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THE GEOMETRIC MODELLING OF THE SERIAL
MODULAR ROBOT TRTTRRI1
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Abstract: The paper present the direct geometrical model for the robot TRTTRRI. For establishing the
geometrical model equations is necessary to determine the rotation matrix. Then is necessary to
determine the independent parameters of the orientation, the vectors of position and, finally, following the
results obtained result the direct geometrical model equations. Key words: geometric model, kinematic
structure, modular robot, rotation matrix, independent parameters, column vector, characteristic point.

1. INTRODUCTION

In this paper the authors present the direct
geometric modeling of the TRTTRRI1 robot
using the rotation matrix presented in [1] and
[2].

In the figure 1 is shown the mechanical
structure of a serial robot with (n) degrees of
freedom, having an open kinematic chain.
Robot’s mechanical structure is made of n+l
rigid elements linked together by (n) kinematic
coupling of rotation (R) or translation (T). In
the origin of each item k (k=1+n) is attached a
mobile reference system (T) and at the base of
the robot is inserted the fixed reference system
(To) in the point Oy.

The direct geometric modelling (DGM),
according to [2] implies that the mechanical
structure of the robot is in a known
configuration, represented by the vector g of

generalized coordinates.

The position of the reference system (T,)
which is jointly with the gripper of the robot, in
relation with the fixed reference system (T), it
can be determined as:

- determining the position of the origin O, of

the system (T,) by the vector p, = [p]o;

- using the rotation matrix, the orientation of
each axis of the system (T,) in relation with the
system (Ty) it’s determined.

Fig. 1. The kinematic structure of a robot with (n)
degrees of freedom

Using the successive iterations the problem
of direct geometric modelling it can be solved.
Thus considering the sequence of elements
(g-1, k), k=1-n, from the kinematic structure of
the robot and corresponding to this sequence,
are considered known the following:

[R]lli_l- is the rotation matrix expressing the

orientation axes of the system (Tx) to the
system (Tx.;); it can be expressed
mathematically as:

R =[5t =)
B R({x y z},q, ). if rotation torque (1)
RV 3, If translation torque
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771 - is the column position vector of the

origin O of the system (Ty) in relation with the
origin Oy.; of the system (Ty.;), which can be
written as:

—k-1 _ —=k-1 _
e  =Piga =

[ y,’cc zk= l] if rotation torque (2)
(q ) if translation torque
p*- is the position of a point P in relation
with the system (T), which can be written as:
k k ok ok |f
o Y pl 'l (3)
Next, using the matrix equation below, we

calculate the position of the ponit P relative to
the reference system (T.;):

e L e I O3
The relation (4) is an iterative relation to

obtain the following expressions, if the index k
is from 1-+n:

5°=5] [Rlyp' ] [ lperip]
_ — 7
p' [R5 | | [R]Y[p2 P2 p2]
_— . -6
P et | el ot ot ]

et ] LRE B R [ e e ]

For each k=1+(n-1) and considering that
[p]*=[R]%.,-[P]*" , then the first relation from

(5) becomes:
RE [P0

P’ =[R}[R],.[R]"
and this is the transformation matrix equation

of the column vector p”, assumed known, the

vector column p°. The equation above is

equivalent to:

=p=[R], p" (7)
or
b, p, p.] =[5, 3, 2] o7 02 02
To determine de rotation matrix, from the

relations (6)-(7) it can be obtained a matrix
relation that has the following form:

[a]s:Q[R]z-l:QR({xyz},m ®)

Oy Oy Oy
[ 5 2 =TT 5t =] b By B | O
Yoo Yuy Ve
The next step is to determine the column
vector rkk = pk k , towards the fixed system
(Ty), with the relation:
Pk k-1 _[R]k 1 7k '=
70, fork=1 (10)

= {ﬁ[R]jl}-rkkl,for k=2+n+1).
j=1

Also, it’s calculated the position of each
origins Oy of the system (Ty) in relation to (Ty),
with the relations:

k
Dy =Dit + Pijor = Zﬁj,j—l , Jor k = 1+(n+1), (11)
Jj=1
with which the column vectors are obtained:

T
n
ﬁn :En—l +ﬁn,n—1 :Zﬁk,k—l = [pxn pyn pzn] (12)
k=1
n+l

ﬁ:ﬁnﬂ :ﬁﬂ +ﬁn+l,n :zﬁk,kfl :[px py pz]T' (13)
k=1

The points O, and P belong to the mobile
system (T,), thus implicitly to the gripper, so
that the relations (12)-(13) determines the
coordinates in relation to the fixed system (Tj).
In view of (8), (12) and (13), can write the
equations:
—17 -1 =T =T |
[ n o Tn ]T}:[f,‘(CIk’k=1+n),j=1+12]T. (14)
T
The equations above are the direct geometric
model equations (DGM). From these equations,
only six are independent because three
parameters are needed for guidance, so that we
can write the identity matrix:

[R](g,.k =1+n)=R(@.f.7).  (15)
where R (o, B, y) is the orientation matrix
corresponding to a set of Euler angles. For
example the matrix R(az - By —yy), and from

the identity matrix (15) we obtain the
independent parameters of the orientation and
for y,, #=£l,

a, = Atan2(a,,,~f3,,)

B = Atan2a,.s0. - f.ca.7,.)

v, = Atan 2(— a,ca, —p,sa,, a,ca +fsa )

z? nx nx

(16)

According to the equations (14), we can
write the column vector of the operational



coordinates:
X =[p, p, p.a. B, 7.] =
. 17
:[fj (qk,k=l+n),]:l+6]T. ( )
The relation (17) defines the position of the
robot’s gripper with the fixed system (Ty) by:
coordinates py, py, p, of a point and the a,, By, Y-

elements of the rotation matrix R, defining its
orientation.

2. THE GEOMETRIC MODELLING OF
THE SERIAL MODULAR ROBOT
TRTTRR1

2.1. The description of the mechanical
structure of the TRTTRRI1 robot

The robot with six degrees of freedom
shown in figure 2.5, has a kinematic structure
consists of: module 1 1is the horizontal
translation module of the whole robot; the
module 2 is the rotation module of the robot's
arm; the module 3 is the vertical translation
module; the module 4 is the horizontal
translation module of the robot's arm; the 5 and
6 module, together form the orientation module
of the gripper 7.

In the figure 2.5 are defined as follows:
l; — the constructive parameters of the robot,
i=1+7 and i — the generalized coordinates,
k=1+6.
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2.2. The direct geometric modelling of the
robot TRTTRR1 using the rotation matrices
method

The orientation matrices which espress the
relative orientation of each system compared
with the previuos system, are:

[R]°=[1|]=F) | 3}@];:[22;%1: o 3];
0 0 1 _O 0 1
(18)
1 0 0
[R]2:[13]:[(1) ! 8};[1?]3:[14]: 01 0}(19)
00 I 0 0 1
1 0 0
[R]§=R[fs;q5]={0 cqs —sqsi; (20)
0 sqs cqs

cqgs 0 sgg
[R]2=b‘6;q6]=[ 0 q 21)

-sq5 0 cqq

1 00
[R]S=1,=]|0 1 o]. (22)
0 0 1
The relative position vectors of the origins
O; of the reference systems Oixjyizi, 1=0+7,
compared with the previous system, have the
following matrix expression:

Fig. 2. The kinematic scheme of the serial modular TRTTRRI1 robot
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0 0
O=\1,+q |5 Re=lop 2= 0 | (23)
0 L [, +4;
Iy +q, Is ls 7
ol o PRt=lopEi=losE =0 .(24)
I 0 0 0

According to [3] and [4], the absolute
rotation matrices which express the orientation
of each mobile system in relation to the fixed

system, are obtained with the following
relations:
1 0 0||cg, —5g, O
[RE=[R]-[RL=|0 1 0||sq, cg 0=
00 1(]0 0 1 (25)
¢ —sq 0
=ls¢, cq O
0 0 1
cg, —sq 0|1 0 O
[R]%=[R]-[RE =|5¢, cgo O[]0 1 0=
0 0O 1//0 0 1 (26)
gy —sq, 0
=|sq, c¢q Of;
0 0 1
cg, —s¢, 0|1 0 O
[RI=[RIS[Rli=|s¢, cq Of]0 1 0O|=
0 0 1[0 0 1 27)
cp —s¢ 0
=|s¢, cq O
0 0 1
cqh —8q, o1 0 0
[R]QZ[R]S'[R]gz s¢, c¢q 01|10 cgs —sqs|=
0 0 1]|0 sg5 cgs
gy —SGCGs 5‘125‘15_ (28)
=|8q  CqpCqds  —CghSgs |,
0 Sqs ¢qs
(R 2=R1 (8] _
cqy —Sqxcqs  $Gy5qs || cqs 0 sqq
=|sq, cqycqs  —cqysqs || 0 1 0 |=
L0 sgs cqs | |[=5¢s 0 cqq

_C%C% —8G>59559s  —S42Cqs5  CqrSqs 54,55
=18G2Cqs +Cq5955Gs  CqrCqs  SqrSqs —CqrSq5Cqs | 5
—Cqs559¢ 845 €qsCqe

(29)

[R]=[R]¢ [R]5=

€466 —S592595596  —S592649s  €4r596 t 592595C
=| 892696 +Cq25455qs  Cq2Cq5s  Sq25q6 —Cq25q5Cqs |
—€45596 595 €qs5Cqs
1 00
01 0f=
0 0 1
Cqr¢q6 — 592595595 —S542Cqs  Cqr5qs +59,595Cq
=|8¢2¢q6 + 4259554 €42Cqs  Sq259¢ —C42595Cqs |-
— 4559 545 €qscq,

(30)

According to [5], the set of independent

parameters of the orientation (o, — Bx — vy), 1S

determined by identifying the elements 22, 32

and 33 from the matrix relation (30) with the
same elements of the relation (31):
Rle.-B.-7,)=

—sasPsy, teacy, —soach

=| ca,spsy, +sa.cy,  coch

- cﬂxsyy Sﬁx

saspcy, +ca.sy,
—caspcy, +sa,sy,
ch.ey,
(31
The independent parameters of orientation
(0,— Bx—vy) are described in the relation:

. B 7 7=l a5 45" G2

The relations below, called the translational
relative vectors, are used to express the
posititon of the origin of each reference system,
in relation to the previous system:

0
Dio 2[7]? =lly+q |> (33)
O -
1 0 0]f0 0]
Pu=[R]-[Fh=[0 1 0|-l0o|=|0[; (4
0 0 1] A
gy, —S8q, 0] 0 [0
1332—[R]2 [’7]§— sq, cq, O 0o |=| 0 |
0 0 1]|Lh+q] [L+gs
(35)
. cq, —5q, 0| |l4+q,
D3 =[R]3'[’7]4 =|sq, cq, Of| 0 =
o 0o 1] 4 | (36)

(14 +94)'C‘]2
= (14 +Q4)'S‘I2 ;
[



gy —sq, 0]l
P54_[R]2'[’”]2_|:S‘12 cq, O]’{O]=
0 0 1 0 (37)
Iscq,
=|1ssq, |3
0
65 [R]O [” 6=
—542¢qs 59,59 ls lscqr | (38)
S‘]z C‘]z“]s —cqrsqs || 0 |=|1esq, |3
cqs 0 0
[ = R]0 ]6
CqrCq6 — 542595596  — S42C4;s C‘]zs%"rs%s%c%}
=18¢2Cq6 + 459554 CqrCqs5  Sq>5qs — C4r5q5C |
— 45596 595 €qsCqs
L (C‘]2C% _SCI2S‘I55%)17
'{0} = {(qucqﬁ + cqzsqssq6)17] :
0 — 455Gl

39)

To obtain the origin position of each system

to the fixed system OgXgyozo from the base of

the robot, are used the relations (33)-(39). Thus,
we can write:

0
[ﬁ]l = [ﬁ]lo =l +q |5 (40)
0
0 0 0
[ﬁ]z :[17]1 +[l7]21 =\ly+q [+ 0=\l +q ; (41)
0 2 2
0
[Pl =[pL +[Plo =| Lo+ar |} (42
L+1,+q;,
(14 +Q4)C‘12 ]
[1_7]4 =[1_7]3 "'[1_7]43 =1y +4q +(Z4 +Q4)SQ2 3(43)
L +1, +1; + ¢,
(14 +15 +Q4)C‘12 ] _
[13]5 =[ﬁ]4 + [5]54 =l +¢q +(l4 +15 +Q4)SCI2 ;(44)
L+, +15+qg,
[1_7]6 = [1_7]5 +[1_7]65 =
(ly +15 +15 +q4)cq, (45)

=1y +q, +(l4 +is+lg +Q4)S‘12 ;
L +1, +15 +q,
[5]7 = [ﬁ]s + [1_7]76 =
(l4 +s+1g +‘I4)C‘b +<C‘]2C% _S%S%SCI6)Z7
={ Iy +qy +(ly + 15+l +q4)5q, +(sepc s +capsasg )y
L+hL+15+q; —cgssqd;
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(46)

The column vector of the operational
coordinates which defines the position of the
robot’s gripper relative to the fixed system, by
the coordinates p.. , p, ,p., ofa pointand the

elements orientation a,, B, yy of the matrix R,
is expressed by the relation:

Po| [ (atlstls+a)eq +Hepeg —sgpsgsgp)l; ]
Py | |lo+a Hl +s H+ s Hsheds +egpsgssa )Ly
[7]0 P, L+L+5+g—cqsql,
X| =] o ] e
a; )
B s
yy ] L 96 _
(47)

3. CONCLUSION

To effectuate the direct geometric modelling
of the TRTTRR1 robot are required the
constructive parameters and the generalized
coordinates.

Having the rotation matrix that expressed the
relative orientation of each system in relation to
the previous system and relative position
vectors, the position and orientation of the
robot’s gripper relative to the fixed system it
can be determined after following some steps.

The direct geometrical modelling defines the
position and orientation of the gripper,
expressed by the coordinates of the
characteristic point and relative to this point the
orientation of the gripper.
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Rezumat:

Lucrarea prezinta modelul geometric direct pentru robotul TRTTRR1.

Pentru stabilirea ecuatiilor modelului geometric este necesar determinarea matricei de rotatie. Apoi este necesar
determinarea parametrilor independenti ai orientdrii, vectorii de pozitie si, in final, urmarind rezultatele obtinute rezulta
ecuatiile modelului geometric direct.

Ramona-Maria GUI (LUNG), Dr. Eng., Technical University of Cluj-Napoca, The Department of
Mechanical Systems Engineering. E-mail: guiramona@yahoo.com Cluj — Napoca, Romania.

Virgil ISPAS, Conf. Dr. Eng., Technical University of Cluj-Napoca, The Department of
Engineering Design and Robotics. E-mail: vispas@muri.utcluj.ro, Cluj — Napoca, Romania.

Nicusor losif URSA, Asis. Dr. Eng., Technical University of Cluj-Napoca, The Department of
Engineering Design and Robotics, Cluj — Napoca, Romania.




