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Abstract: The dynamic study of the industrial robots allows solving the following issues: the optimal
choice of arrangement of modules in a modular robot structure so that the energy consumptions to be
minimal; the choice of a law motion on the robot axes so that the energy consumptions to be minimal, the
choice of robot actuators, taking into account the organologia of each module and the whole robot
dynamics. For this, the structural kinematic scheme of the robot is presented, then, using the second type
of Lagrange's equations the kinetic energy and the generalized forces of the engines are determined.
Finally, the dynamic equations of the TRTTRRI robot are obtained, which are essential for solving the
direct and inverse problems of the robot's dynamic. Key words: robot, kinetic energy, generalized forces,
Lagrange’s equations, engine moments, orientation module.

1. INTRODUCTION

The dynamic study of serial industrial robots
can be achieved using different methods,
according to [1]. Thus, if using Lagrange’s
equations of second type or the virtual
displacements principle as dynamic form, the
differential equations of motion can be derived
without being taken into account the reactions
of torque and friction.

An original method of choosing the
actuators is one that takes into account the
whole dynamic of the robot and the mechanical
structure of each module separately. Based on
these considerations and using the Lagrange’s
equations of second type, the authors establish
in this paper the dynamic equations of the
robot.

2. THE DYNAMIC EQUATIONS USING
THE LAGRANGE FORMALISM

In figure 1 1is presented the kinematic
scheme of the serial modular TRTTRRI1 robot.
Starting from the base of the robot, it can be
mentioned the component parts of this: the
module 1,called MTB, is the translation module
from the robot’s base; the module 2, called

MRB, is the rotation module of the robot's arm;
the module 3, MTV the vertical translation
module; the module 4, MT the translation
module of the clamping device; the module 5,
MR is the rotation module from the arm
composition; MO the orientation module of the
clamping device.

In the structural kinematic scheme of the
robot, according to [2] is noted:
A,,i=1+6, - the movement axes;
A,- the parallel axis to A, of arm rotation,
passing through the center C, of gravity of the
clamping device;
k,,i=1+6 - degrees of freedom; ¢,.q4,,q,- the
velocities and
design

coordinates,
Iy, 1, i=1+7, - the

generalized
accelerations;

parameters of the robot; m,,i=1+7- masses;
0,,i=1+6- mobile reference systems origins

that concided with the centers of gravity of the
modules;
G,,i=1+7- the gravity forces of the modules

and of the clamping device;
F,, F,, F,- the engine forces;

M,, M, M- the engine moments;
0, - the basic measurement (zero point);
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Fig. 1. The kinematic scheme of the TRTTRR1 robot

Oyxovoz, - the fixed cartesian system;
Oxz,i=1+6 - the mobile reference systems,
jointly with the mobile parts of the robot's
modules;

C,x,y,z, - the mobile reference system, jointly
with the clamping device, having the origin C,
in the center of gravity of the clamping device;
Jgi) - the mechanical moment of inertia for the
mobile crew of the MRB module, determined
in relation with the A, axis;

sz) - the mechanical moment of inertia of the

vertical translation module MTV, determined in
relation with the A, axis;

J S) - the mechanical moment of inertia for the

translation module in relation with the 0,
axis;
J 255 ). the mechanical moment of inertia for the

mobile crew of the orientation module MO,
determined in relation with the rotation axis ..

7) - the mechanical moment of inertia for the

25
module MO, determine in relation with the
Osz4 axis;

J©) - the mechanical moment of inertia for the
26

module MO, determine in relation with the

Ogz4 aXIS;

J'© - the mechanical moment of inertia for the
X6

module MO, determine in relation with the

O¢x¢ aXIS;

Jgé) - the mechanical moment of inertia for the
6

orientation module, determine in relation with
the axis A, ;

Jg) - the mechanical moment for the clamping
device in relation with the C,x, axis.

J£77) - the mechanical moment for the clamping

device, determine in relation with the C,y,
axis.

The motion differential equations of the
robot, can be determined according to [3] and
[4], using the Lagrange’s equations of the

second type:

d(wj—wzgk,kzna (1)
dt\ 04, ) 0qy

In the equations (1) are defined the following:

Ec- represents the kinetic energy of the robot;



q,.4, - represents the generalized coordinates

and velocities;
O, - are the generalized forces;

k -represents the number of degrees of freedom.

In accordance with [3], the kinetic energy of
an item ,,i” from the mechanical structure of the
robot has the expression:

Ec = l(Jxmi +J,0% +J.0 ). @
2 2/ 1

: %Mi(vi +v§ +vf)j +
where: oy, w,, @ are the cartesian components
of the angular velocity, v., v,, v. are the
cartesian components of the velocity center of
gravity of the element of order “i”, and J,, J,, J:
are the mechanical axial moments of inertia of
the item “i”

To express the kinetic energy of an element
with the relation (2), it is necessary that its
center of gravity is the origin of the reference
system Oxyz, such that x. = y. = z. = 0, and the
system Oxyz, must be main system of inertia,
that J,, = J,. =J., = 0.

Starting from the base of the robot and
following the figure 1 and the relation (2), the
kinetic energies of the robot’s modules can be
determined, respectively, of the gripper and
namely for:

- for the modules MTB, MRB, MTV and
MT, the expression of kinetic energies are the
same from the TRTTRI, because there are
similarities up to MT module. These kinetic
energies have the expressions:

mygi +5J£22)922: ()

1
Ec3—5m3(q1 +4; )+2J£2)‘12; 4)

E[Jﬁju

| 1
Eci=—myq,, Ec, =—m
175 191 275

1 (s .
E., =5m4(q12 rgl gl )+

+ m4(14 + 514)2]5222 + m4[(l4 + ‘]4)0‘127172 +
+5424144].

- for rotation module MR, the kinematic
parameters which characterized the movement
are:

Wy =45, @, =0, W, =45

‘705 =G+ 42 X5+ 43 + 4y

~
[’}

R o Iy IRy Ay
‘12X’75—CI2 (l4+‘14+1) (6)
v —511+‘I2 (Z +‘J4+Z )+CI3+‘14’
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vo, =di +(la+1s+q,)" 43 +45 +43 +

+2(y +15 +q4)cq201G + 2554144 »
the other terms of the development are void,
because they are inner products performed with
perpendicular vectors two by two, respectively
the main mechanical moments of inertia are:

=Jb - Jb) o)
Jo=Jo), T =Y, g =dY), )

The kinetic energy of the rotation module, in
wiew of (2), (6) and (7) is expressed as:

I (2 .2 o) 1 :
E., :EmS(‘If +4; +‘1§)+5[J£§)+m5(14 +1s ‘*“14)2]‘15 +

1 . .. ..
+J )2 4 ms(ly + 15 + 43 )eqrinds + mssarinds -
(8)
- for the orientation module MO, the
kinematic parameters which characterized the
movement are:
Oy =qs, Oy =qg, O, =4,
Vo, =4, T8 XTs + 43 + 4
Following the figures 1 and 2, the relations can
be written:

©)

q2 (1 +q4+l +1)

Fig. 2. The velocity of the O4 point

Fo=ly +qy +1 1, +q, +15+1,,

q> X T Zazx(l_4+l_5+l_6+‘74)’

Vos 2‘?1+‘?2X(Z_4+1_5 +l—6+q4)+673 +q4

V0, =t + (15 +ls +44) 43 +43 + 45 +
+2(ly +1s + 16 + 94 )0q264145 +25956144 »

because

7B [qz X(I_4 +15+1g +q4)]=09 4 -q;=0,

444 =0,9, [‘72 X(Z_4 +1s + 1 +‘74)]:0’

those vectors are perpendiculars (figure 2).

The main mechanical moments of inertia of
this module are:

J.o=J©® g —gE g _ )
6

2 x6 > Y Ag> Yz

(10)

(11)
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The kinetic energy of the orientation module
MO is obtained by inserting in (2), the details
made byrelations (10) and (11). Thus,

1 . ) ) 1
E,, =5m6(q12 +43 +q§)+5[J§§)+
+m6(l4 +is+1g +‘14)2]‘]§ +%J£2)q52 + (12)
1 ..
+ 2J£ )‘16 +mg(ly +15 +1g + g4 )cq241d, +
+mgSqr4194 s

- for the clamping device, the kinematic
parameters that influence the movement are:

O, =qs, ©, =qg, O, =q,,
Ve, =G+ Gy X + Gy +Ga+ G <15,
Fo=ly+ Gy + L+, +q, +1s+1g+1,,
7, X7 =7, X(Z_4 "’l_s +l—6 +1'7 +‘74),
Ve, =q, + 4, ><(1_4 +1'5 +1—6 Jr1_7 +q_4)+c73 +
+ 44+ e %1y, (13)
ve, =i + (g +ls 41+l +q4) g3 +43 +
+43 +15Gs +2(ly +1s +1+1; + 44 )i1d,09, +
+259,4194 — 2074395,
because the scalar products
(?1 '5?39 ‘?1 (575 ><Z7)> 5}3 .
G-l x v i+ T+ 1+,
[672 X(i4 +15+ 15 +1, +‘?4)]‘(‘?5 XZ7), 45 -q, and
G, (g5 x1,) are null, because those vectors are

perpendicular (figure 3).
The main moments of
clamping device are:

I=10 1 =17 7

X7 X7 y7 ¥7 27

inertia of the

=17 (14)

Having in wiew the relations (2), (13) and
(14), the kinetic energy of the clamping device,
has the value:

1 . . .
E., =5m (a7 +a3 +ai)+
+1[J(7) +m, (1, +15+1g +1, +q4)2]q§ +
o g (15)
1 . 1 .
+5Ji77)q§ +E[J(7) +m71$]qé +

{(I +15 +1g +1; +9,)eq,4,d, + }
+m
+54,q:44 — 174545

By summing the kinetic energies of the
component modules, is obtained the kinetic
energy of the TRTTRRI robot. Thus,

x(f4+i5+f6+f7+c74)],

considering (3), (4), (5), (8), (12) and (15) we
obtain the expression:

qe x 17
Fig. 3. The velocity of the center of gravity Ce

s Lol 0 8 0, ;0
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23 213 7P I 7

wmy(ly+qy ) +ms(ly +15+q,) +

+m6(l4+l5 +l6+q4)2 +

vmy (1, +15+1g+15 +q,) ]q +[Zm ]q3
7 7
AEm et 80200

i—4
1 .
+E[J(A66) +J§/_77) +m7l72]‘162 +[’"4(14 +‘Z4)+
wmg(ly +15+q, )+mg(ly +1s+15+q,)
vy (ly +15 +1g+15 +q4)|cqrd,6, +

7
+(zmi)S‘1251144_m7174376-
i=4

(16)
In relation (16) are made are made these
notations:

1L LS 0 S04 40 ?

5 zmi =a, E ZJAZ +szi +JA7 +m4(l4+q4) *
i=1 i=2 i=4

+mg(ly + 1+ g,V +mg(ly + 1+ 1 +q,) +

(L, + 1+ 1, +1,+q,) ] ¢, (sz“%’ (17)
(zmj { AﬁZJx,}_‘%

%[JA(; +Jy: +m7l72]:c6,
[m4(l4 +CI4)+ m5(14 +1s +‘]4)*’”6(& +is+lg+ ‘h)*
+ m7(l4 +ls+1l+1 +q4)]“12 =Cp

;
[Zmijsqz =Cpyy —Myly = c36.

i=4
that the kinetic energy of the robot reaches the
form:



E, =c\df + 45 + 345 +cydi +csds +
.2 .. .. . 18
TC6q6 T C129192 + 149194 +C36939 - (18)
Following the relations (1), (17) and (18),
are made the following precisions:
GE, _, O, _day . . day
g, , 0q,  0q, a2t o4,
+ms(ly +1s+qy)+mg(ly +1s+1+q,)+

—4Giq, = [m4(l4 + ‘14)

7
+m7(l4 Hls+lg+15+ ‘14 “S¢rq19> +[Z m; JC%%% >

i=4

O, _o OF._o O _q

oy g5  Oqq
OE, 0@c, ., Ocp .

=—=¢+_—q¢= [m4(l4 +q4)+m5(l4 +is +CI4)+
aqy  Oqy 0q4

tmg(ly + 1+ 1+ q)+mo (1, + I +1,+ 1 +q,)| 43 +
7
"’[Zmijc%%‘?z ;
i—4
i oEc
me

(19)

=2, + %92 4, v iy + iy + 50 g, =
o, di Gr +CiaGy + Clafs + d q4

S
= (z miqu + [m4(l4 +q4)+m5(l4 +hs+ 514)+

pan
gy +1s+ 1+ gy )+ my (L, + 15 + 1 + 1, + q, )leqrdiy, +
J{i miquzc'j4 —[my (L, + gy )+ms(l, + 15+ q,)+
mg(ly +1s+ 1+ qy)+my(ly + I+l + 1+ q,)]5g,45 +
+ 2(27‘; m,} 429244 ;

jt(gicj [my(l, +q,)+ms(l, + 15+ q,)+

+m6(14+15+16+44)+m7(14+15+l6+l7+Q4)]C‘1261+
3 6
+ {z JXZ) + ZJi’) + JZ) +my(ly +q,) +
im2 i=a
mg(l+ 1+ g,V +mg(l, + 1+ +q, ) +
+my(ly+1s+1g+1, +q4)2]ij2—[m4(l4+q4)+
+m5(l +1; +q4)+m6(l +1s+1 +q4)+
7
+my (14 +ls+lg+1l+q, )1“]2‘71‘?2 + [z mij Cqrq1qs +
i—4
+2[m4(l4+44)+m5(l4+15+Q4)+m6(l4+Zs+16+44)+
+m7(l4+l +tlg+1 +C]4)]‘?244;

d  OEc
dt(a J 203%4‘%6‘16—(2’" ]‘13 myl7Ge; (20)
i=3

OEc e 4000 +dcl4. _
dt 6 0s 1491 494 dt q,

:
[Z j ¢G4, + G4 +q201d,);

i=4
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d | 0Ec
+> J ;
dt(aqu { Z xl}%

d | OEc
dt 04
To deduce the generalized forces corresponding
to the six modules of the robot, are given the
basic virtual displacement movements so that
all the parameters g¢; will vary with

Ny, Xy, ...,05,0q,, after that the virtual

mechanical work is determined. According to
figure 1, the virtual mechanical work suitable
for the external forces and moments and for
some virtual  displacement = movements
compatible with the robot's links, has the
expression:
AL = Féy, +M,dg, +(F; =Gy )y, +(F4 +64)'5m+
+Gs - 50,05 + M85 + Gy - 50,05 + M + (21)
+G,-60,C;
Considering that
0,0, =1, +q, +1, +1, +q, + 1, +1, +q,,
80,0, =87, +37; +57,

OO —lo +q; +l1 +l2 +4; +l3 +l4 +4,4 +15,

J [J&? +J£~77) +myl7 ]6.1-6 —mylyGs.

6Oo 5 =0q; +3q; +8q,

0,Cs =ly+q, +1,+ 1, +qs +1, +1, +q, + 15+,
80,C, =08q, +3q; +6q,,

O0,Cy =1y +q, +1,+ 1, +qs + 15 + 1, +qy +1s+1 +1,
60,C; =8q, + 645 + &gy,

the expression (21) of the virtual mechanical
work, reaches the form:

7
OL = (F, + Fys5q, )0q, + M ,8q, +[F3 —ZG,.JJ% +

i=3

(22)

+Fy0q4 +Msoqs + Moy, (23)
The generalized forces, in accordance with
[3], are obtained from relations:

0= k=1-6. (24)
&Ik
7
thatis O =F+Fisq, O, =M,, Q3:F3_ZG1’
=(25)
O, =F, Os=M;, Og=M,. (

The differential equations of the robot are
obtained from (1) in which are introduce the
relations (19), (20) and (25). Thus,
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(Zm J% ’”4 l4+q4)+m5(l4+l +Q4)

+m6(l4+15+l6+q4)+m7(l4+15+16+l7+q4)]cqzqz+
+(Z7;mijsq2q4—[m4(l4+q4)+m5(l4+15+q4)+

mg(ly + 1+ +q, )+ my (I, + 15 + 1 + 1, + q, )| 59,43 +

+ 2(27: m[]cqzqzq4 =F+F,sq,

[m4(ll;4+q4)+m5(l4+l +q4)+m6(l +1s +1; +q4)+

g (L +1s +1g + 1 + 4 )eqady + {ZJ +ZJ

+mylly +q4) +m5(l4+15+q4) +m6(l4+15+16+q4)2+

(
(
ms(ly +1s+q, )+ mg(ly +1s + 15 +q,)+
+m7(l4+15+l6+l7+q4)]q2q4—M2

7 7
[Zmi}h —mylyGs = F _ZGi

i=3 i=3

+my (I, +1s+1+1, +q,) 2]c’j2+2[m4(l4+q4)+

7
(Z”h}(s%% +4y +C4241‘?2)*[m4(l4 +q4)+m5(l4 +1s +Q4)+

i=2
+m6(l4 +is+1g +‘I4)+W”/(l4 +ls+lg+1 +q4)]‘?§ -

7
_{zmi ]0424142 =F,

i=4
3t -
i=6

—malyigs + IO+ D e mai? Lo = M, (26)

The differential equations system (26) of the
TRTTRR1 robot were determined on the
assumption that all movements take place
simultaneously. By solving the inverse problem
of the dynamics of the robot result: optimal

modules arrangement in a robot structure such
as the energy consumption to be minimal; an

optimal variant for choosing the laws of motion
of the robot’s axes in such way that the energy
consumption to be minimal; choosing the
actuators of the modules, considering their
arrangement and the whole dynamics of the
robot.

3. CONCLUSION

The dynamic study of the industrial robots is
necessary for solving the direct problem,
respectively, the inverse of their dynamics.

In the case of the direct problem, the robot’s
movement is determined, if are known the
forces and moments that are acting on it.
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Ecuatiile dinamice ale robotului TRTTRR1 utilizind formalismul lui Lagrange

Rezumat: Studiul dinamic al robotilor industriali permite rezolvarea urmatoarelor probleme: alegerea variantei optime
de aranjare a modulelor intr-o structurd de robot modular, astfel incat consumurile energetice sd fie minime; alegerea
unor legi de miscare pe axele robotului 1n asa fel incat consumurile energetice sa fie minime; alegerea motoarelor de
actionare a modulelor robotului luand in considerare organologia fiecarui modul in parte si dinamica intregului robot.
Pentru acesta, schema cinematica a robotului, apoi, utilizand ecuatiile lui Lagrange de speta a II-a, se determina energia
cinetica a robotului si fortele generalizate motoare. In final, se obtin ecuatiile dinamice ale robotului TRTTRRI, care
sunt necesare pentru rezolvarea celor doua probleme: directa si inversa a dinamicii robotului.
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