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DYNAMICS EQUATIONS OF TRTRR ROBOT
USING NEWTON-EULER FORMALISM
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Abstract: Dynamic modeling of the robot TRTRR, whose cinematic diagram is shown in this paper, and will
be carried out in accordance with by applying formalism Newton-Euler, implemented in the program for
symbolic modeling Robot Symbolic, Robot Dynamics module from within the program MatLab 7.1 .
Keywords: TRTTR robot, dynamics equations, Newton-Euler formalism.

1. INTRODUCTION

Dynamic modeling of the robot
TRTRR, whose cinematic diagram is shown
in figure 1 will be carried out in accordance
with [Ghi04], [Mar93] and [Jen92], by
applying formalism Newton-Euler,
implemented in the program for symbolic
modeling Robot Symbolic, Robot Dynamics
module from within the program MatLab 7.1.

For the application of Newton-Euler
formalism should be make the geometric and
cinematic modeling, as well as to determine
the parameters for the distribution of masses.
Also, certain hypotheses simplification
proposals:

- Choose mass centers C; in the origins O;
of reference Cartesian systems OiXjyiz;, 1 =
1+5, and thus the position vectors of the mass
centers are null;

- By choosing reference  systems
elements in such a way that their axes are
aligned with the main directions of inertia
corresponding to the origin of these systems,
it appears that those mechanical moments of
centrifugal inertia shall become null and void.

2. DINAMICS OF THE TRTRR ROBOT

The following parameters are presented
for the distribution of masses, namely:

° masses: M, M, M3, My, Ms;
o mass centers:

i =[000]" 72 =[000]

9

. =[000]" ' =[000]"
-5 _ T
£, =[000]", W
e tensor of inertia:
70 0 20 0
=0 I 0 pPIt=[0 2 0P
o o J! 0 0 J?
(32 0 o0 750 0]
BW=l0 J7 0 pri=0 1Y o)
0 17 0o I
J20 0
I5=l0 JF o ()
0o 0 J’

where: 171, 17, 1
the axial mechanical moments of inertia in
relation to the system i, with the origin at the
mass center C; but also having the same
guidance as the system attached with each
component of the robot.

Determine, in accordance with [Isp04]
and [Det07], the corresponding accelerations
of mass centers, shall be carried out with the
following relations:

,1=1,2,3,4,5, represents
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—{,9;¢q, —q,l,cq, —2q,45¢cq, —q4,l5cq, —gsq, —q,sq, —q,lscq,
. : — 439500, — 431,005 +d;0q; —a31s0q; — 431,005 —d,9359,595 — d,l,5q,5q; —
‘ —24,9559,59;5 — G,1559,5q5 +gcq,8q; +§,¢q,595 — G,1459,5q;

q2q3sq5 +q214sq5 — {5895 +q;155q5 +(.1§16$q5 —{4,9589,4¢q5 —,1,8q,¢q;5 —

L —24,45894¢9;5 —d,155q,0q5 +geq,eqs +d,cq,cqs —q,lsq,eq;s | 9)
For a start, mechanical structure is . e 0
traveled through the iterative process toward [Fl=m.,[a. )i [Fk: UNENE (11)
the outside of the robot mechanical structure. M, (g+d)
In this way, it is determined the torsor of — M, (G, 1, + G595 +24,45)
reduction for the system of environmental [Fli=M,[,]: JFE=| -M, (-4, + 21, +d2q,) |
forces, giving the following relations: M, (g+§,)
3 1

o external forces: (12)
. _ 0
[Fl=m,[&.];. [Fk:[ 0 }; (10)

M, (g +q,

-M, (q2q3CQ4 +4,1,cq, +24,4;¢q, +q,15cq, +gsq, + Q1Sq4)

[Fli=m.[.]:, [Fli= -M,(alq, +43l, -4, +4ll,) .13

_M4(q2q3sq4 +q,1,8q, +24,9,8q, +q,l5sq, —geq, _(.i1cq4)
[Fli=M,[a,]:,

~M;(d,q5cq, +d,1,cq, +24,d;cq, +d,lseq, +gsq, +§,59, +d,1scq,)

[ﬁ zz -M; q§q3cq5 + q§14cq5 —{;¢q5 + ('15150(]5 +q§160q5 +,9589,8q5 +{,1,5q9,5q;5 —

________ +24,4359,59; +0,1550,505 — 860,505 —§,00,59; +d,lsqusqs) (9
_Ms —q§q3sq5 _q§14sq5 +q3sq5 _qglssqs _qglésqs + -cizq3sq4cq5 +q214sq40q5 -
L +2q,4,89,¢q5 +q,l58q,cq5 — geq,eqs —q,cq,cqs + é12165(140(15)
o moments of external forces: L 0
M, =5'g +o xJ'®), [M]i=[0 0 o]s  (15) M =TE e xTe M, J= [J*ij ]; (17
z 12
M =178 + o, xJ)®;, [Mc]gz{ 8 }; (16)
174,

- Ji4£:lzsq4 - Ji4qzq4cq4 - J§4q2q4cq4 + JZ4Q2Q4CQ4
M, =1E ol <l M- 3, — I ddsa,0q, + ) asd,ca, Lag)
Jz4qch4 - J?flthsqz@ + J;4q2q4sq4 - J;4q2q4sq4

NAS _ 7*5=5 | =5 *5—5
M, =J5e + o xJ i,
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*5 .2 .2

- J?dzsqzt - J15q2q4cq4 + Jistis - 2J;5q2q4czqscq4 -1, q5¢7q,8q5¢q;5 +
+37d5sd5¢q5 +37d,d,cq, +277°4,4,¢7q5eq, — 7 q5sq5eq; +
+ Jz q,C€ q,489s€qs — J25q2q4cq4

stii4cq5 +J;5qzsqscq4 _J;5q2q4sqssq4 + stqzqscqs(:(h _J;5q4(l5sq5 -

*¥5.2 .2

M, ]s= — 17 q5cq58q,cq, +174,450q,6q; +1.°0,4,8q,5q5 —I 74,9589 + |- (19)

In second part of the Newton-Euler
method, the mechanical structure is traveled
through the iterative process toward the inside
of the robot mechanical structure. So,
determine the torsor of connecting forces
moments of the components and their
generalized forces that drive couplers from
robot.

The torsor of reduction wuseful to
manipulate are expressed by relations:

F} M
F =|F | Mg, =|Mj | (20)
E; M;

+ Jqugcchschcqs _ J25q2q4sq5sq4 - stqzqscq4cq5 + stq4q55q5

- JZSQ4Sq5 + J?dchscq4 - stqzéhcqssch - stqzqscq4sq5 - stq4q50q5 +
+J:5qgsqssq4cq4 _J;quqscqztsqs +J;5q2q4sq4cq5 _J15q4qscq5 -
—J74,4,6955q, — 1,7 d55q5¢q,5q, +J;7d,450q5 +1,°4,q55q5¢q,

The linkage forces have the following
relations:

E) =[R[;-FS +F, (21)
! =[R]:F +F/, (22)
E =[R[-F! +E, (23)
E =[RI}F+F, (24)
F =[R]}-F: +F', (25)

The relations (21), (22), (23), (24), (25)
can be transformed into:

S 1;4 _5&_1;1_6994____2 ___________________ - L ——
Fly -M;q;q;5¢q5 —Mq;s 1,095 + Mqseqs —Miq; lseqs —Mq;1eqs —Mq,9;8q58q, —
F1]22 - M,q,1,8q58q, —2M;q,9,8958q, — M;q,158q,8q, + Mgeq,sq; + Mq;sqscq, — :(26)
- M,q,l,8q,89;5

-Mq,l¢sq,cq;

Fli +M;339,50; + Mq; 1,805 — Md;5qs +Mid; 1isqs +Mid;1esqs —Mid,q;cq,5q, —
—M5q2140q55q4 —2M5q2q30q58q4 —M5q2150q55q4 +M5gcq4cq5 +M5qlcqscq4 -




]

Fli —-M;4,q;¢q, —M;q,l,eq, —2Miq,q;5¢q, —M;4,15eq, —Msgsq, —Msq;sq, -
—-M;q,l4cq, —M,q,95¢q9, —M,4,1,cq, —2M,q,q;5¢q9, —M,q,15cq, -

Fli ¢q;s +F16ysq5 +M,q,¢cq, +M,geq, —M;q,q;8q, —Miq,1,sq, —2Mq,q,5q, —

- M,q,l5sq, —M,q,lsq, —M,q4,q;58q9, —M,q,l,sq, —2M,q,q;sq, —
-M,q,l;sq, + M,geq, + M q,cq,

Flicq4 _M5q2q3_M5q214 _2M5q2q3 _Mséizls _Mséizlé _M4ti2q3 _M4q214 -
—-2M,q,9; —M,q,1; +Flisq4cq5 +F16ysq4sq5 -M,q,q; —M,q,l, -

M;g+M,q, + M,q, +M4g+FliCq4Cq5 +F1(;Cq4s% _Fli sq4 + Mg +M;q,

Fli cq, —M;q,9;—M;G,1, —2M;4,9; - MGyl —Msq,1g —M,4,q; —M,q,1, —
—2M,q,4; —M,q,l; +Flisq4cqs +F16y 54,895 —M;q,q; —M,4,1, -

M;g+M;q, +M,q, + M, g+ Fli €q,cqs + F16y €q,8q;s — Fli sq, +M;g+M,q, +
+M,q, +M,¢
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3 (27)

15 (28)

(29)
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+M,q, +M,g+M,g+M,q,

Determine the generalized motors forces,
for which general expressions are:

0
o, =RI'K=[f " F¢]-M=Fa G
> e |2 2 2 2 0 2
Qm:[MIOZ] ~k2=[M1X Mly Mlz]' (1) :Mlz,(32)

obiicke n alffn o

_F,i cq,¢q, — M489, —M,d,sq, +F’sq,sq, —nysqch5 —M,d,8q, — M.{,q5cq, —
-Mqq,l,cq, -2M.q,q,cq, —M.q,l;cq, —M.q,l,cq, —M,q,9;¢cq, —M,q,l,cq, —
-2M,q,4q,¢cq, - M,q,lscq, +F1Zcqzsq4cq5 +F16ycqzsq4sq5 -M;q,q;¢cq, —
—~M,d,l,cq, —2M,q,q5¢q, + M,q5lsq, + M,431,5q, + M,q5955q, + M.d31,sq, +
+M.q31sq, + M.q3l,s5q, + Mq3q55q, + M4d5q,5q, +M,q31,sq,

M;dseq, +F sq,cq, +M,d;cq, — ' cq,sq; JrFlf/cqch5 +M,4,¢q, —M;d,q,5q, —

-M.q,l,sq, —2M.q,q,8q, — Mq,lssq, —M.q,1lsq, —M,q,q5sq, —M,q,1,sq, —
E]}z —2M,4,4;59, — M, 4,18, + Fsq,5q,cq; + F{ 89,850,595 —M,d,q;5, -
~M,4,1,5q, —2M,4,4,8q, —~M,4515eq, —M,q5l,eq, —M,d3q,¢q, — M @3l,eq, —
—M;d;lseq, —Mdylieq, —M;d,q,0q, —M,d5q;09, + Mygslieq,

Mg +M;q, +M,q, + M, g+ FIZ €q,cqs + F16y €q,8q9;s — Fli sq, + Mg +Myq, +

(30)
K

Y (v T [V TR VER AR VOB D
0
:1

Q- =i M mi]{o|-mi-G9)
_O

With the introduction of forces and
moments components corresponding relations
as demonstrated in this work should be
obtained from relations (31), (32), (33), (34),
(35) the expressions of the generalized motor
forces. They are:

an =M;g+M;q, +M,q, +M,g+ Fli €q,cqs + F16y Cq,48q;s — 1::16X sqy + Mg+ M,q, +

+M,q, +M,g+M,g+Mq,;

(36)
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szn = _J15q202q4 + J?ﬁz + J?tiz +2M4q,q,l +2Mq, 151, +2M, 4,451 _J14ti2c2q4 +

+ quzlé + M4q21§ +2M,q, 11, +2M;4,q,1 + Msﬁzlg +2Mq,q;l, +2M;q,4,q9; +

+2M,4,9q,1, +2M,q,4,q; + 2M,q,q;1, + 2M;q,49,9; + 2M4q,4;51, +2M,4,4,1, +

+2M,q,4,1, + Jzzqz - J15Q2Sq4 - Fli l;sq, + J?qzcz% + J;5q202q4 + 1\/116y Cq,8qs +

+ Mléz €q,¢q;s — Fli lgeq, — Fli lseq, +2M;4, 1,16 + 2M54,q,15 + 2Mq, 1,15 +

+2M,4,9;l5 - Mléx sq4 +2M;q,4;l;5 - F12q35q4cq5 - Fléy 45594595 — Fli 1,89,¢9; —

~ B 1,5q,5q5 — F1;5q,cq; —F 13q,5q5 +J77d,¢’q,¢”qs — I 7d,c’q,¢7qs +

+ J25q4q50q4 - Fli l7Cq4cqs - J;5q4q50q4 - J15q4q5cq4 - Flilssq4cq5 - F1i155q4sq5 +

+ J?qz - 2Jz4q2q4sq4cq4 + 2J:4q2q4sq4cq4 + 2]9;5('12('1402qssq4cq4 -
~2174,4,67d55q,¢q, +2J.4,4,59,¢d, + 77 d5cd559,505 — I 4350,59569;5 —
—21704,4,89,cq, +2)7q,q5¢°q,8q5¢q5 — 279,457 q,8q5¢q5 + 1,7d,0q,89 5695 —
-2J74,45¢’q5eq, +2174,4,5¢°d5eq, —J;'d,40q,50,505 + Md,q5 + M,d,q; +

+M,d,q; +M;G,15 + M, G, 15 + M4, 1, —foq3cq4 _F1i14cq4 )

(37)

Q. =-M,dl; - M, 431, - M,43q; + Md; +M,d, _Flisqs + Flicqs -Mid; 1, - Mg3l5 -

~M,d3ls —Msd3q; —M,d3q; —M,d5 1, + Mygss (38)

Q. =-Td3eq,50, +J;'d300,5q, + M cqs — M} sqs + ' 1;sq5 +1,'d,d500, T d50,5q, —

- st'chczqs - 2J25q2q502q50q4 + J;Stichssqscch - 2J;5q4q50q58q5 + 2J25q4qscqssq5 +
+174,0°q5 +21 79,457 q50q, — 1. 7d,0q58q50q, + 17457 q50q,80, + 1,74, +
+374,45¢q, +J;5qgcq4sq4 _stflzqsc(h _J;ngczqscqztsch + J;4q4 ’ (39)

an = 1\/116X +F1i l7 _JiSCl4Sq4 _J15q2q4cq4 +J15.Cl5 —2];5q2q402q50q4 —J;Sqiczq4cqssq5 +
+1745sq50q5 +1.04,4,0q, +21,°4,4,¢°q50q, — 1 45sq56q; + 1, q5¢%q,0q55q s —

- J25q2q4cq4 .

The system composed of relations (36),
(37), (38), (39), (40) together form the system
of dynamic differential equations as
characterizes the dynamic model of the TRTRR
modular serial robot.

3. CONCLUSIONS

(40)

To carry out a study of the dynamic
movement of a body in motion, apply motion
Center of mass theorem, known as Newton's
equation and theorem of angular momentum
with respect to the applied, i.e. the dynamics of
Euler's equation. According to this method, for
determining the dynamic equations of the
robots apply d'Alembert's principle for every
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element in the structure of the mechanics of the
robot.

The Newton-Euler formalism requires
use of iterative calculation method based on the
method — Walter Luh Pol [Fu 87]. Calculation
algorithm consists of two parts, namely:
iterations out mechanical robot structure, after
which is determined for each element “1” (i =1,
..., n) of the robot and accelerations speeds
angular and linear elements, respectively torsor
for reduction of external forces; iterations
towards the inside of the mechanical structure
of the robot, which is determined for each item
"1" of the robot torsor of reduction for forces in
the generalized forces couplers, engines of
kinematic axis of the robot.

In the work are presented in detail on
these calculations, in the end, the generalized
forces of the engines expressions Q,,”,i=1, ..., 5.

Comparing the methods of dynamic
study of industrial robots (formalism of
Lagrange, the  principle  of  virtual
displacements, the Newton-Euler formalism),
are found by applying Newton-Euler formalism
can be determined from the installed adapters,
robot reactions without frictions, while by other
methods determine the equations of robot
dynamic without taking into consideration the

frictions, while the top methods determine the
equations of robot dynamic without taking into
consideration the frictions and reactions of the
installation.

Newton-Euler method disadvantage is
complexity obtained for the member
deformations and generalized forces, making it
cumbersome to use.
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ECUATIILE DINAMICE ALE ROBOTULUI TRTRR UTILIZAND
FORMALISMUL NEWTON-EULER

Rezumat: Modelarea dinamicad a robotului TRTRR, a carui schema cinematicd este prezentatd in acest
articol va fi realizata in conformitate cu literatura de specialitate prin aplicarea formalismului Newton-Euler,
implementat in programul de modelare simbolica Robot Symbolic, modulul Robot Dynamics din cadrul

programului MatLab 7.1.
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