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Abstract: To determine the robot's dynamic equations using the Newton-Euler formalism, is primarily
needed the geometric and kinematic modeling. Secondly are required the distribution parameters mass
and certain simplifying assumptions of choosing the mass centers C; but also the mechanical centrifugal
moments of inertia. With these are determined the mass centers accelerations and the reduction torsos
elements for the external forces. The next step is to determine the torsos of the contact forces and the
moments of these contact forces. The last step is to determine the driving generalized forces from the
couplers robots; their expressions represent the dynamic equations of the TRTTRRI robot.
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1. INTRODUCTION

To determine the dynamic equations of the
robot, it’s used an iterative method, which
emphasizes the generalized variables, the
driving generalized forces and the contact
forces that arise between linked components of
the robot. The calculation algorithm is based on
the Luth-Walker-Paul method [1] and consists
of two parts namely:

1. Iterations to the exterior structure of the
robot.

Using the Newton-Euler dynamic equations,
is determined for each element i, (i=1-n), the
linear and angular velocities and accelerations,
the forces and moments exterior forces.

2. Iterations inside the mechanical structure
of the robot.

Under this case, is determined for each
element 1 (i=1-n) of the robot, the torsos
contact forces between the elements i, i+1,
respectively the generalized driving forces of
kinematic axes.

Fig. 1. The kinematic structure of a robot with n degrees of freedom
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In accordance with the kinematic structure
of a robot with n degrees of freedom (figure 1),
[2] and [3], it can be established the dynamic
equations of a robot. The kinematic structure of
the robot it’s geometric modeling, using one of
the methods described in [4]. Thus, for each

item is determined the homogeneous
transformation matrix:
/| R
TR Rk N ()
000 | 1

If the method of compounds operators DH in
the second variant is applied, the matrix
elements (1) have the following meanings:

[R]’:_l - is the rotation matrix defining the

1
orientation of each axis of the system (T;) with
the system (Tj.;), and has the expression:

co, —s0, 0
i-1 .
Rl =|s0.ca,, cOca,, -sa,, |5 2)
sOsa,_, cOsa,_, ca,

i

771 is the column vector which defines the

position of origin O; of the system (Ti) in
relation with the origin Oj;; of the system
(Ti+1), with the matrix expression:

[’7]2_1 :[ai —d;sa; dicaH]T- (3)
It’s determine the inverse rotation matrix
)1

1

[R] 5—1: [R 2—1 ]_1 = [R §—1 ]T > 4)

A 0, s0,co,, 5050,
1
R, =|-50, cO,co,, cOsa,,| (5
0 -850, co,

For each item 1 are determined the following
parameters:
M; — the mass of the element I with the

ki
relation M, = ZGjmj’ where
Jj=1
+1, if the item j remains in the item i
composition;
—1, ifthe item j is eliminated;

;=

FC’; - the position vector of the mass center C;

in relation with the origin O; of the reference
system (T;), with the relation:

e e [ A P B

I, ©

where [T ]ﬁD is the matrix that defines the
position and the orientation of each axis of the
reference system (T;) in relation to the
reference system DH, (Tip), which can be

determined, according to [5], with the relation:

% % (P~ Po)
|
iD _ yi][-) ’ [fi Vi Ei] } yi][-)(ﬁi _ﬁiD) ) (7)
[7]
' -7 ST (5 =
Zip i\Z,'D(Pi _plD)
0 0 o ! 1

J;" — the inertial tensor of the element i
compared with the reference system (T ) with
the origin in the mass center Ci. This is
determined according to [5], with the following
relation:

*iD *iD *iD
Jx - ny - sz

D *iD #iD #D
e A S M R )
*iD *iD *iD
_sz Jzy Jz

where the matrix elements are the axial and
centrifugal mechanical moments of inertia of
the element i determined in relation with the
reference system (Tip), with the origin in the
mass center C;.

On the robot acts the system of the weight
forces for every element i and a system of
external forces situated at the end of the robot.

The system of external forces is reduced
compared to the origin O,;; of the reference
system (Ty+1), jointly with the gripper and the
manipulated object caught in the grip handle.
Thus, it’s obtain the reduction torsos of the
external forces, with the elements: the resulting

o+l : Afn+l
vector F} and the resulting moment My,

expressed in the reference system (Ty+1).

If the robot is in motion, then on each axis of
motion the generalized variables q;,q;,q;,
i=1-+n are highlighted.

The kinematic parameters that characterize the
movement of the element 1 at a time, are:

(Di,Si,VCi,

c_zci, i=1-n, to which are added the
kinematic parameters of the fixed element (0):
—10 —~_10 T
oly=lwl,=10 0 0

~10
[V]o =0 o g]T’
where g is the gravitational acceleration.



By applying the Newton-Euler method the
robot’s dynamic equations are determined,
from which are obtained the generalized
driving forces, according to [2] and [3].

These results are obtained covering the two
stages of the calculation algorithm and by
introducing the notation:

1, if the coupling is rotation

(i= 1l+ n) 0, if the coupling is translation. (10)
1. Iterations to the exterior of the robot are in
the mechanical structure. Applying the
calculation algorithm of the iterative method
presented in the kinematic modeling, in [6],
determine the following kinematic parameters:

@, - the angular velocity of the element i

relative to the fixed system (Ty) from the base
of the robot, expressed in the system (T;) with
the relation:

o, —[R]ll o+ NGk

(11)
€, - the angular acceleration of the element i

relative to the system (Ty), expressed in the
system (T;) with the relation:

E, :[R];:—l 'gii—_ll +A1{[R] la)l 1 XQlkl +q1 z} (12)
a/ - the linear acceleration of the origin of

system (Tj) relative to the fixed system (T)),
expressed in the system (T ) with the relation:
» [R]i 1{7,;1 +a xm T v o <@ x w5 i+
(13)
+(1-a, )(Za) x gk} +q,k’)

a, - the mass center acceleration of the

element i, determined in relation to the fixed
system (Ty) and expressed relative to the
system (T;) by the relation:

—i =i =i =i =i =i =i
a,_—ai+€i><rcl_+a)ix(a)ixr(,i).

c (14)

The reduction torsos elements of the external
forces, are obtained by applying to each
element 1, the dynamic equations of the
Newton-Euler and their expressions are:

M, _J*'a’ +o xJ o

2. Iterations in51de the mechanlcal structure
of the robot. Using the equations
oM (1)
M| =7 xMa! +Jg +o,xJ o, - M| -

—i i _yfi —i i
-7 xF'— -7l x
FOF =M <7 F
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for each clement i, it can be determined the
reduction torsos of the contact forces. The
elements of these torsos have the expressions:
F‘I,l :Miaci _F‘ii [R]l IF,lrl

T (17)

M| =F. xMa, +J &+, xJ @, - M -
1

_Fc,- XF;'i _[R]H—lAllIJr1 - 1+1 x [R]1+1F},+1

From relations (17) by transforming vectors

E;ﬂ and M f in the vectors:
[R],+1E’+‘ M,

%i+1
are obtained the relations (18).
Given the relation below

=[R[;., M} . (18)

1+1

o - F}l’ l;l’ if the coupling is translation
m =

M,’o -k}, if the coupling is rotation.

the generalized driving forces Q' are

determined, which actually represents the
dynamic model of the robot

Q) =A, [Mz ]‘ k! +( [Fz] k! +Qf,(19)
where Q' i 1s, according to [1], the generalized

force due to friction and has the following
expressions:

0} =hi, +0, 20)

The parameters b; and Q}c from the relation
(20) are:
b; — the viscous friction coefficient;
Q}C - the generalized force due to dry friction

(Coulomb friction) and has the expression:

05, =A
+(1_Ai)ci‘l;i[ XE;‘sgnc}i.

In the relation above, ¢; is the dry friction

coefficient, and d; is the diameter of spindle

torque. The dynamic equations system (19) can
be written as:

0,()=l0i.()=r"(a,(t) j=1+n) i=1+n] (22)

and represents the dynamic model of the robot
with n degrees of freedom.

In the direct problem of robot dynamics are
known the column vector of the generalized
driving forces. Thus, the functions can be
deduced:

cl%‘l;iixﬁii‘sgnqi + o)
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70)= 710, 0 =lg,() i=1=n]. (23)

which is the law of motion of the robot in
configuration space of states.

In the inverse problem of robot dynamics,
called inverse dynamic model, are known
functions @(t) and with the relation (19) the

0,(t) are
determined. Using Newton-Euler iterative
method, with relation (19) can be determined
the elements of torsos of contact forces
between the components of the robot. In
conclusion, the Newton-Euler iterative method
includes the following steps:

1. It’s shape geometrical the mechanical
structure of the robot with n degrees of freedom
and is determined for each i=1-n, the matrices
(1) and their inverse.

2. Is calculated for each element i, i=1+n
parameters which characterizing the mass
distribution, namely: the mass M, the position

generalized  driving  forces

vector ’7cl, of mass center C; relative with Oj, (6),

(7) and with the tensor J ,* " with relation (8).

3. It is calculated, by iteration outward, the
kinematics parameters (9)-(14) and the torsos
of external forces (15).

4. Is determined by iterations inward, the
torsos of contact forces whose clements are

given by (17) and the generalized driving forces
using the dynamic equations (19).

2. THE DYNAMIC EQUATIONS OF THE
TRTTRR1 ROBOT USING THE
NEWTON-EULER FORMALISM

According to [7], [8], [9] and [10], the
dynamic model of the TRTTRRI1 robot (figure
2), will be achieved by applying the Newton-
Euler method, implemented in the symbolic
modeling program Robot Symbolic,
Robot Dynamics module of the program
Matlab 7.1, [7].

For applying the formalism is required the
geometric and kinematic model and the mass
distribution parameters. It also required some
simplifying assumptions: - are chosen the
masses C; in the origins O; of the Cartesian
reference system OiXjyizi, 1=1+6, and so the
position vectors of mass center are void;

- choosing the mobile reference system so
that their axes coincide with the main directions
of inertia associated with the origins of these
systems, result that the mechanical centrifugal
moments of inertia are void. Below are
presented the mass distribution parameters:
masses of the element i, centers of mass and
inertial tensors:

Fig. 2. The kinematic structure of the
serial modular TRTTRRI robot



- the masses: M, Mz, M3, My, Ms, Mg;

- centers of mass: r =[00 0],
=[000]",7 =[00 O]T re =[000]",
T —[o 001", 12 [0 0 0]";
- inertial tensors:
JY 0 0 J2 0 0
Jil=lo g o U=l 0 J7 0|
Lo o J! i 0 J2
JP 00 [t 0 0|
JP= 0 U7 0| Jt=l0 JF 0
0o 0o J? 00 J*
JS 0 0 JS 0 0
JE=l 0 JF o JP=[0 U 0
0o 0 J? o 0 Jf

Where J.', J)', J.',i=1,2,3,4,5,6 are

the mechanical axial moments of inertia
relative to the system i, with the origin in the
mass center C; and having the same guidance
with the system attached to each element of the
robot.

Accelerations  corresponding to  mass
centers, are determine according to relation
(14).

Since between the robots TRTTRI1 and
TRTTRRI1 are similarities up to the translation
module, the following accelerations results:

0 ) , 59,4, . X 59,24, .
[Ec]i: 0 i [Ec]zz 4,4, |’ [56]3: cq,G, |’
g+4q g g+4s
.. .2 .2 .
54261 — 4294 — 4314 + G4
— 14 .. .. . .o .
[@,]i=| cquid, + 4294 + a1y +2444, |3 24)
gt+4q;
gl =ai+z i v (@ x7l), (29
T.,,Qli‘l,zjQégﬂ,ﬂ,zf,i‘!é,ﬂ,zf;,,,
7 i 41¢q5¢qs + 429445 +Grlucqs + ;
cl5™ - . .
__124244¢qs +dol5¢qs +8595 + 43595
—=G1595¢95 —G294595 —Gol45q9s —
=24,445q5 —q,ls5q5 + 8cqs + G359 |

(26)
—6

_ =6, =526 —6_[(~6_-6
A, =ag +&g XT, + 0 x(a)6 X’”%)a (27)

83

4,59,¢q6 _4225140% _75140% +q4¢q6 —
~4315¢q — 43 15cqq + 5959 5Cq, +
+G2945965qs + 214596595 +
+24,44596595 + 4215596595 —8Cq559¢ +
—G3596¢qs + 4216596595

§16G5¢q +G294¢q5 + 21445 +24,44¢q5 +
H+4alscqs +859s + 43595 +dalecds
1596595 — 4394506 — 4314596 + 4595 —
—q%lss% _7516596 —,C96595¢q, —
—§294¢9659s —G214¢q65q5 =24, 446595 —
—§,l55q5cq6 + 8cqecqs +q3cqecqs —

|~ G2l6596¢qs

(28)

According to the Newton-Euler formalism,

first, the mechanical structure is walked by

iteration to outward of the robot mechanical
structure, resulting the external forces system:

0
7= i | (29)
Mg

M,g,s
[FE = Ma[2. B F el aagieq. | (30)
M,g
M;q,sq,
Msgicq, |5 )
M;(g+4s3)

l[ac]i’ﬁl =

[Fli= M@ 13, [F =
[F]?‘: ]_M4[ac]i’

[ Musgaii + d3qa + 830 - i)

[F]i: M, (cqydy + Grqy +iialy + 2444, ) |3 (32)
M4(g+513)

[Fli=w[a 5,

[F]g: M

G1€q2595 +§29459s +Gal45q5 + J
+2444,595 +Gyls5q5 — geqs —gscqss

(33)
[F]g: M6 [‘Tc]g b



My (5136120% —q'%q4cq6 _45140% +G4Cq5 —
—5150qs — 31605 +1596C 545 +
+0294596595 +G145965G5 +24,445G65G5 +
+05155G559s —85G6Cqs —3596Cqs +

o thlesgeses)
- M{%“]zc% +4294095 +G5l4cq5 + j '

204,645 + 5155 +85% +43595 +drlscds)

—Me\~G56,5Gs +37 94596 +51a596 —G45ds +
+3155Gs +3165qs +Cq6C PG5 +
+G244C4659s + 14046595 +2G,G4C465Gs +
+0515¢q55Gs —8CGCqs —G3¢qsCqs +
+C72%“]6W5)

(34)
According to the relation (15), the moments
of external forces are obtained and have the
following form:

0
M. =0]'g +a! xJ'@ L[, =| 0|5 (35)
0
—_— I 0 ]
M} =078 oy x I ey, =] o |5 (36)
_Jzqu_
R— i 0 1
M} =) v+ xJSe M, i=| o |5 (G7)
_JZSC.I.Z
0
MY =0t val < aya M=) o |5 (38)
Jz4éjZ
M, =J58 + @3 x IS5,
#5 .. 5.9 #5 .9
s I 545595+ 055G
. J*S..S +J*5. .C +J*5. .C _
[MC 22 y 42595 Ty, 4295695 T J x 4295CYs .(39)
*5 ..
Codgsegs
*5 .. *5 . . *5.L
S 4x¢qs —J . 445595 —J 429559 +
*5 . .
+J, 424555 i

76 _ 7%6=6 =6 1%6—6
M, =Jgéeg +5 xJg @ ,

o7, J=

—J;6qSCQ6 = J.0G2¢q55q6 +J 04245596595
_J;6‘7246C‘I6C% _J:6q.5465‘]6 -
_J;GC}§CQ6CQSS‘]5 _J:6Q246CQ6CQS -

_J;692QS596595 _J:GQS46596 +
+J°6,455965q5 +J.°43¢qcqs55qs +
44546596 + 002966005

J;éqzs% +J;6Q2750q5 +_];6(']'2 -
—J%42450q5 =27 0424567 q5¢qs +
= I 43eqe596 = I 0457 qseqq5qs +
+J°4245¢q5 =20 °42G5¢? q5eqs +
L HI05Ca50q659s =T 0050689
J0Gssqs + T Grcq5¢q5 = J2° 424506595 —
—J4246596cq5 + I d5Gscqs +
+J.°43596¢455q5 —J °4245¢q65q5 +
+J.°4246596¢q5 = J°d545¢q5
_J;6Q2ZS%C‘I55% _J;%}z%s%c% +

+J° 0245646595 + T, 45d6cdq

(40)

In the second part of the Newton-Euler

method, the mechanical structure is walked by

iteration to inward of the robot mechanical
structure.

Thus, the contact forces torsos between
elements and their moments are determined,
respectively the generalized driving forces from
the robot’s couplers.

The contact forces, according to (16) and
[2], have the following expressions:

Fg =[R]3F] +F,
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FIZ +MG159,¢46 _M()C};‘]z;c% _Mﬁq§l4c% + Msq,sq, _qug q4 _qu§l4 _qug Is +
+ Miseqe — Mogalscqs — Modrlocqs + +MGi5qy ~M s 4 —Meg3l, —
+ M G15G6cq259s + M G2G459659s + ~Mdyls —Mgg3 1 +Flch6 +Flzsq6 +
+ M Glysqe5qs + 2M ¢4,q459659s + + MGy + MGy +MyGisg, =Mz q, -
+MGrlssqesqs — M gsqecqs — -M, g3l + Mg,
= Milissq6cqs + Meolesqesqs F5q53q5 = F sqscqq +Mydicqy +M o q4 +
F}Z +MGicqrcqs + M Grq4¢qs + M Galycqs + +;W452]4 +2A2/14q244 +Mij,q, +Micq, +
[}7[]2: +2M449,¢qs + MoGylscqs + Mgsqs + ; [17] s= |+ MGyl + Mg, s +Mijcq, +F1ZC‘15 + ;
ST T e Mgy Mol Mol + Mol
: +2M5q1q,4 +2M (4,4,
+M G459 _M6‘?§lss% _M6q2216Sq6 e
— M G1cq6cdrs5qs — M G2q4¢q659s —
— M Glicq659s —2M 6G244¢q659s — F’z Sqs + Mg+ Mydy +Mog+Megs +
— M dlscqesqs + Mogeqqeqs + +Msg+Msqs _FIZC%S‘IG +FIZC‘]5C516
+ M Gscqscds — M oGlscqssds
_ o (41) ) (43)
F =Rl RO+ R F) =R F+F (44)
- . AR T VAR T
Miisq, —MsG3q, — Mgl — MGl + Misiivsqy = Msds 4y —Msdyly — Msgals +
+ Migisq, — M G5 q, — Mys 1, — + Migisqy =M g3 45— Med3 1y — Mgz ls -
~Mg3ls —Med3ls + FIZC% + F/ZS% + ~Medl+ Filcgs + F[sqo + Msdy +
+MsG, + Mg, + Mgijy + MyGisqy — M3 gy — M3l +
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, t MGy +Msgisqy .
Fz? +MGicqseqs + MGy qacqs + MG lycqs + Fyl 345595 — F]sqscds + Mydicqs + M i g, +
+2MG5q4¢qs + MG lscqs + M ogsqs + + MG ly +2M 4G5G4 + MsGr g4 + MsGicq, +
[EE: + M G3sqs + M oGlecqs + MsGicqseq, + ’ [F/]g: + MGy ly+ My ls + MgGicq, + F/ZC‘IS + )
+ MGy q4cqs + Mgy lycqs + 2M sgyq,cqs + + MGy qq + MGyl + My ls + Mgyl +
tMbpscds  Magsds * Msffsds || +2M oy + 2Mdody + Madica,
— M sGisqscq, — M sG2q459s — Mg 14595 —
—2M5G,G4595 — M sG, 5595 —F,Zs% +
+ FIZC% +Msgeqs + MsGzeqs + Mgeqs + Fl;S% tMagr Mags + Mog + Mgy + Msg +
+ M Gscqs — M ¢d\cqrsqs — Mg 4595 — + Mg, _F}ZC%S% + FIZC%C% +M3g +M;q;
— MG 145qs —2M 6G5445Gs — M 4G 1555 —
L~ Mdlesqs ] B y
42) 72 - (45)
F} =[R];- F] +F (46)

R =[RIF 4 F
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Msiisqy —Msqs qy —Msgsly — Mg ls +

+ Mijysq, =M G5 gy =M o3 1y —Mog3 15 —
_quglé +FIZC‘16 +Fzz75% +Msg, +

+ MGy + MyGisqy —MyGs gy — Mgz ly +
MGyt MyGisq, + MoGisgy
FIZS%S% _FIZS%C% +M,yGicq, +Mygrq, +
+ MGy ly +2M 445G + MGy q4 + Msgcq, +
[Fl]%: +Msqyly +Msgyls +Megicq, +F/i"95 + ;
MGy qs + MGy ly + MGy ls + Mgyl +
+2M5G,q4 +2M 44,44 + M34icqy + Mg cq,

FIZ,S‘IS + Mg+ MGy + Mg+ Mg, +
+ Mg +Msis - F) cqssqq + F) cqscqq +
+Myg+Myqs+M,g

(47)
Fy=[Ry Fy + F, (48)
in = _quzz q4¢q; —M5q2214cq2 _quzz lscq, —
~ M43 q4cq: =M 43 lseq, =M g3 lseq, —
~ M3 l5cqy =M 443 q4eq, =M 443 1L4cq, ~
_FIZS%S‘ISS% +FIZS‘]2S‘]5“16 ~M4G9459, -
—M 4G, ly5qy =2M 44,459, =M 5G5 4459, —
—MsGylysqy =M sy lssq, =M G 4459, =
—MGylysq; =M G,y lssq, =M Gy lgsqs —
—2M 54,4459, —2M §G14459, —F]Zcqchﬁ +
+FzZC¢125‘]6 +MsGyeqy +MgGacqs +
+M,G,cq, —F,zsqchs >
(49)
171; :FIZSCISS% +FIZS(Z2S(]6 +MsGusq, + MGasq, +
+M 4,459, +F/Z“Ich5 + Mg, +M4q,q4cq; +
+M 4G, l4cq, _FJZC%S%C% +MsG,q4cq; +
+Msg,lycqy + MGy qacq, + MG, lieq, + (50)
+ MG, leeqy +2MsGrq4cq, +MsG,lscq, -
~ M3 qusq, +2M 454469, + MGy lscq, —
_quglﬁ% _qu-zzlss% _Mﬁq§Q4sq2 -
_Méq§ lysq, —M6q'§ Issq, _Méqzzles‘b -
—M 443 qysq, =M 443 1ysq, +FIZC‘123‘ISS‘16 +
+2M 4Grq4cqy + M G, + MG, + M, G, +
+MyG,+Myq, ;

F}i ZFIquS +Myg+ MGy +Meg+Mggs +
+Msg+Msdy —F) cqssqe + F) cqscqs +
+Mg+M,G,+M,g+M,g.

(51)
Given the complexity of the moments of
contact forces, they will not be presented in the
paper. According to [7] and [2], the generalized
driving forces are determined. Their
expressions represent the differential dynamic
equations system which characterized the
dynamic model of the robot TRTTRRI.
Having the relation (19), the generalized
driving forces have the following expressions:
0
F’i F/i {1 :Fllv, (52)
0

o, =77t =|r'
O, = Fsqssqs + F) 54,59, + M sij,s5q, +
+MeGysq, + MyGysq, + FI_ZC%C% + Mg, +

+ MGy q4cqy + MyGylieq, _FIZC%S%C% +
+MsGyq4cq, + MsGylicqr + MG, qaeq, +
+MGrlieqy + Mg, lgeqs +2Msq,q4cq, +
+ MGy lscqs = Msq3 q459, +2M oG2G4cq, +
+ MGy lscq, — Msq31ysq, — Msgs lssq, —
_M6‘72ZQ4592 _M66]§I4S‘12 _Moqglss% -
— M G3 l5q, =M 443 qusq, — M 4G5 1ysq, +
+FlZC‘12SQSS% +2M 44,449, + M, G, +
+Msg, +Myq, +Msq, +M,q, ;

(53)
0

0r =l [r =i wi mplfo|=mzs
1

(54)



On =M G qi + M yirqi +2M 4G540, +Fle4C‘15 +

+ sz Licqs + Moo 13 + Msiip L3 + M il +MGrq; +
+ 2M 4G Gals +2Mo42Gaga + TG + T, ~

- Jzééiz02Q5 - J:551202515 +2Ms5Gyq4ly +2MG,q4l4 +
+J 4G, + FJZ%S‘ISS% - FIZCI4SC]5C% +M4G1q4cq; +
+2M Gy lsls +2M 5G2qals + 2M 64rqals +2M 6G5q4l6 +
+2M G quls +2Msijslyls +J PGy + 2M Gjrquls +
+2M G,ylols +2M oGrquls +2M (G, lols + MsGilycq, +
+J G, + FLysqssqs — Fl1ysqseqs + M ygilyeq, +

+ MG \q4cq; + MGiq4cq, + M gGilycq, — Ezles%c% +

+ Flzlés%s% ~JGrc? s + Msiyls +Miols +

+ MGl + Msilseqy + Mijilseqy +J.°G,¢*q5¢qq +

+ F/Zl70%0% + J;%ﬂec% _Jzéq.SQchS + J:GQSQGCQS +
+ F,lesq55q6 _Fzzlss‘]ss% _MIZCQSSqG - F]Zl75q5 +

+ Fzzlsc% + J;G%SQS +J.0G2¢%qs + TG, s +

+ M cqseqs + F lgeqs + Fy s +2J .0 4,4¢*45346¢d5 ~
=~ 2J:°4246¢*45596¢95 ~ " i5cq5cqs5qs +

+ 27745607 q60qs — 20 04546 q5cqs + . Giscqscqqsqs +
+ 2745456 6545045 — 2742456 q55q5¢q5 —

- J?QSZSCISC%S% - 2J:5q'245s%‘3615 + 2J;6‘?2C}5S%‘3615 +
+ 2045545646505 + 27 drds345cds — 2.5 dadssdseds

(55)
3 0

o, =[m& =l B Rlo]=F. 66
1

0, =171ZS415 +Mug+ MGy +Mcg+Mggs+

+Msg+Msqs _FIZC%S% + FIZC%C% + (57

+M,g+ Mgy,
1
o ==l B R} o|=E 68)
0

O = Msijisq, —Msq3 g —Msqsl, - Msgy L5 +
+Mgq,5q, _M6Q§Q4 _M6q.§l4 _qu'zzls -
- M43l +F1ZCQ6 +Flz75% +MsG, +Mqg, +

+M 44,59, _M4C?2ZQ4 _M442214 +MyGy s
(59)
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1
Qiz[MIZS]T.{;:[MISX Mfy Mfz] 0 :Mi,(60)
0

Qrsn = _J;64502%5%0% +J;69246095 _J;ﬁng%C% -
—J;G%%C‘]s ~J4,44cqs +M17xc% +M17ZS% +
+J0Gs = J G5 qs =T Ciirsqseqssqs +J 2045 sq5cqs —
—J 3 q5sq5eqs +J s g+ F 1 —
~2J.%454¢>qscqs +J.° 43¢ qe5qscqs +

+2J 4545 qscqs =27 °45G6cqesqs +
+2J°4545¢q5595 + 7. G>¢q5¢465q6 +

+J s + .0 q35q5¢qs 5

(61)

0
05 - lizg e =fe mag el |i|-nag
(62)

Op =M = Fly +J  Go5qs +J,424seqs +J G

_J;G%QSCCIS +2J;642q.502%“15 +J;6QS2S46CQ6 -
—Jiééfczqssqécqs ""J:G%‘?sc% -
_2‘]:6‘;.729-552‘]6045 +J:642202‘]5s%c‘]6 -

~J%43544¢4 -
(63)
These generalized driving forces represents
the system of differential dynamic equations
characterizing the dynamic model of serial
modular TRTTRR1 robot.

3. CONCLUSION

By using Newton-Euler, the dynamic
equations are highlight in the engine couplers
the forces and moments of the contact forces.

Their expressions are complicated and
sometimes very lengthy, which is why this
method is recommended only in cases that have
made calculations for the coupling strength.

If such calculations are not reguired, for the
dynamic study of the robot then are used the
Lagrange formalism and the principle of virtual
displacements.



88
4. REFERENCES

[1] Fu, K., Gonzales, R., Lee, C., Robotics,
control, Sensing, Vision, and Intelligence,
McGraw-Hill International Editions, 1987.

[2] Ispas, V., Manipulatoare §i roboti
industriali, Editura Didactica si
Pedagogica, ISBN 973-30-1349-8,
Bucuresti, 2004.

[3] Siciliano, B., Sciavicco, L., Villani, L.,
Oriolo, G., “Robotics: modelling, planning
and control”, Springer, 2009.

[4] Gui (Lung), R.M., Teza de doctorat:
Contributii la prelucrarea robotizata a

reperelor de tip flanga, Cluj-Napoca, 2011.

[5] Ispas, V., Aplicatiile cinematicii in
constructia manipulatoarelor si a robotilor
industriali, Editura Academiei Romane,

Bucuresti, 1990, ISBN 973-27-0111-0.
[6] Negrean, 1., Itul, T., Haiduc, N., Cinematica
robotilor industriali, Centrul de multiplicare
al Universitatii Tehnice, Cluj-Napoca, 1995.
[7] Detesan, O.A., Teza de doctorat: Cercetari
privind modelarea, simularea §i
constructia minirobotilor, pag.29-33, 2007.

[8] Ghinea, M., Fireteanu, V., ,,Matlab. Calcul
numeric. Grafica. Aplicatii” Editura Teora,
Cluj-Napoca, 2004.

[9] Marcus, M., “Matrices and Matlab: a
Tutorial”, Prentince Hall, New Jersey, 1993.

[10] Jennings, A., Mckeown, J.J., “Matrix

Computation” Wiley and Son. Inc., New
York, 1992.

Ecuatiile dinamice ale robotului TRTTRR1 utilizind formalismul Newton-Euler

Rezumat:. Pentru a determina ecuatiilor dinamice ale robotului TRTTRR1 folosind formalismul lui Newton-Euler, este
nevoie in primul rind de modelarea geometrici si cinematica. In al doilea rand sunt necesari parametrii de distributie a
maselor si anumite ipoteze simplificatoare legate de alegerea centrelor de masa C; si de momentele de inertie mecanice
centrifugale. Cu acestea sunt determinate acceleratiile corespunzitoare centrelor de masa, apoi se determina elementele
torsorului de reducere pentru sistemul fortelor exterioare. Urmatorul pas il constituie determinarea torsorului fortelor de
legatura si a momentelor fortelor de legatura.

Ultimul pas este determinarea fortelor generalizate motoare din cuplele robotului, expresiile acestora reprezentand
ecuatiile dinamice ale robotului TRTR.
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