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Abstract: This paper is devoted to the presentation of new formulations on the energies of higher order,
that are used in the dynamic study of mechanical systems. Integral part of these mechanical systems is the
mechanical robot structures, on which an application will be presented in order to highlight the
importance on the energies of higher order regarding the dynamic behavior. In current dynamic studies,
the kinetic energy is used as a central function in Lagrange - Euler equations. This paper extends the
study by developing the acceleration energies of second and third order and their implementation, it give
the possibility of applying the initial motion conditions: in positions, velocities and accelerations.
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1. INTRODUCTION

This paper will be structure in three main
parts. The first one is focused on the
acceleration energies of higher order. Known
aspects, but also new ones are presented about
them. Acceleration energies of second order
and of third order are given in explicit form and
matrix form. The second part of this paper
proposes an application in which the theoretical
aspects presented in this paper are used
implementation of the motion for any robot’s
arm with 5R degrees (FANUC).

2. ACCELERATION ENERGIES

The main objective of this paper is oriented
towards a few formulations, some of which are
new, development by the first author, regarding
the energies of higher order used in advanced
dynamics of multibody mechanical systems
(MBS). Therefore, the definition expressions
for acceleration energies of first, second and
third order will be presented, in explicit and
matrix form, in which the kinematic parameters will
be expressed using matrix exponential functions.

2.1 Acceleration energies of first order

According to the scientific literature, from
which the following are mentioned [1], [2] and
[4] the acceleration energy of first order is
known as Appell’s central function, and the
presentation form of the differential equations
of motion was developed for material point and
for discrete system of material points.So, in
according to [1] and [4] acceleration energy of
first order was developed for a rigid body, and
for multibody systems, which will be presented
in this paper in a lapidary form.

This presentation is necessary to explain the

next development acceleration, respective
acceleration of second order.
The starting equation for defining the

acceleration energy of first order is the following:

E,(L\1)[ — 1 ‘7,'7— 'V, .dm =
1)
= [ Trace(7 -7 )-dm
where r=I + ?[R] T (2
wer e o7 OpaT
and i =1L +'T7 R



188

The expression (1) presents the acceleration
energy of first order E!reported of the
elementary mass.

In expression (2), FC, represents the absolute

acceleration of the mass center, 7/ represents

the absolute acceleration regarding system {i},
Or .- . .

and [R] represents the rotation matrix

between the reference system {i}and {0}, and
finally their transposes.

Fig. 1 A kinetic ensemble from MBS.

According to [2], the following two matrix
proprieties can be developed:

TRLSRT (@)@ @x) @
RL AT =(a) <@ (@x) @

After several matrix and differential
transformations, the expression for defining the
acceleration energy of first order is obtained in
the matrix form in equation (5).

The study is extended to the MBS (Fig. 2)
made out of n kinetic ensembles like the one in
figure 1. It is considered that the MBS is
characterized by n degrees of freedom
(generalized coordinates) symbolized by:

0lt)=(q(0, 6(t)=((t, O(t)=((t) representing  the
generalized  coordinates, velocities and
accelerations and  g(t)=(j (), for iF1—>n) are
acceleration of the second order of the system.
According to [1] and [3] the acceleration

energy of first order for the MBS has the
following matrix form:

ENfa @)% &)=
%~{ﬁ(t)-M[é(r)]-§(t)+§‘(t)-v[§(t);9§‘(tﬂ+ ®)
[# (t)-D[é(t);ég’(t)]‘ég(t)}}

elementul i

Fig. 2 Symbolical shape of a MBS.
where in the relation (5) the M() is the inertial
mass matrix, V(ééé) is the Coriolis matrix,

and D(ééé) is  pseudoinertial matrix

correspond of the acceleration energy, and they
are the follow relations:

M, = Z Trace| Ay - "I,y - Ay |

k=max(i;J)
M, =M, =
M(@):Matrix n i=1>np (6)
(va) =kZ:1:Trace{Ak, M Ay imtosn
{Vijm = imj} = Trace|:Aki ’ klpsk ) Algm]
k=max(i;j;m)

V(é;é;é) = Matrix{V, i=1—>n}

(nxn)
i

. m (7)
Vijm = imj} ./:1_)’7:|6—}

m=1—>n

Dy = Trace| Ay -l - Al |
k=max(i;j;/;m)
D(9;9;0)=Matrix{D,j 7 }
(nxn) j :1—) n

(8)

O
|
Q|

{D,j,mlzl_)n} 5
; ) )
m=1—->n



Equation (9) is known as the pseudo-inertial
matrix of acceleration energy.

Their components illustrate on one hand the
mass proprieties included in the pseudo-inertial
tensor:

“ N RGRTdm [KRodm |
psic j"rkT-dm jdm B

k ! ke
VR Y
M-I, M, k

where ¥| osk 1S the pseudo inertial tensor of the
kinetic assembly k relative to system {i}, and

k|pk represents the planar centrifugal inertial

tensor corresponding to the entire Kinetic
assembly (k), relative to frame {k}

On the other hand, the dynamics matrices
components include the so called differential
matrices of first and second order, that
correspond to the homogeneous
transformations  (position and orientation
transformations) between the reference systems

of the MBS, as follows:
Ak| (R) Ay (P)
o= - 10
Ai =| 5~ o 00 (10)
This is called the differential matrix of first

order of the homogeneous transformations
(p -position, R-orientation). The sub-matrices

from equation (10) are determined using matrix
exponential functions:

A”.(R):i{oi[R]}:
aqj

fuf55 .

k=0

}; (k(o) ) A, A (R) (11)

where A (R) = exp{i(ﬁl(” x) G, A, } RI.(g)

I=j

A; (p)= {eXp{:il(kk ). Gy - Ak}}-Xﬁ
(12)

+exp{2(k1 ><) q A]ﬁ_?;(o)JfA;(f_’)

I=j

where Xj:(ﬁ(o) )IZ() A. +(1 A ) IZ() (13)
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]

M

A; (ﬁ):AJ. -exp[ (kkO) X)'qk 'Ak:|'A;*(ﬁ) (14)

k=
|

L\o

i

A (p)= Z{eXpL

I=]

(kﬁﬁ)x)-qm-Am-am}}@ (15)

j—1
The terms from the matrix exponentials

expressions  mentioned

following meanings:

above have the

—(0 . . L

ki(),-) - represents the unit vector, in the initial
configuration, of the axis corresponding to the
generalized coordinateq,;, while A, is an

operator that is 1 if g, is an angular

coordinates and is O otherwise. The terms 5,(0)

and R represent the position vector,
respectively the orientation matrix of the
system{j} in relation to{0}, in the same initial
configuration.

A;(P), A (R) - represent the matrix of the first

order regarding position and rotation in the system.
A(R) 1A (Pp)
A (R)=| oo TR 16

2
C__{’pl}-
aqj 'aqk

= {exp{g(/?/m x)-q 'A/H'A;‘k R)

where
A (R) = (k" x)-A, -4, (R)

ijk
Ay (R) =
}}.A,;;*(R)

= {GXP{ g (Engm ><)'qm 'Am
m=k

A (R) =

£ (R)=
=(K7%)-A," (R)

ik
where

Uy 17
Ak (R)ZAm‘{eXP{Z(k;O)X)'%'Ap}}Rf(t?) an

p=m

and A (P)=— -

given by (12).

(A (p)) and A;(p) is
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2.2 Acceleration energies of second order

The dynamic study of MBS can be extended
when the active exterior forces system is
characterized by a certain law of variation in
relation to time (Fig.3).

0 p—
.

Fig. 3 Simplified mechanical system.

F=F-cos(ew-t)
p=—n

A simple example in agreement with this
statement is the simplified mechanical system
shown in figure 3. Therefore, the MBS
dominated by such physical condition has
acceleration energies of higher order. In the
following, it is presented, according to [4], in a
simplified form, the acceleration energy of
second order Ef), whose starting equation is

the following:
EY %.WT i dm = Trace(7-77)-dm  (18)

'F'.'T_rc i S[RT (19)

1

The relation (18) represents the energy of
acceleration of second order of the elementary
mass dm.

And V;, V:" - represent the absolute acceleration

and their transpose of the element (i).

According to the same paper of the main
author, the following matrix property can be
developed:

JR19IRT =~ IR]-SIRT +

+(@; %)+ (@) - (@ %)+ (@ %) (@ %) = (20)
= (@ x)+2:(&, %) (& =)+ (@ %) (& =)+
+(@)-(a)-(3)

where @;, @, and a,represent the angular

velocity, acceleration of first order and
acceleration of second order according to the
rotation of the kinetic ensemble (i) and

Io, = Vg, expresses the absolute acceleration of

second order of the mass center C,.

After several differential transformations, the
explicit form E of the acceleration energy of
second order is obtained for the whole MBS
system (rel. 21). Expression (21) contains only
terms  which are a  function  of
0 =(G, for i=1—>n), representing the
generalized accelerations of second order. The
other terms from equation (27) have the
meaning from paragraph 2.1
EQ[(1:6(1:61:6 (D] =

n (1

A 1-A cer e
~(nm Lt ;{E-M,-'vg,. S f
j=

n P
+A§72{% ol a2 @] ( <l - ’5,-)+
=1

i=T ik i — i =T =T i i =
+ o (a)ixlp,-~a),) @ ( I ) w; +
+2- ol (&l 1 ay) @+
w2 @[l a ] a -
i =T i Pi=T Q= i=
*5( ;- Ipi)'( ;- Cl)l')' Cl)/'+

i=T i—

+§ (&l @) Trace( /*) (& @)+ (21)

+% 'a),T [ & 'l, a),} i5,+

+ial ['@T-('E},x'/;,-~'a7,-)]~’@,-+

+% /6,7' |:Iw/T (61 Il* la)l) iai}i@i}

Applying a series of matrix and differential
transformations, the matrix expression of the
acceleration energy of second order is obtained,
according to [4].

To the dynamic matrices presented in
paragraph 2.1, two more matrices are added to
the components of the acceleration energy of
second order:

The acceleration energy of the second order

E? in the matrix form is given us by:

Eff) [é(r);é%t);&t);%)} :%-#‘(!)-M[é(t)]'%)-k

+3-80)-v[a 6.8+
Bo-Han:80]-Fo+
+3-80-k[am:F 0]+
+%ﬁ(t)ﬂ[é(t);égtt);ﬁftﬂ-9gft)+

&0 a0 &

(22)




where M(é) is the inertial mass matrix,
V(ééé) is the Coriolis matrix, and

D(ééé) is pseudoinertial matrix correspond

of the acceleration energy, and they are the
follow relations:

Z Trace[ “Ige ]

k=max(i;j)
M, =M, =
M(@)=Matix] i=1->n}(23)
( ) (nxn) = Tface{Ak,"kIpsk' ’31-} i ”
. j=1-n
n
Trace[A, oo Algm}

X(isj;m)

—_——
<
3
Il
SES
H —_——
Il

V(§;§ 5) I\/I(atr)/x{V i=1—n}
) T (24)
\/,'_ §T {\/I/m_\//mj}jzl_)n 5
- m=1-—>n

Trace[Ak, “Ige A;m]

k=max(i;j;/;m)
e =1
D(e;e;e):/\/iatnx p, '~>"
(nxn) j=1—n (25)

;T D,ﬂm/:l—>n -
Dij =0' - iy
m=1-—>n

and H(é,éz), K(e,é“), N(é,é“) have the
follow expressions:

{Hym =H } = Z Trace| Ay - Iy - Ag |

k=max(i;j;I;m)

i=1—n
Matr/x{HU . - }
(nxn) j = 1 —> N

= H,j,mlzl—)n -
H’,jzg . .0
m=1—>n

H(8;6°
(9367 o0

AT

n
Kimp = Z klmp:l

k=max(i;j;I;m;p)
K(6:6*) = Matrix{K, i=1->n)

(nx1)
=5 KR K. m=1-n| - =1 n| —
K =".1g7.| ™ g, 177
p=1—>n [=1—n

n
jimpr = Z

k=max(i;j;l;m;p;r)

Trace[A “

Kij psk

N Trace [Ak,j, -

psk
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N(@:6) Matnx{NU | 9”}

(nxn) | =1-—>n (28)
Ni‘=§T' éT. Nijlmprp:]-_)n 5, I=1—n é
! r=1-n m=1-n

Equations (23) and (25) are differential
matrices of second order with mass and inertial
properties. The differential matrix of third
order, component of the dynamics matrix given
by equation (22), has the following form:

Aijkm (R) Aijkm (ﬁ):l

Ajkm = [0 UG YT (29)

The sub-matrices included in equation (29)
can be expressed with exponential functions as:

Aﬁjkm(R)={eXp{m l( v ) I'AI}}'A{Ekm(R)

1=0

where: Ay, (R) = (k'9%)-a, A (R)
A (R) = {exp{k 1(k(0) ) .Ap}}. A (R)
p=m

A (R)= (K, )4, - AL (R (30)

AT?:;*(R) {eXp{J l( © )-qr.ArH.Ai’J’j:;**(R)
r=p

A (R) = (K x)-2, - A (R)-R)

A\yz;***<R>=exp{z(k‘°) g, }

s=r
2
0

Aﬁjkm (ﬁ) = o, - 0q

0 _ _
a—qk[A,-k(p)}z [4(p)| (3D

m

where A; (p) is given by equation (12).

A (). A (P)- the differential

matrices of first and second order regarding
position of system.

represented
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In the explicit and matrix formulations of the
acceleration energies of higher order, it can be
noticed that the usage of matrix exponential
functions is an important advantage for the
kinematic study of MBS. This are given by the
fact, that the terms included in these functions
correspond to the initial configuration.

2.3 Acceleration Energy of Third Order
For more precise modeling on the transitory

motion phases of the MBS, in which the robots
are included, the dynamic study is extended on
the acceleration energies of third order (see
above aspects and example from the paper
developed by the first author). So, using the
above aspects referring to acceleration energy
of first and second order, in this case, the first
author proposes the equation of the acceleration

energy of third order E%Y as follows:

3 Jrew(7 7 on- @

where T, represents the absolute acceleration

of third order of the elementary mass dm (see
Fig.1), and p, expresses the absolute

acceleration of third order of the origin
O.e i} (see Fig. 2). Applying the differential
transformations in (32), the expression of the
acceleration energy of third order, containing
only terms which are a function of the generalized
accelerations of third order, shows as:

The relation (32) it could write of the
explicit form such as:

B[4 (1)]=E[q, ()0, (0 ()6 ()76 (6)] -

(33)

And the relation (32) could write in the matrix
form such as:

E|9(1):0(1):0 (£):8 (1):0 (1) | =

15w -Mam]F )+

N

csoe — = (34)
40T () -v[aW;o )0 )]+

+3.67W-v a6 ]+
+6-07(t)-Hlaw;02)]-0 )+
T -K[a®):0* D]

The components of the differential matrix of

fourth order, included in (34) have the
following form:
4
Ay (R) = g {)[R]} =

oq,-0q, -0q,,-0q,

:{exp{p 1(k(o> ) }}'A;kmp(R)

where
m-1
Ukmp(R) (k;O)X)‘AP'{eXp{ (k(m ) ' }}'Aijkmp(R)
r=p
o = 35
where Ay, (R)=(k@x) A, - Au (R (35)

Aukmp (R) {exp{kZ( r )

(k<° x)-A, Ay (R)-RY)

fjkmp

H_/
\_ﬁ,_J
£
s
—~
>v)
N

where A. (R)=

ijkmp

*****

%
S
—
0
SN
I
—
@D
>
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—
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s N
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X
B
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R}
=
=
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\=>)¢»
5
= X
—~~
0
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(_) _ aA,.jkm (5) _ aZAijkm (:5) _

Ajimp (P
g oq, 09,0,
an a0 (= - (36)
_ oA (p) _ o'p,
8qk ’ aqm ’ aqp aq/ ’ aqk ’ aqm ’ aqp
where { |Zi(°) x} is the skew-symmetric matrix

associated to the unit vector belonging to every
kinematical axis. In the position study based on
matrix exponentials, a new column vector is
established, according to [1] and [2];

A={(Lif i=R);(0,ifi=T)} is an operator which

marks out the type of joint: (R-rotation;
T-prismatic joint), according to figure 1 and
q; i=1—n is generalize coordinate regarding

the element of the system.

The above terms have been determined by
means of the matrix exponentials that are not
presented in this paper.

4. EXPERIMENTAL METHOD

In the following step, it will be presents an
experimental study regarding the demonstration
of this acceleration energy of second order and
third order (relation (38)) on the moving arm of
the FANUC Robot (Fig. 4).

In this way, it will present a correlation
between the experimental and theoretical study,
to validate the research studies. The mono-axial
accelerometer (Fig. 4) measured the tangential
acceleration of arm robot’s moving (0-r rad.),
and, it was fixed on the gripper with a magnet.

Mono-axial
accelerometer

Fig. 4 The Kinematical Structure for
the FANUC (5R) Robot.
The generalized variable:

A G HAG A RAC)

193

The particular acceleration energies of
second and third order  expression,
corresponding arm of robot by type Fanuc,
there are determinate using inter-polar function
of 5-th order with general coordinates:

G (7). 3 (2).G 3 (7). 3 (7).9 ju (7)
These general coordinate used in the inter-polar
function for determinate the acceleration energy
of second and third order.

In base of interpolation function are
determinate the acceleration energies left the
acceleration energy of second order and arrive
of acceleration energy of third order and their
graphical representations.

El (17) =
:E.(M1 KM, -2+ S/y).(z';f,k(f)—
—2-(?32,k(7)-'(?:32,.k(7)+ .
+9- Gy (T)'qafk (7)+ i (T))

El ()=
1 )
- E[(M X AM -2+ )-[qg,k (r)-
8- dgik.(r) ' qSIk(r) +30 qg:k T) G (T) -
B
+16'q3fk(T)'%‘k(T>+24'q3ik(T)'qaik(f)'qaik(f)"'
--4 -0-12
+9-G (7)+ T (T))}

EX () [1/5']

(37)
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Fig. 5 Time Variation Law
of the Acceleration Energy of Second Order

The figure 5 presents the time variation law
of acceleration energy of second order,
corresponding arm moving of the angular
position of O-x rad. It observes that motion start
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with zero value and finally, it arrived in zero,
again (stop moving).

EQ(r) [3/5°]

2.2e+7 f

2e+7 +

|
1.8e+7 'IL

1.6e+7 f

14e+7 T
1

|

1.2e+7

I “

0.1 02 03 04 05 06 0.7 08 09 10 1.1 1.2 1.3 14 15 16 1.7
Fig. 6 Time Variation Law

of the Acceleration Energy of Third Order

The figures 5 and 6 present a comparison
between experimental curves, regarding the
variation laws of acceleration energy of second
and third order.

It observes that between acceleration of
second order an third order the values of these
are significant, respective the acceleration of
third order arrived with values till 2.2e+7 [J/s°]
in comparison with acceleration of second
order with values till 1.1e+5 [J/s*]. The last
conclusion show us, that these superior energies
are significant values in the start of moving,
and they are not neglected.

5. CONCLUSIONS

The paper is based on new formulations in
advanced dynamics of multibody systems,
regarding the higher order energies.

These equations have been developed using
matrix exponentials that have undeniable

advantages in the matrix study of any complex
mechanical system. Within the paper there are
proposed approaches based on differential
principles by using some important dynamics
notions, regarding the acceleration energy of
first, but especially second and third order, all
these development by the first author of paper.
The study could be extended upon the
equations of higher order. They give the
possibility of applying the initial motion
conditions in  positions, velocities and
accelerations of first and second order. These
lead to an accuracy control on the transitory
motion phases, regarding the dynamic behavior
for any multibody system, in which the robot
structures are included.
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Formulari privind energia acceleratiilor de ordinul 2 si 3 aplicate in mecanica analitica
Rezumat: Lucrarea este dedicata prezentarii unor noi formulari despre energii de ordin superior, care sunt utilizate in
studiul dinamic pe sistemele mecanice. Parte integranta din aceste sisteme mecanice sunt structuri mecanice, roboti si se
va evidentia importanta dinamici miscarii privind influentd energiilor de ordin superior. Aceasta lucrare extinde studiul,
prin dezvoltarea energiilor superioare ale acceleratilor de ordinul al doilea si al treilea si implementarea lor in practica,
oferind posibilitatea de a studia la miscarea initiala, conditiile de pozitie, viteza si acceleratie.
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