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Abstract: the paper presents the determination of the dynamic equations for the 5R-type articulated 

industrial robot used in welding processes. Newton-Euler method was used to perform this modeling and 

it works with the previously determined equations of geometric and kinematic model. The generalized 

driving forces are eventually determined, and they express the equation of the inverse dynamic model for 

the analyzed robot. 
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1. INTRODUCTION  
 
The articulated 5R industrial robot is 

presented as a kinematic diagram in fig.1, and 
the dynamic modeling will be accomplished 
using Newton-Euler’s formulation, according to 
[1], [2] and [3]. 

In order to apply Newton-Euler’s 
formulation, the geometric [4] and kinematic [5] 
models were previously determined. 

2. MASS DISTRIBUTION PARAMETERS 
 
Along with the equations of geometric and 

kinematic model, the mass distribution 
parameters are also required prior dynamic 
modeling, as well as stating of some simplifying 
hypotheses, as follows:  

 

 
Fig. 1. The kinematic diagram of the 5R modular industrial robot 
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- the mass centers Ci will be chosen such as 
to coincide with the origins Oi of the 
Cartesian frames Oixiyizi, i = 1÷5, leading 
to position vectors of the mass centers of 
zero modules; 

- choosing the mobile frames in such a way 
that their axes will overlap the principal 
directions of inertia corresponding to the 
origins of these frames, resulting in the 
cancelling of the centrifugal mechanical 
moments of inertia. 

The needed mass distribution parameters are 
the following: 

- the masses defining the structure of the 
articulated robot: M1,  M2,  M3,  M4,  M5; 

- the mass centers of the 5R articulated 
robot: 
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- the inertial tensors: 
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The components of the inertial tensors 

situated on the main diagonal i

x
J

* , i

y
J

* , i

z
J

* , i = 

1, 2, 3, 4, 5 are the axial mechanical moments of 
inertia, expressed with respect to the frame i, 
with the origin into the mass center Ci and 
having the same orientation with the frame 
attached to each link of the robot. 

The accelerations corresponding to the mass 
centers are determined, according to [6], [7] and 
[8], with the following relation: 
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The following accelerations yield: 
 

 
( )11

1
1
1

11
1

1
1

1

111 ccc
rraa ×ω×ω+×ε+= , (9) 

 

 
[ ]

















−

−−

=

g

rqrq

rqrq

a
yx

yx

cc

cc

c

12
1

1
1

1
1

12
1

1
1 11

11

&&&

&&&

, (10) 

 

 
( )22

2
2
2

22
2

2
2

2

222 ccc
rraa ×ω×ω+×ε+= , (11) 

 

  

[ ]





























+−+

+−−+

+−+

++−−

++−

−−−

=

2
22

2
1

222
121

2
1

2
21

22
22

2
2

2
22

2
1

222
121

2
1

2
21

2
2

22
22

2
2212

2
22111

2
21

22
1

2
21

2
2

222

222

222

222

22

222

22

yz

xzy

zy

xzy

yz

yxz

cc

ccc

cc

ccc

cc

ccc

c

rsqcqqrsqqsqlq

rsqqrqgcqrq

rsqcqqrcqqcqlq

rcqqrqrqgsq

rsqqqrcqqqlq

rcqqrqrsqq

a

&&&

&&&&&

&&&

&&&&&

&&&&&&

&&&&&

. (12) 

 
Because the complexity of the mass centers 

accelerations equations of the links 3, 4, 5, they 
cannot be presented in this paper, but they can 
be sent upon request, via email to the main 
author. The computation relations are the 
following: 
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3. ITERATIONS OUTWARDS THE 

MECHANICAL STRUCTURE 
 
Using Newton-Euler’s formulations, the 

robot mechanical structure is passed by both 
outward and inward iterations. In the first 
computation stage, iterations outwards the 
mechanical structure, the system of external 
forces and their moments are determined, 
according to [9], [10] and [11]: 
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The following equation can be written for the 
first link: 
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For the second link: 
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The expressions of the external forces for the 
other three links are very complex, difficult to 
display and they can be sent by email at the 
reader’s request. They are determined using the 
following equations: 
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where the computed expressions of the mass 
acceleration centers given by (13), (14) and (15) 
where replaced. 

The moments of the external forces are 
obtained using the second equation from (16) 
and for the first link it has the following shape: 
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where, by replacing the inertial tensor, expressed 
by (3), the equation leads to: 
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For the second link the following equation 

applies: 
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leading to: 
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The equations for the last three links are very 

complex as well and they could be sent by 
request, in the same way as the previous 
complex results. 
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4. ITERATIONS INWARDS THE 

MECHANICAL STRUCTURE 
 
The torsor of the connection forces and their 

moments and the generalized driving forces 
from the robot joints are determined with the 
second algorithm of Newton-Euler’s 
formulation, consisting in iterations inwards the 
robot’s mechanical structure. 

The connection forces and their moments 
have, according to [12] and [13], the following 
general computation relations:  
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 For the 5R articulated robot, the connection 
forces are computed with: 
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where the external forces will be replaced by 
(23), (22), (21), (20) and (18). 
 The moments of the connection forces, 
according to (28) are: 
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 Because of the high complexity of the 
expressions of connection forces and of their 
moments, they will be presented in a future 
paper. The generalized driving forces i

m
Q  are 

determined according to [14], [15] and [16] this 
way: 
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 In this approach, i

f
Q  is the generalized force 

due to the frictions ad it is assumed to be zero. 
The expressions of these forces represent the 
dynamic differential equation system, 
characterizing the dynamic behavior of the 
considered 5R articulated robot. 
 Having the expressions of the axes versors 
deducted from the kinematic diagram:  
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the generalized driving forces in the case of the 
5R articulated robot can be expressed as: 
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 Because all the joints of the robot are joints 
of rotation, the generalized driving forces are in 
fact moments (torques). The complex system of 
dynamic equations (41)-(45) represent the 
equations of the inverse dynamic model of the 
5R articulated robot. 
 
5. CONCLUSIONS 

 
By means of the dynamic study performed on 

the 5R articulated industrial robot, the actuators 
of the robot can be chosen in order to achieve the 
planned task, as in [17]. The dynamic results 
obtained in this paper were possible using the 
Symbolic Computation Toolbox in a MATLAB 
script. They can be compared for exactness with 
the results from Robotic Toolbox [15], for the 
same mechanical structure, presented in figure 1. 
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Modelul dinamic al robotului industrial articulat 5R utilizat în procese de sudură 
 

Rezumat: Lucrarea prezintă determinarea ecuațiilor dinamice pentru robotul industrial articulat de tipul 
5R, utilizat în procese de sudură. În vederea modelării dinamice a fost folosită metoda Newton-Euler, 
aceasta preluând ecuațiile modelului geometric și cinematic, care au fost determinate în prealabil. În finalul 
lucrării sunt determinate forțele generalizate motoare, acestea constituind ecuațiile modelului dinamic 
invers al robotului analizat.  
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