
projected on {o} frame, are determined in the

two variants: in the explicit and matrix form and
all these use the Exponential Matrix (ME).

\ .
‘§ L X T {é} eleme/Lj
o) of
, iz ’ i * \* L e
I, 0=\ Uy
\ /T 7\ -

i

Fig.2 A Kkinetic ensemble from MBS.

In the follow it will present the kinematical
parameters in the explicit form used in the
moving study.

] (22)

W = a)O+ZA [a) X @4+ @) xa)”1+a)”1]

where @, @ and @ represent the angular

velocity, acceleration of first order and
acceleration of second order, according to the
rotation of the kinetic ensemble (i), expresses
the absolute acceleration of second order of the
mass center C,; .

v-vc+a)><r+a)><a)><r

V—Vc+a)><r+2 a)xa)xr+a)><a)><r+ (23)

+'gx o x o x T

where T,77- represent the position and

transpose vector of the moving; IV; is the
absolute velocity of the elements {i} of

multibody; V. the absolute acceleration of the

elements {i} of multibody; 'v the absolute
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acceleration of the second order, according to
the moving of the kinetic ensemble (/).
VC‘ =V, +a_),-xfcl, =
]
(24)

V0+Z[a) XD to eV 1]+a) xrc
=

VC,- =V +wiX rCi + a),'Xa),'Xf'Ci =

. % I
=V +Z[a)j 1% Djj_1 + Dj_4 X @j_1XDj 1]
=
i ~ . (25)
+;Jj'{[2'67)j><vj'j_1+ij_1]+

0 X I~ + @i X @ X I
+@) X Tg, + @) X @, fC,}

i
VCi =Z[CT)]'_»Iijj_1+2-E)j_1><[?)j_1><pjj_1+
=
-I-CT)j_1 X 67)j_1 X ﬁjj_1 + E)j_1 X CT)j_1 X E)j_1 X 5”_1} +
i
+) 0 [2 WX Vjjq+2- a)jxvjj+1+v”+1}
j=1
+a),-><rci+2-a),-><a),'><rcl,+a),'><a),-><rci+

(26)

+ @ X @; X @ X I
Oy X W X Wi X Ig,

The relations (23)-(26) are represented:
%, the absolute velocity of the mass center;

"V, the absolute acceleration of the mass

(l)—

center; the absolute acceleration of the

second order of the mass center, according to
the moving of the Kkinetic ensemble (i),
expresses the absolute acceleration of second
order of the mass center C, .

The next explanations are a presentation of
the kinematical parameters in the matrix form.
So, regarding the matrix form of acceleration
energy of higher order, it is necessary the
presents the follow notions:

K i{exp{jz[ ]'qk"‘k}}@‘”-%-a, 27)
j=1

k=1

_\

0| S{ME(Y,}a, +ME(V,] 4 )0, | @9

. j1{ME{\/].1}-'C']}+2-ME{V“}-G/.+ 29

and %7; = ZIZHIEI’V’E {ij}}-ij "?/} (30)

3 (31)
HME{J/k}}ij}dj}

i d 3 ..
+2Z{E{ HME{J/k}}MJV"’f}* (32)

Finally, the exponential matrix (ME) form is:
"\7,=ME("R)-°\7,; WhereV:{a_);cT) .V V;\'_/'}(33)

For the transfer of the above kinematical
parameters from {0} in {i} moving frame, the

next matrix exponential expression is applied in:
ME ("’ ) [R(O] Hexp[ (I?i(o)x)-qj-AJ (34)

where ME("R)- represents the transfer matrix

component in the exponential form; ME (\/j,) - 1S

the transfer matrix component of the linear
velocity, in the exponential form; ME( ) the

components of the i colon included in the
Jacobian matrix of the exponential form;
q,.9,,0,.q, - are represent the general components



of the moving, respective of the velocity, and
acceleration of the first and second order.

3. ENERGIES OF HIGHER ORDER

The kinetic energy is a fundamental notion
in systems dynamics [7] being included in the
Lagrange — Euler equations, based on which the
dynamic control functions are achieved.

3.2 The acceleration energy of first order
The acceleration energy of first order is
defined with:

Eg”":%-I?,T-v*,-dng-ﬁface(ﬁ r’)-dm  (35)

where V,=r represents the absolute
acceleration of the elementary and infinitesimal
mass dm, belonging to body, where i=1—>n,
and the symbol Trace corresponds to a squared
matrix. Performing a few differentials and
matrix transformations, it is obtained the
expression for the acceleration energy of first
order, corresponding to a rigid body, which is
in fact, a component of a MBS.
The symbol A, from (36) has the meaning:
A ,={{-1;General motion };{0; Translation};{1;Rotation } }
Regarding the energy of first order this could
be present in two forms, one in the explicit
form and one in the matrix form. In follow, it
will be presented in the explicit form:

B = (=)
1

+A2 -
242
a2 _{__ 0T (D% V. O )}+ (36)

1 i) — * i) —
+A§1 {E (I)wiT |:(I) =T Trace((’)lp,-)~ (l)wi _

_(i)E)iT ) (i),;i ) (i)a)i]. (i)@}

(/) =T |:(I)l* (/)— ((I) (I)I* (I)—)j|+

N —

In the equation (36) are marked out the mass
distribution properties, where M. is the mass

corresponding to each kinetic link of the robot,
ili* is the axial and centrifugal inertial tensor

and il; represents the planar centrifugal
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inertial tensor corresponding to the entire
Kinetic assembly (i), relative to frame{i},

applied in the mass center of each linkC. :
(1= {77 o) -

,X Xy ,XZ (37)

= - -
=T, —’I;‘y '
[
Vo= am) =] T e
Lo
In the same expression ’?C_ defines the
acceleration of the mass center, while '®,,

'®.and 'v; are substituted by (22) — (26).
The expression of the acceleration energy of
the first order development in the matrix form is:

Va8t &) =
;.{ﬁu»ma(tn.%né@(o-v[é(t
[é& (o.o[a(t);é?l(t)].é?tr)}}

& (n]+ (39)

where M(g) is the inertial mass matrix,
V(ééé) is the Coriolis matrix, and

D(ééé) is pseudoinertial matrix correspond

of the acceleration energy, and they are the
follow relations:

z Trace| Ay -1, - Ay |

k=max(i;J)
MVV—MV:
M(8) = Matrix i=1-sn(40)
g () ZTrace{ i AT} i1
Vi =Vig} = X Trace| A"l - AL |

k=max(i;j;m)



= Matrix{V, i=1-—>n}

(nxn)

,mj}_/ 1—>n} e_}r (41)

m=1-—>n

.
Dy = Z Trace| Ay -l - Al |
k=max(i;j;l;m)

D(7:6:0)

(nxn)

=1
= Matrix{D,j I_ _1_) n}
j=1—>n (42)

2= D,.j,mlzl—)n -
Dij =0". .0
m=1—>n

3.3 The acceleration energy of second order

Therefore, the dynamic analysis requires
higher order differential, of at least third order.
Corresponding to those equations, in the
following the new formulation, by the first
author, for the acceleration energy of second
order is presented here:

Ef)=%-I’V',T-"V',-dng-Trace('F}'-'F}T)-dm (43)

where v, =7 is the absolute acceleration of
second order for the elementary mass dm,
belonging to body (S;),and i=1-—n:

ED [0 (0:6 (1:5 (1) =

A 1-A, <1 T e
BT Z{EM Ve IVC'}

m =1

n : e
+Afn-2{% G2 @] (T )+
i=1

+la) - (’c'T},x’l;i.’gT;,) ol (&) a) @+
+2~’a‘),»T-(’a—),T-’I;‘~’5,~)~’cT),-+

(o] @ ) Trace( l*) (‘@] @)+

+f5i7.[’¢(‘)lT ( ;% Ip, 'a),')}ia_)i"‘ (44)

The relation (44) explain the acceleration energy

of second order Eff) in the explicit form.

The same relation (44) has the matrix form
given us by relation (45) too.
In the relation (45) the notion have the follow

explanation: M(8), V(§§§) and D(ééé)

are the dynamical matrix form (relation 40-42),

EQ[a(1),8%0:8%0,8%) ] =
%#m-m[é(m-%n
+3-8t).v[o1):5%0:8%0 ]+ (45)
V&) .H 008 )+

+3- 8 -k[a(0):8 1]+
+%.é@i(ﬂ-o[éu);é@(n;ﬁcw]-ég(t)+

+%.é§(t).w[5(t);é?‘(t)]-é§ft>

and H(é,éz), K(é,é“), N(é,é“) have the

follow expressionS'

{Hym =Himy } = Z Trace| Ay - *lg - Ay |
k=max(i;j;I;m)
— =, i=1—n
H(H;H ) Matrix<H; .
(nxn) j :1 —> N (46)
= Hij/m |=1—>n -
H,.]. =0 - -0
m=1—>n
< T
Ky = Trace| Ay - "1y - Al |
k=max(i;j;I;m;p)
K(§;§4):Matrix{K, i=1-n}
. (47)
K i 5. Kimp m=1—n 5; j=1-n ]
p=1—>n [=1—>n
2 T
Nijlmpr = Tracel:Akijl Ipsk Akmpr]
k=max(i:j;l;m;p;r)
N(9:6* ) =Matrix| N, '=h
e (48)

- - N--mr :1—)"’ - I:l—)n -
N// =0T{9T|: ijlmpi p :|el }9
r=1—-n m=1—n



4. EXPERIMENTAL METHOD

In the following step, it will be presents an
experimental study regarding the demonstration
of this accelerations energies of higher-order
(1-st and 2-nd) on the FANUC Robot (Fig. 3).

In this way, it will present a correlation
between the experimental and theoretical study,
that are validated them. The mono-axial
accelerometer  measured the  tangential
acceleration of arm moving (0-n rad) of the
robot and, it was fixed on the gripper, with a
magnet (Fig. 3).

Mono-axial e
accelerometer ’ “'I’J “ ©
- _ 2

Fig. 3 The Kinematical Structure for
the FANUC (5R) Robot.
The generalized variable:

{a:(7) 165(0) 1 65(2): 8, (1) G (0)}
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Fig. 4 Time Variation Law
of the Acceleration Energy of First Order

The curve of the figure 4,
acceleration energy of first order

respective
E" have
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been determinate in the theoretical form with
the interpolation function of 5-th order, using
the relation (49) and then, this is conform with

tangential acceleration measurements
introduced in the relation (50):

T,—T .. T—Ti 4 o

qjix (T) = t— Qi (Ti—1) + f L. Qjix (Ti) (49)

i i

(Tl—T)z (T_TH)Z

Qi (T) - o, t LB ot G + A
3
. T—T._ .
qjik(T) ( 5. t‘) qjl * "'( 6.t ) qjlk t 8y T+ 8y,
4 4 )
, r-1) .. (r-7y) .
qjik(T) = _( 2411) iy +( 2t ) qjlk Bt %*’ Qo T+
(5-1) .. (e-7.) .. 7’ 7

qjik(f) = 1201 Qi t 120'; "Gy + 8 'E"’ i ‘?4'

gy T+
In the end of the paper, it will present the
acceleration energy of second order applied the
robot arm in the rotation moving with 0-x rad.
The presentation corresponds E2in the explicit
form (rel.(50)) and graphical form (Fig.5).

o)
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Fig. 5 Time Variation Law
of the Acceleration Energy of Second Order

1 . .
E/(AR (7) ZE'(M 'Xéw +M, '251 + 3Iy)'(q32ik (T)+qgik (7)) (50)
1 )
ngk)(f) (M Ay M,z 4 )[%k( )- 2'q33ik(7)'q3ik (T)]‘l'

l\)

1

2(/\//1 X+ M-zl 0, )-[ 963 (2)- G5 () + G5 () ]
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It could observe in the figures 4 and 5, too,

that EY and Eare the positive values,

started in zero and finished in zero. This aspect
relived the importance of the transition moving
of the multibody system, respective by the start
and the stop of the moving, and it relieves an
innovative idea of the dynamical mechanical
field by the first author.

5. CONCLUSIONS

Within this paper, a few new formulations by
the first author, regarding advanced dynamics
of multibody systems have been presented. In
order to achieve this aim, in the first part of the
paper, the forward kinematics equations of
multibody systems have been presented as an
algorithm. These equations have been
developed using matrix exponentials that have
undeniable advantages in the matrix study of
any complex mechanical system. The kinematic
parameters expressions from the first part of the
paper have been used to express the energies of
higher order. Therefore, new formulations by
the first author, for acceleration energy of first
and second order have been presented in this
paper in the explicit and matrix form. In the
fourth part of the paper, an application
regarding dynamics equations in the case of a
serial structure, for a robot of 5R FANUC type,
was presented. As a result of this application,
the expressions of generalized driving forces of

accelerations of second order as components,
have been established in the symbolical form.
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Noi formulari privind energia acceleratiilor de ordinul I-i si al 11-lea aplicate in mecanica analitici

in cadrul acestei lucrari sunt analizate, pe baza unor noi formulari, notiuni importante de dinamica, cum ar fi energia
acceleratiilor de ordinul Tntéi si de ordinul al doilea, precum si aplicatii ale acestora in mecanica analiticd. Acestea au
fost aplicate pentru sisteme mecanice multicorp, cum ar fi robotii. La inceputul lucrdrii a fost prezentatd pe scurt,
aplicarea functiilor exponentiale de matrice. in partea finald a acestei lucrari, formulirile au fost aplicate asupra

structurii robotice de tipul FANUC.
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